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@ Lecture |. Quantum liquid and quantum criticality in one dimension
e Lieb-Liniger Bose gas
e Spin-1/2 Heisenberg chain
@ Lecture Il. Spin charge separation in one dimension
e Two component Fermi gas
e Two component Bose gas

"Man is born free and everywhere he is in chains—-Jean-Jacques Rousseau”
Giamarchi, Quantum physics in one dimension, Oxford Scientific Publication



Lecture |. Quantum liquid and quantum criticality in one dimension

Bethe’s Hypothesis (1931) for spin-1/2
Heisenberg chain

Heisenberg spin chain :

l\)Ik

L
Z gj* 0jq +1

Eigenstate : W = Z a(xi, ..., Xn)|X1 X2 - - Xn)
1<xq---xy<L

Bethe's hypothesis :  a(xi, ..., Xy) = ZA{p} gi(kpy Xt ke Xn)

{P}
In general, N! plane waves are N-fold products of individual exponential phase
factors e, where the N distinct wave numbers, k;, are permuted among the N

distinct coordinates, x;. Each of the N! plane waves have an amplitude coefficient
in each of regions.
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@ Problem: find eigenvalues E and eigenvectors W(xy, ..., M)
HY(x1,...,M) = EV(xy,..., M)

Hisis 2 x 2 matrix

DMRG numerical diagonalization(only finite L)

coordinate Bethe ansatz

Quantum Inverse Scattering Method/algebraic Beth ansatz
Fractioanl excitations/ magnon and spinon

Magnetism

Luttinger liquid

quantum criticality

@ entanglement

@ thermodynamics in and out of equilibrium

®© 6 6 6 6 6 6 ¢

@ quantum dynamics
@ quantum information
@ ...
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. . x_ (01 y (0 —i . (10
Pauli matrix : O‘—(1 0),0‘—<i 0 ),O‘—(O _1)

Tensor product of two matrices

X1y X1y XieYir X122

( X1 X2 )® < Y Y2 ) _ X11Y21 Xi1Ye2  X12)21  Xi2)22
Xo1 X2 Yo1 Y2 Xo1Y11 Xe1Yi2 Xa2)11 XeaYi2
X21Y21  XotYoo  Xo2)o21  Xo2)o2

Tensor product of two vectors

X1 )1

X4 » _ X1)2
(Xa )®<Yz>_ 2y

Xa)2
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Permutation matrix:

ral()e ()= () e (%)

[N e e R
o =00
oo —=+0
- OO o

Hamiltonian operator:
1
Hjw1 = 5 (0joj11 +1) = Pjig

Basic notations:

1 X X ; X i X

S o= (7)) m=(g) ci=osit i =ity
Hiol = =) =] —==), Hiz| ++) = |+ +)
Hiol+ =) =] =+4), Hiz| = +) = |+ )



Lecture |. Quantum liquid and quantum criticality in one dimension

L—1
Eigenstate : HW = Z(HM+1 + Hoq)Wv
j=1
N=0: W=|— -+ —..— =) E=L
L L
N=1: w=> a()(x)=> a(x)|— — 4+ — -
x=1 x=1

L
HY  a()l(x) Z((L 2)a(x) + a(x — 1) + a(x + 1)) [4(x))

x=1
Spin wave : a(x) = €e*, E=(L—2+2cosk)
a(L 1)= a(1), a(0) = a(L)
Bethe ansatz Eq. : ekt =1
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@ Eigenstate for N = 2:

L L
o= ST a o e)vtax) = Y. axix)ok ol - — = -)
1<x1<x 1<x1<x
@ xXo > x4+ 1
L
E Z a(xi, ) [Y(xixe)) = > {(L—4)a(xi, %)+ alxy —1,x)
1<x1<xp 1<x1 <X

+a(xq +1,x) +alq +1,x) +a(x,x2 —1) +alx, x; + 1)} [¥(xx2))

°X2:X1+1

L
E Z a(a, %)v(ax) = > {(L-2)ala,x +1)+alq —1,x +1)
1<x1<xp 1<x1<x

+a(x1, x1 + 2)} [Y(x1 x2))
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compatible condition : 2a(x1,xs +1) = a(x1,x1) +alaq +1,x + 1)

wave function :  a(xy, Xp) = Appe' XX L A, gilhexithire)

energy: E=L—4+2coski +2coske

. . Ap 1 -— 2e 4 gilkitke)
two — body scatteringmatrix : Siz2(ki — ko) = 2o = 120kt ek
periodic boundary condition : a(xy =0,x) = a(xz,x; = L)

i A i A
Bethe ansatz Egs. : gt = Z12 gkl — 21
Aoy Ar2
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general case :  a(x1,...,Xm) = E AP1"”PMelkP1 X1 kyxy
P

- Ap,..p
Bethansatz : e*1t = —tm Ap,..p, = €P H Sp/.,p,

Ap,...PyP, i<isiem
parameterization : Sj=1- 26" + @it gt = %;;
e (N2 T
Bethe ansatz Egs. : ()V—&—i/Z) H Sy j=1,...M
M
energy : E=L- Z(2cosk—2 =L- Z)\z /4

Yang & Yang, Phys. Rev. 150, 321 (1966)
Yang & Yang, Phys. Rev. 150, 327 (1966)
Yang & Yang, Phys. Rev. 151, 258 (1966)
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2nl; i
groundstate :  01(};) = % + 1[ 26'2()\] — X¢), On(x) =7 — 2arctan(2x/n)
=1
1 dz(\)
z(d) = )\)——292>\ Ae) | o(N) =
2r ( = ax
A n
o) =)= [ ola—pdu. an) = 5 Py
E _ _ony / ar(\e(\)dA + J/2
£ 1 - n
distribution : d(w) = ] T;:()w) = Soosh @’ Bn(w) = e~ 2vl
2
magnon distribution : o(N) = m
™
magnon density, energy : M/N = /a()\)d)\, E=(1-2In2)J
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B T

Ground state —strmg".-.-.-.-.-.' -------- -5-0-0-0-5-0-9|
e () | 1sting [8-0-0-0-0-0-0-—--—80000008
Case (ii) 2-string }..I
l-string  [9-9-0-8-0-@ ———————- -O-0~0-0-0-0-0]
2-stri
Case (iii) -[ string lo-e-0]
1-string  {9-O-8-0-0-0-@------- -8-0-9-8-9-0-0-¢

Spinstrings :  Ap? = Al + —1(n +1-2a)+0(e %), a=1,---,n

@ (i) M?=1 and 2 spinons
@ (i) M =0, =1 and2 spinons
@ (i) M =1, =1 and 4 spinons
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Ground state:  1-string I‘.-.-.-.-.-.- -------- '.-“-.-'-'-.'I
Case () | 1string |8-0-0-0-0-0-0--—--—0-0-0-0-0-000

5 iri
Case (ii) string e

L-string  |9-8-0-0-0-@-————-- 2000008

case i i::::i le-0-0-0000-----0000000e

@ (i) M* =1 and 2 spinons

A
AN = @)= [ e -
oW+ = E () - [ a0 wolmd
o) = 1 (502 +50- )
SN = ~onN) - [ @(r - w)do(dn
. 1 ei)\qw _’_eikgw
00W) = [ Hiem
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dressed energy : e(A)  =e(N) — /ag()\ — p)e(p)du

1
A) =2 A AN)=—
oN) = 2ma (), €)= ot
spinons :  0E = —27rL/6a()\ Jai(A)d\ = —L/éa (w)ag (w
— () + (D)
spin triplet : S = —L/&r()\)d)\ =1
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The BA general equations : ol(\) = ap(A) — Z /Amn()\ — pwom(p)du

Amn(X) = Amin(A) + 20min—2(X) + - - 4+ 20| m_nj2(A
+Am- n|(/\)7 a(A) =6(})

energy : EM,...; m) = —ZWJZ an(A A)d\+ = L(J h)
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2 — string excitation

length — 2string :  a1(A\) 4+ o] (\)

051(w)

excitation energy dE

total magnetization S

= 7 (B0 =M 50— M) 02() =

M.AS AsEi/2
at(N)

;
700 = 2s)

() — / ao(A — ) (1)l
- / (@(A — ) + as(\ — 1)) o)

1 eiz\?u} +eiz\5u}

_1 _3
1ezlly ezl 4

L 1+ eIl
Y / 55+(w) 1 (w)dw — 2w ap(Xs)

1+ e lvl L

+ e(>\2) see the definition of dressed energy

6<L 2L/a1()\ Ydx — 4/02(A)dx)

S = |l
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S(ko) (mbam meV " s per Ci?*) S(kw) (mbam meV ™ sr" per Cu")

oddPOdDIOPIPOPHPS Co— T —

60000000EE 00000006 1l T | [P
o004 osTTRORTIIIOEO | /Y\v .ﬁ
TS TITITITINI T RN, AR A

Two-spinon continuum with k = p; + po and w = e(py) + e(p2): 5J[sink| < w < wd|sin g\.
Many neutron scattering experiments present novel measurements of such fractional excitations
through measuring the dynamic structure factor:

Saé(q, dte—19U—i")+iwt < Sa(t)Sa 0>, acz -+
A
S(q. ) = MmO(E — E(@)O(Eu(q) — E)
£ - E7(0)

Faddeev & Takhtajian, Phys. Lett. A 85, 375 (1981); Klauser, et al. J. Stat. Mech, 2012/P03012
Lake et al. PRL 111, 137205 (2013); Stone et al, PRL 91, 037205 (2003)
He, Jiang, Yu, Lin, Guan, PRB 96, 220401(R) (2017)
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10
120
100 - = § Lattice effect
k4
7 & \ L
= 80 £ Ry = T 10
3 = o 110
B = S
E 3 B =
3 60 ES 2
5 E ><
H E = ® 6k
40 . El B 50K
. 1DLL \ g & 75K
20 g8 L™ 100K
7 Crossover % 1o $ ooy
P 3DNLGM [
o b= = Y « 200K
0 0.25 0.5 0.75 1 m— Equation (3)
Wavevector 2nA! i
Genain (27A7Y) 101 100 101
EIT

Left Panel: Inelastic neutron scattering data for weakly coupled spin chain KCuFz in 3D
2
1D Luttinger liquid: S(r, E) = -2+~ A1m {p (&) }

Right Panel: Phase diagram—different physics regimes at finite temperatures

H= JZ Sn,r® Spyt,r + Jr Z Sn,r® Spris

n,r n,r,é

Schulz, PRB, 34, 6372 (1986)
Lake et al, Nature Materials 4, 329 (2005)
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a Fully polarized state

(5p=5 !
ZE,y Mﬁ.fiiik%ﬁ*ﬁ’%’ﬁ*#W‘ Time 0 Time t

Spin wave

= o H 5% .
A AAA A AJEENTYTIE TN EPPTEIi TS

L

H=JY" (Si8%1 + S8,

n+1 + ASﬁ ﬁ+1)

n=1

Fractional excitations in copper sulphate CuSO, - 5D,0. a) Single spin flip causes a spin wave
propagation in fully polarized state. Mourigal et. al. Nat. Phys. 2013.
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Zero magnetic field state

(577 =0 (5445,9) - (-

AL L ARNINRNRAR

Individual spinon

AL

Ising A —

N - |
AR ‘Mwl

Heisenberg A=1

Time O
5
N x
FYRTHNE RS 228
0
—
(YR
Qn——J ~ ———
—
o ——F T
T—0e00® .

Time t
S;Sian SaSman
Ue4 e L
”44‘ \lfﬁﬁl‘#\’\* \
0 = o
— R
9 __e—
@ % ~

‘@ «© ©> 0

L
H=J> (S3Sni1+ ShSh,  + AS;Sh.4)
n=1

Fractional excitations in copper sulphate CuSO, - 5D,0. b) h = 0 case, local spin flip decomposes
into two spinons for a large A, however, A = 1 it decomposes into a rapid converge series of 2, 4,
and higher of spions. Mourigal et. al. Nat. Phys. 2013.
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A gc

>‘>< x/

§7=0 Néel-ordered ~ B<B,=4T
> — —> — =D ——>

—— Bllc

S;=NI2 field-polarized B>B =287T
= = = === —D

S;=Ni2-r critical B, <B<
B -bﬂ--b-bﬂ--’ﬂ--’d—-b-b-’-bﬁ-

ASE=+1
CDe=D>=d>e== D> Cmh == =D =

AST=-1
DD D DD D =D

o

m

DD e<m =D =D D =D =D D>

F D= bt <awb b =>=b => 4=

Fig. 1. Quantum spin chain in SrCo,V,0s and istic i itations of one
dimension in the critical regime: psinons-(anti)psinons and strings.

Schematic spin string of spin-1/2 XXZ model SrCo,V,0g
Wang, et al. Nature 554, 219 (2018)
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Schematic structure of CuPzN

N N
H = 2JZ§]> . §j+1 —guBHZ§Z
j=1 j=1

Cooper pyrazine dinitrate (CuPzN) Cu(C4H4N2)(NO3)s : yellow sphere cu?* linked by the pyrazine
rings to form a 1D spin-1/2 chain with intrachain coupling 2J =~ 10.8K (a-direction). The wave lines
indicates the interchain contacts (J’ =~ 0.046K).
PRB, 59, 1008 (1999); PRL 114, 037202 (2015).
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T T 25
| |extrema of
maxima A C
25
0.9
<20
g
=
S15 0.6
Q
5
~ 1.0
04
05
0.0 ) 0.1

0 2 4 6 8 10 12 14 cumor'k"
Magnetic field (T)
Cu(C4H4N2)(NOs)2

@ Luttinger liquid
@ Quantum criticality
@ Gapped phase
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E
Density of energy : T

en(A)

degeneracy : dW

ds(\)

free energy per length :  f

athermal equilibrium state :

aBA equations :

Z/ Nan(N) d>\+2(1—h)
—27Tan(>\) + nH

[L(on(X) + af(N)dA]!
H1 [on(N) AN [on(N) A"

IndW()\) = Li { (an(/\) + UZ(A)) In (Un(/\) + aQ(A))

—on(\)Inoa(X) — ol(A )Inan(A)}
E .S 1

T TN
5f

Sony) O

Sol(N) = —doa(N) — i Tom * 80n(A)

n=1
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TBAequations : In(14+na) = %n + ZAm,n *In <1 + 77:)
m

epn=—-2man+nH, n=1,... 00

free energy : f= —TZ/an (A)In (1 + 1 (/\)) dx
n

T en—ZAm,n*s;, et =£TIn(1 4+ ==/
m
Am(A) = Amin(A) +20min—2(X) + - + 20|m_n12(N)

+A m—n(A), a@(X) =0(N)
Takahashi, Thermodynamics of One-Dimensional Solvable Models (Cambridge: Cambridge Uni-

versity Press) 1999

He, Jiang, Yu, Lin, Guan, Phys. Rev. B 96, 220401(R) (2017)
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f\ e(N)

~ 22

=Y
>y

e Quantum Liquid

e Quantum criticality

Guan, Batchelor and Lee, Rev. Mod. Phys. 85, 1633 (2013)
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e1 ()

Q
— _2nda (A)+H—/Qa2(>\—u)550) (1) du

—eq(n)
- —27rJa1(>\)+H+T/ag()\—p)ln(1+e T )du

—=q ()
—2nday (\) + H + T/ag(/\—p)ln(1+e T )du

-Q e —e(p)
—27rJa1(>\)+H+T</ +/ >a2(>\—u)ln(1+e ‘r')du

+T/ a (A —p) (1+e = )du
—2rda; (V) +H+T< > 5 (A — u)ln(1+e:17'w>du
+T/ & (A — u)ln( ﬁ) —[Zaz(x—u)a1<u)du

—2mday (M) + H—/ s (N — 1) 1 (1) dp
e

o0 —le (W)
+T/ ag()\—u)ln<1+e ‘T |>du
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ag) = 20 +n0)

Q
= —2ra WA= [ a(-we (0 du+n ()

Q
= 2rsm (N +H- [ @ () (o1 (1) =1 () e+ ()

—leq(p Q
n(A) T/ (A=p)In <1+6_|Tu>du—/_oaz(>\—u)77(u)du

/—[Qaz(x ) (1) dp

&1 (A):t(/\—Q)+O((/\—Q)2) f:%h:o

He, Jiang, Yu, Lin, Guan, Phys. Rev. B 96, 220401(R) (2017)
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de
&1 (M) = Ix=a

too |y ()]
I = T/ aO—win(1+e T du

—Q+s —tlu+Ql
= T/ a2(>\—u)|n<1+e T )du

—Q-s

Q+s —tu—al
+/ ag()\—u)ln<1+e_7'_>du
Q—s

= 772 [/LTY a2 (A +Q)n <1+6M)d<_t(“;fo))

7

t()\—O)-i-O(()\—Q)z) t

Is

+/7; a(A—Q)ln (1 —i—e_“‘T'_o)d(t(u_;O))}

— TTZ [/_O;az(A+Q)In(1+e*y)dy+/_o;a2(/\—o)|n(1+efy)dy
2272
= GtT [a(A+Q)+a (A — Q)]
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27'2 Q
) s 20+ @+ a0-al- [ a0-mnEwd
hOH) = /O ar () ) ax, F(T,H) —T/ <1+e_E1Tm)d)\
e
f—f, = —T/ a1(A)In<1+e = )d/\ /70:-11(/\) ) (2) dA

A2 Loy

+/7 a; (\)In (1+e = )d)\ /j;a1 V) () da

—T</ /) In<1+e_7'(_)d)\ T a1 )In(1+e_$_))d>\

Q
+/7031 (\e, (V) dA /;031 () () da

oo —s1>\ Q
—T/_Ooa1 (N)1n (1+e ‘T( )>d>\+/_oa1 (A)m (A) dA

7'(2 T2
3t

Q
a (0)+/70a1 (V)7 (2) dA



Finally, we obtain
a2 @
T T Q)+ / ar(\)n(A) dA

-Q

f=f

For ground state, the density of inverse spin in A sea is

"
o0 = a1 () — / a2 (= 1) po ()
»

There is a general formula

f=fo—ax[

g=g—arxg

Q
[ a0 nma

then
Q
/ £ () a0 (A) dx
Joa
using this formula with equation (36) and (40), we have

o o 2
[T w0+ @+t -lnma- [ atnman
G o

since
Q
a2 (Q = 1) po (1) dpt
Q

0(Q) =1 (Q) — /
Q
mQ=a-0)- [ a0 nm)
Q

Summing this two formula on both side,then
Q
/ [(a2 (A + Q) + a2 (A = @)l po (\) dA = 20, (Q) — 20 (Q)
Q

o e
/ @A) = T 20 (@) = 200 (@)

-Q
togother with the formula of the free energy per site (40), we know

2 @
0 (Q) 4 / a ()0 dA
2

[201 (Q) = 2 (Q)]

2

e
@+

BT
w72
)
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we define Fermi velocity

(A) /dX | 1ot

Ta o) YT @

Finally, the fr
xT?
f=fo- o

Since fy is the free energy per site at zero temperature, it is not a function of 7'

that the specific heat at LL region is given by

2f 7T
-2l T
PT 30,
from
X T = a=1
with

a=1-(d+z)/z

so at one dimension, d = 1, the critical exponent at LL region reads

z=1
simultaneously
C, 7
T 3u,

(48)

(19)

, it follows



cture . Quantum liquid and

near the critical point, the effective contribution to dressed energy (55) comes from small
negative part of A, so the effective A can be regard as a infinitesimal number, then we can

expand above equation with A too.

ey

() =

then we can get

/:7T_/’,,‘(A)1u(1+( : )umfa_/’(l74%)1..(1” ) (@)

) e

(174AZ)+H+§/(17(%/1)2)1,‘(1“%)@

SN = —2mday (N + H + r/um —im(1+e
2

~=2m) -

— 167N — 4] + H + ; (1-22) / In (1 T ) dp— ;/;F In (1 + (7) dp

(60)
we define
by = T{lu(u(' (61)
b =T [ (14 (62)
then dressed energy equation (55) becomes
b b (63)
P
(64)
) (63)
where
b b
Ay = 4] — L) (66)
T
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@ Free Energy from Bethe ansatz

o, s _ 1 d5 (N /dA
f=Ey—nT"/(6vs)+ O(T"), Vs_27r po (N)

@ For spin-1/2 Heisenberg chain, the effective Hamiltonian

He 2o [ ax [ anoy + 2 (7o 00 ]

Ir=a

@ The canonical momentum I conjugate to the phase ¢ obeying the standard Bose
commutation relations [¢(x), M(y)] = i6(x — y). Collective excitations are analogous to
sound waves.

@ The correlation functions

2K
(s7(x)5%(0)) o)A (1)

X

<s*(x)s+(0)> — C1ya, (%)1/(2K)+BX (1)1/(2K)+2k

X

Giamarchi, T. Quantum Physics in one dimension (Oxford University Press, Oxford, 2004)
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05

Quantum

— 6} T
< Critical 5
9] 0 N
2 3
© 4 T
qé& 0.5 g

05 §
: :

0 2 4 6 8 10 12 14
Magnetic field (T)

N N
%
H=2J3"5 S —gusHY &
j=1 j=
@ How to determine Lutttinger liquid phase boundary?

@ How to precisely determine quantum scalings?
@ How can the interacting spins form free fermion criticality?
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S (@) o o Oyc, =0 TBA
ooo — Opee =0 Eq.(8)
15 0°° ——377\[ =0 TBA

% * OpM*® =0 CuPzN

& Ry
i 1.0 T \ A Te—A/T 10
x~x0+0a?) Y WP x~edTVT g

0.5 e
Sodidedite +eddd 4
2
0.0 I M g
8 10 12 14 16 18 20 22

Wilson ratio of spin-1/2 chain CuPzN with 2J = 10.81K

fa 2Pt 82y gy g D P2
™ ™ ™ ™
3 5
by = _VrTe Lls <—54>, by = ! ﬁTZ Lis (—eé>
4y 2(164)2 2

@ by: free fermion behaviour due to the dilute magnons, indicating free fermion QC.
@ bo: interaction effect between magnons.

He, Jiang, Yu, Lin, Guan, PRB B 96, 220401(R) (2017)
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—o— TBAExact(T
—e— TBAExact (T
®  CuPzN

beyond Free Fermion

density of magnons

effective of mass

135

13.0 14.0 14.5
H(T)
h2 k2
k B~ A — M*H
e(k) o+ 9B
vV2m*T [ dx
Nmagnon - MS/N - M = / 2L
™ 0o 7T +1
oo (T A
2J VrdJo e®=F 41
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(a) BA Free TBA
7 =20 Exact Fermion Exact Analytical 1
3 x| —T=20K
g = . — T=00001K
. K —T=135K 1
= 6 < > T = 00004 K
g = T = 00006 K
: 5l ¢ T =00008K ]
—  T=0001K
<4 1
Q@
S 3k : |
=
2 PR
< 2 '*"/’ ‘ \\ |
527 .,
1 . ]
b
y 4|
0 e

1399 13992  13.994  13.996  13.998
H(T)

0 5 10 15 20
H(T)

de, (\) /dA
Ey — 7 T?/(6vs) + O(T3), vs—l 5 (/ [r=q

2r po(N)

\
Il

Rw 4Ks, Ks=mVsx/ (QNB)Z
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<20
o
E]
215 06
N
£
210
0.4
05
0.0 0.1

0 2 4 6 8 10 12 14 cumol'K?)
Magnetic field (T)

Quantum criticality of Cu(C4H4N2)(NO3)2
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He, Jiang, Yu, Lin, Guan, PRB B 96, 220401(R) (2017)
Breunig, et al. Sci. Adv. 2017; 3:eaa03773
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Bethe Ansatz for ideal spin chain material

st
1367
1377
1387
1397
147

—e— TBA numerical

1257
134T H
14T

—e— TBA numerical

M/ H{10 exn ol

T(K)

e Cu(C4H4N2)(NO3), spin-1/2 chain at T = 0.008K

e theory: J = 10.81K, g = 2.3, Hs = 13.9941(T)

e experiment: J = 10.8(1)K, g = 2.3(1), Hs = 13.97(T)

e interchain effect is observed for low temperatures and low field (H =1 T)
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(C) TBA numerical
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&= a 5T
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T (K)
T2 A Tg A
H — H; f~ ——Li —eT ) — —Li —eT
e g (o) - T (o)
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™ ™

Luttinger liquid cv = T/(3vs)
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Yang, Chen, ... Guan, Yuan, Pan, Phys. Rev. Lett. 119, 165701 (2017)
Breunig, et al., Sci. Adv. 2017; 3:eaa03773
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Outline

@ Lecture |. Quantum liquid and quantum criticality in one dimension
e Lieb-Liniger Bose gas
e Spin-1/2 Heisenberg chain

@ Lecture Il. Spin charge separation in one dimension

e Two component Fermi gas
e Two component Bose gas

"Models are to be used, not believed”
Giamarchi, Quantum physics in one dimension, Oxford Scientific Publication
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Spin and Charge meet at quantum criticality

on going research
@ Universal description of Luttinger liquid and quantum criticality
@ Quantum scalings beyond the free fermion theory
@ Ferromagnetism in ultracold atoms
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2
g

L 2 2
_ o0 (=129
L 8100 (= 3 52z ) 100

L
+a1p /0 61 ()61 ()61 ()6, (x)x

Yang-Gaudin model

L
5 [ (41006500 = 6] 000, () o

@ H: effective magnetic field

2 &
@ gp=-2Cc=-2/ap, ap = —a5 tAaL
Yang Phys. Rev. Lett. 19, 1312 (1967)
Gaudin, Phys. Lett. 24, 55 (1967)
Guan, Batchelor and Lee, Rev. Mod. Phys. 85, 1633 (2013)
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@ Bethe wave function (0 < xg1 < ... < Xgi < Xgj--- < Xgn < L)

Y= ZAcn NP1y Pn|Qy, .., Qu) expi(kpiXgr + - .. + KenXan)

@ Bethe wave function (0 < xg < ... < Xgj < Xgj--- < Xgn < L)

W = Asion(Pr- o PulQr, .., Qu) expil.... + kpixg + KpiXai + - . )
P

@ BA: I. continuity wxo,:xg = oni:Xo,
J

ZAU1 ...o'N(P,‘, Pj|Q,‘, q) expi(...+ Kpixgi + kPjXQ]' +...)
P
—ZA(,1 v(Pi PGy, Q) expi(. .. + keixg + kpiXgi + - - -)

Ad1-»-GN(Pi7 FilQi, Q) + Asy...on (P PilQi, Q)
= Aoy...on(Pi, Pi|Qj Q) + Aoy ...on (P, PilQ, Qi)



Lecture Il. Spin charge separation in one dimension

@ discontinuity

1
XZE(X1+X2), Y=x —Xx

- —2—} W+ 205(Y)V = EW

0 ‘Y:0+ T oY ly=o- Cvly=o

i
5 (ke = ki) [Asy...on (PP QIQ) — Aoy ..on (PiPIQiQ))]
i
_E(kPj — kpi) [Aoy...on(PiP1QQ) — Asy..on (PP QIQ)]
= C[Ao,...on(PiP|QiQ) + Asy...on (PP QiQ))]
@ two-body scattering relation (As, ..oy (PiP;|QiQ) = [T,j]z:::Zx Ast ..ot (PP QQ))):
l(kP] - kPi) |:Aa1 JN(PIP]|QIQ]) - [TI]] Z} Zx Ao;o/’V(PIP/‘Q’O/)]

= c[Aor (PRI + £ Aoy (FPICQ)]
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@ Two-body scattering relation

ko KoV T 4 o] 7
iy — ker) Ty + cf A (PPIQQ)
l(kpj — kpi) — C N

B

Aa'1...a'N(P,‘Pj"O,‘Oj) = |:

oy...0N
iuT; +cl
Yi(u) = iulj— c
_ i(kpj — kpi) T + ¢l

Yi(koi — ko) —
ke = ke i(kpj — kpi) — €

1
To'1o'2 = _Po'1a'2 = E (1 +516:2)
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Integrability: Nondiffraction

@ Two-body scattering: the states with initial momenta k; and k, scattered into states
with final momenta k{ and k3, if it is elastic, we request k; + k3 = ki + k2 and
ki? + k2 = kZ + k3. These two solutions are reflections of each other in the
(ki, k2) plane.

@ However for particles (N > 2), it is not sufficient to have both energy and
momentum conserved for the model to be solvable since the number of variables
exceed the number of equations. Consider the case where (N = 3). H. Bethe
proposed an hypothesis: Outgoing waves only consist of reflected waves, namely,
no diffracted waves (Gu & Yang, Commun. Math. Phys. 122,105(89)):

X3 2o % Xs
L e AL J[LJU L
ks ko Ky Ky kp kg
initial final
X3 Xz X4 i3
W JUSUA j[LKJ b
ks Ky ky ke Ky kg
initial final
(@) : At2z — Aziz — Aozr — Aszi (b) : A2z — A1zz — Asi2 — Aszq
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Group of Quantum
Integralable System

CN Yang’s 1967 e

e The many-body scattering a b c a b c
@) 1 Q 1

matrix reduces to a product of

many two-body scattering

matrices. Outgoing waves only == O = == = = = <= =0 -
ba c a
consist of reflected waves,

namely, no diffracted waves. a c
Ay = Spp(ky = ky)Ayy

S,k k)8, (6K )8, -k) L2\,
= k)5, (k)5 .-k, "l” ‘ © b

Elgomnioamiom; Sy Bethe ansatz eqs



Lecture Il. Spin charge separation in one dimension

Avza(ki, ko, k3| Q) = [Yia(ke — ki)™ Aora(ke, ki, ks| Q)
= [Via(ke — ki))?"*[ Yaa(ks — ki)]?*' Aai (Ko, k3, k1| Q)
= [Via(ke — ki)?"*[Yaa(ks — k)2 [Via(ks — k2)]*2" Asar1 (Ks, k2, ki | Q)

Avos(ki, ko, k3| Q) = [Yea(ks — ka)]'* Avaz(ki, k3, k2| Q)
= [Yas(ks — ko)]"[Yia(ks — ki)]*"? Asia(ks, ki, k2| Q)
= [Yes(ks — ka)]'#[Yiz2(ks — ki)]*"®[ Yas (ko — k1)]*2" Asz1 (K3, ke, ki | Q)

Yang-Baxter equation

Yio(ke — ki) Yea(ka — ki) Yia(ks — ko) = Yos(ks — k2) Yiz(ks — ki) Yoa(ke — K1)

Properties of Y—matrix

Yao(U)Yea(V) = Yea(V)Yar(U)
Yab(U) Yoa(—U)

I
—



Lecture Il. Spin charge separation in one dimension

@ periodic boundary conditions: ¥(x1, ..., X, ..., Xn) = ¥(X1,..., X+ L, ..., Xn)

As(Pi, P1,...,Pn|Qi, Q4,...,Qn)
= exp(ikiL)As/(P1,. .., Pn, Pi|Qx, ..., Qn, Q)

@ gives

Yio(ki — ki) Yos(ko — ki) ... Yie1,i(Kic1 — K)As(P1, ..., Pi, ..., Pn|Qi, Q1 ..., Q)
=TaToz ... TncanYn—1 N(K — Kn) Yo n—1(Ki — Kn—1) - .- Yiip1 (K — Kitt)
x exp(ikiL)As(P1, ..., Piy..., Pn|Qi, Q4, ..., QN)

@ further

Ticqi... ToaTi2Yia(ki — ki) Yos(ke — ki) ... Yioq,i(ki—1 — k) Ae(P|Q)
= Tiix1 Tigtyive - - TnctnYn—1,n(Ki — Kn) - - Yiigr (K — Kiq ) exp(ikiL)Ae(P| Q)



Lecture Il. Spin charge separation in one dimension
@ LHS:

LHS = Ti_q,;... TaaRiz(ki — ki) Tz Tog Yoz (ko — K;) ... Yi—1,i(ki—1 — Ki)Ae(P|Q)
= li—q,i-.. T34R13(k1 — ki)T34T34R23(k2 - ki)Y34(k3 - ki) e
xYi_1,i(ki-1 — K)Ae(P|Q)

= Rii(ki — k) Re,i(ke — ki) ... Ri—1.i(ki-1 — ki) Ae(P|Q)
@ RHS:

RHS = R,"N(k,' — kN)R,"N_1 (k, — kN_1) . Fl',',,'+1 (k, — k,'+1 ) exp(lk,L)AE(P|Q)

@ Using the R-operator property:

Yao(U) Yea(V) = Yea(V)Yar(U)
Yao(U) Yoo(U+ V) Yar(V) = Ye(V)Yar(U + V) Yoe(U)
Yao(U) Yoa(—u) = 1



Lecture Il. Spin charge separation in one dimension

@ The eigenvalue problem: algebraic Bethe ansatz

Ri(k)Ae(P|Q) = exp(ikiL)Ae(P|Q)
Ri(k) = Rit1,i(Kigr — Ki) ... Bn,i(kv — ki) Ruitki — ki) ... Riz1i(kiz1 — ki)

@ quantum transfer matrix : 7(u) = Tra(7n(u)) and Li(ki — u) = Ri a(ki — u)

77\/(U) = LN(kN — U) . Lg(kg — U)L1(k1 — U)



Lecture Il. Spin charge separation in one dimension

7(U)]u=k,
= Tra(Tn(U))lu=x;
= Tra(Rn,a(kn — Ki) - .. Riz1 a(Kiv1 — Ki)Pia
XRi_1 a(Ki—1 — Ki) ... Roa(ke — Ki)R1,a(ki — ki)
= Tra(P;,aRn,i(kn — Ki) - .. Ri1,i(Kisr — Ki)
X Ri_1,a(Ki—1k — i) ... Ro,a(ke — ki) Ri.a(ki — ki)
= Tra(Ri—1,a(kic1k — i) ... Ro,a(ke — Ki)R1,a(k1 — ki)
X Pj aBn,i(kn — Ki) - . . Ris1,i(Kir1 — ki)
= Tra(PiaRi—1,i(Ki—1k — i) ... Ra,i(ke — ki) Ry.i(ki — ki)
X Bn,i(kn — Ki) ... Rist,i(Kir — ki)
= Tra(Pja) Rit1,i(Kivr — ki) . .. Bn,i(kn — Ki)
xRy (ki — ki) ... Ri—1i(ki—1 — ki)
= Ri(ki)



Lecture Il. Spin charge separation in one dimension

@ Quantum Inverse Scattering Method: Riz2(u) = P12 Yi2(U)

H12(U)R13(U + V)R23(V) = H23(V)H13(U + V)R12(U)

K

Figure: Graphical representation of the Yang-Baxter relation for three particle scattering.




Lecture Il. Spin charge separation in one dimension

@ Lax operator: Ra n(u) = Ln(u), R(u—v) = PR(u — v)

R(u — v)Ln(u) ® La(v) = Ln(v) @ Lna(u)R(u — v)

@ Monodromy matrix: Tn(u) = 1N, Li(u) = Ly(u)Ln—1(U) ... Li(u)

R(u— v)Tn(u) ® Tn(v) = Tn(v) @ Tn(u)R(u — v)

aj ai

N 1 N 1

Figure: The “train” argument.




Lecture Il. Spin charge separation in one dimension

@ Transfer matrix 7(u) = Tra(Tn(u))

[r(u), 7(v)] =0

@ Conserved quantities 7(u) = 7o + Hiu + Hot? + ..

N -
d dL,i(u)
— = Tra | L v ...L
), = LT L) T L)
N -
dL,1(0
= ZTra Pan...Paji1 %()Pay,‘,1 - Pa,1:|
i=1 -
N -
dLi+,(0
= ZTra Pa,N---Pa,i+2%()Pi+1,iPa,i+1---Pa,1:|
i=1 -

N
dLi1,i/(0
= Tl"a(PaJ e Pa,N) Z P/+1,i%()
i=1



Lecture Il. Spin charge separation in one dimension

@ Bethe Ansatz equations

M .
k'—/\[+10/2

exp(ikl) =] L————

PlikiL) gkj—/\[—ic/z

lﬁ[Aa—kg—i-ic/Z__M/\a—/\B-i-ic

=1 /\a—k[—iC/z 5:1Aa_A6_iC

@ Energy
[
E=_—— k2
2m 1121 1

@ Repulsive interaction ¢ > 0
@ Attractive interaction ¢ < 0



Lecture Il. Spin charge separation in one dimension

o4l a4\ (Vae A A A 44
lm i oyl ly fy | |Vl lm 10 iy Cn S D tﬁs‘,
4 4 >
BCS T FFLO I,  Normal fn
T
QS Q¢ [
\\\ /// Tﬂ:\ 3 _//vl
TLL,“ / TLL, |\ /TLL,
Y N
0"BCS ;,  FFLO p Normal
cl c2

Phase diagram of attractive Fermi gas in 1D

Guan, Batchelor, Lee & Bortz, Phys. Rev. B 76, 085120 (2007)

Zhao, Guan, Liu, Batchelor & Oshikawa, Phys. Rev. Lett. 103, 140404 (2009)

Yu, Chen, Lin, Roemer, Guan, Phys. Rev. B 94, 195129 (2016)
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Pair correlation function

~ Ap.1 cos (m(ny — ny)x)
|x 4 ivut]|%|x + ivpt|%2

(Wl(x, ] (x, 1)11(0,0)1,(0,0))

1 1 (1-P)
b~z Rz
e — =0 The spatial modulations are char-
135 TR acteristic of a Fulde-Ferrell-Larkin-
13 ———P=08}

Ovchinnikov (FFLO) state. The
backscattering among the Fermi
points of bound pairs and unpaired
fermions results in a 1D analog of
the FFLO state and displays a mi-
croscopic origin of the FFLO na-
ture.

Lee & Guan, Nucl. Phys. B 853, 125
0s, : : : ‘ : : (2011)
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RC
-0.46 :Vo
9
-0.47
Partially polarized (FFLO) 8
-0.48 7
6
'3.-0.49 5
4
-0.5] 3
Fully éolarized .
Vacuum 1
<€—— High P
0587 0.8 1 4 1.2 1.3
h
The second Wilson ratio at t ~ 0.001¢p
212
ki kK
Ry ="8_"_ TTLp: R} =4K, TTLr: Ry =1
w 3 Cv/T’ P w ) F w
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M 1.
eikiL - H ki — /\j —+ 51C

. T Ll ki — A — dic’
Bethe ansatz equations J=1 12

lﬁ[/\j_ki‘i'%ic_l—N[/\j—/\[-i-iC i1 y
N—Ne—ic” 7 T

ki — Yic
im N~k —gic

@ an effective antiferromagnetic Heisenberg spin chain for ¢ > 0

VNP N, 4EF
HZEZS,‘OS,‘+1—hZS,-, JR,’T
i=1 i
2 nd & 1
E = ——N(N-1)-=>S —— 102
3L ( ) 2;,12+1/4+( )
i\ N
i+5\ Mor— i
-z =t it

Oelkers, Bathchelor, Bortz and Guan, J. Phys. A 39, 1073 (2006)
Lee, Guan, Sakai and Batchelor, PRB 85, 085414 (2012)
Guan, Batchelor and Lee, Rev. Mod. Phys. 85, 1633 (2013)
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Spin-charge separation in repulsive Fermi gas

(k) = K—p— g ~ T anxIn (1 + e—%(")/T)
n=1
én(\) = nH-—TapxIn (1 + efsm/r) +T> TomxIn (1 + e*¢m(*)/r)
m=1
p = l/ In[d + <0/ T{ak
27 J _ oo
quasimomentum quasimomentum




Lecture Il. Spin charge separation in one dimension

4 0.30
——T=0.01K T =0.06K

| i ——T=0.02K ——-T=0.10K
3 Mixed phase 0.25 ——T=004K — - -7 =0.15K |
5 Lo—ec_ -—-T=02K

0.20 NN
1r X .
1= Full polarised

0
-1r
=27 Vaccum
-3

0 1 2 3 4 5

H

Phase diagram

Specific heat in the vicinity of H = 2.18

@ Spin charge interaction effect at quantum criticality

e(k)

fxxx(H7 T)

¢n(X)

k% — i — fox(H, T)

H Ti an*In (1 + e‘¢"(k)/T)

n=1

2

nH— Tap*In[1 4=/ T4 T S7 Ton * In[1 + e 9m(N/T]
m=1
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4 0.30
——T=0.01K T =0.06K

3r Mixed phase 0.25 :Eggiﬁ iii;igigﬁ 1
—an -—-T=02K

2

1k

=8 Full polarised

0

-1

=21 Vaccum

-3 L

0 1 2 B 3 4 5
H
Phase diagram Specific heat in the vicinity of H = 2.18

@ Spin charge interaction

p po _ 7'I'T2 (1 + 1 ) Ve — tc Ve — ts
T \wve v/ 7 2mpe(ko)’ ° 2mps(ho)
g ek po 41N
C - k] S — T N
dk =k, dA o,




Lecture Il. Spin charge separation in one dimension

@ Spin charge interaction effect at QC

A

fXXX

B;

p = %/ In(1 4+ e~ =®)/T)dk

e(k) = Ak —p-— B1(N) = B1A% — ps

fXXX )

P1(N)
1+—/ In(1 + e~ 27 )dA

5+£/ In(1+¢ " / XIn(1 4 e 7 )ax
TC
oo /)
@—7/ In(1 + =2 )ax’
(K 00 1 (X))
—H+ 4—"——/ K2In(1 +e ))dk—lc/ In(1+e 7 )dx
m —oo

T o102
+—3/ N2In(1 4 e 25w
e — o
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I e e

0.8
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0.2

v b e b b e bl
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20 -10 0 y10 20 30 40
@ Spins and Charges velocities for H — 0: v < 1 and v > 1

~2 1 4h2
Ve,s = %VF (1 +i%), ::z %:,i<(1 _ G’Tn2>)

2l s
@ Spins and Charges velocities for H — Hg and v > 1

vcz27rnc( —7% 1—/_%)
He /4 _ H
Ne He

X

Vs

Oelkers, Bathchelor, Bortz and Guan, J. Phys. A 39, 1073 (2006)
Lee, Guan, Sakai and Batchelor, PRB 85, 085414 (2012)
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@ Luttinger liquid with backward interaction

H = H:+Hs+ 201 /dxcos(\/8¢a)
(2ra)?
v K, v
H, = [d N2 Y (0xdu)?
/X( 2 U+27TKV(X¢)>

@ charge and spin Bose fields [¢, (x), M. () = i6,,6(x — y)]
b = (prE9))/V2

MNeo = (My£Ny)/vV2
@ Fermi liquid signature
2
Foa- ()
6 Vs Ve
R _2Ve 2K,/ 7V,
= KR = ™
w Ve + Vo ) c c

Giamarchi, Quantum Physics in One dimension (Oxford University Press, Oxford 2004)
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N maxima €, 7
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i
@ On-going research: Beyond free fermion theory, i.e. spin and change interacting effect

1 1
hs = 2nJ; X%F:FVS; vs =md/2

5
1—E=D(1—£)  (Ms=me) ps & e

ms

a+ B(1+9) =2, a=p=1/2, §=2

1
Tmagnon = Thoson = — i 7-spinon =Tg=—np
34 Y2
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lll. Spin charge separation in interacting bosons

VOLUME 89, NUMBER 22 PHYSICAL REVIEW LETTERS 25 NOVEMBER 2002

Polarization of Interacting Bosons with Spin

Eli Eisenberg'? and Elliott H. Lieb'
'Department of Physics, Princeton University, PO.B. 708, Princeton, New Jersey 08544
2NEC Research Institute, 4 Independence Way, Princeton, New Jersey 08540
(Received 1 July 2002; published 7 November 2002)

We prove that in the absence of explicit spin-dependent forces one of the ground states of interacting
bosons with spin is always fully polarized. Generally, this state is degenerate with other states, but one
can specify the exact degeneracy. For T > 0, the magnetization and zero-field susceptibility exceed that
of a pure paramagnet. The results are relevant to experimental work on triplet superconductivity and
condensation of atoms with spin. They eliminate the possibility, raised in some theoretical speculations,
that the ground state or positive temperature state might be antiferromagnetic.

@ Ferromagnetic spin-spin interaction enhances magnetization

Eisenberg and Lieb, PRL 89, 220403 (2002)

Erhard et al. PRL 92, 160406 (2004); Fuchs et al, PRL, 95, 150402 (2005)
Li, Gu, Ying, and U. Eckern, Europhys. Lett. 61, 368 (2003)

Guan, Batchelor, Takahashi, Phys. Rev. A 76, 043617 (2007)
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Ferromagnetism in two-component spinor Bose gas

T/ ¢T (_%W> ¢;(x)dx
=

two-component Bose gas +9ip Z/ ¢‘r X)¢T (x)¢> (x)¢;(x)dx
i
T (6090100 - 6] (00, 0) o
2 /o T T 4 4
. . P nlc il
@ H: effective magnetic field; gip = — ., ¢ = —2/aip, aip = —% +Aa,

Sutherland, Phys. Rev. Lett. 20, 98 (1968)
Li, Gu, Ying, and U. Eckern, Europhys. Lett. 61, 368 (2003)
Guan, Batchelor, Takahashi, Rev. A 76, 043617 (2007)
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k+i/X 0 0 0
. . 0 k —i/A 0
scattering matrix S _ k+i/X  k+i/X
ab = 0 —i/\ k 0
kFi/x  k+i/x i/
0 0 0 k+i/X
@ strong coupling regime Lc > 1
72 aN 2
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@ effective Heisenberg chain with a ferromagnetic exchange coupling J
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Collective modes for spin degree

2
q

—, f —0

2m* orp

Where Q is the spin wave vector —m < Q < . The momentum of magnon g = AnQ.

e(Q)=J(1 —cosQ), e(q) ~

weak coupling: quasi condensate
N

2c 1 c c
ki ~ — E — + —Kk;
! Ll:1kj—kg+L>\1+L>\$/
m 47
E = E 2 ~1-—Y—
(a) o +q°, pos 3

strong coupling: all bosons are moving as flipping one spin

27n;  2q c 2N c
ki~ ke AT AT 124 =
i (L +Lc+LA1)< Lc+L>\$>
;  =+£1,£8,...,£(N-1)/2, A\ = Nc/Lq
noL LT (1-8)
m- N 3y ¥
Fuchs, Gangardt, Keilmann and Shlyapnikov, Phys. Rev. Lett. 95, 150402 (2005)
Batchelor, Bortz, Guan and Oelkers, J. Stat. Mech. JSTAT/2006/P03016
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------ Lattice site, i

@ novel concepts: itinerant ferromagnetism, fractional excitations, spin liquids

:—JexZ[ (S7S 1+ S S +AS'Si4

@ Correlation function C;; = P;; — P;P;, where P; =3, P;; is the probability of
finding one atom on site / and P;; is a joint probability of simutaneously detecting
atoms on lattice sites / and j.

Fukuhara, et al Nature, 502, 76 (2013)
Fukuhara, et al Nature, Phys. 9, 235 (2013)



I11. Spin charge separation in interacting bosons

H = Hu+ Hxxx
mVvsK o Vs 2
Effective field theory Hon = / ax (?” + 55 (0x9) )
SN N
H = EZS{'S,'_H—hZS,'Z
i—1 i

Guan, Batchelor, Takahashi, Phys. Rev. A 76, 043617 (2007)
Matveev and Furusaki, Phys. Rev. Lett. 101, 170403 (2008)
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spin charge separation

2¢P(T, H)

e(k) ~ kz—ﬂ—w‘FfXXX(TJ_I)
foo(T.H) ~ Jin2— T/OO drs(A)In(1 + m (V)
Innp(A) = 2%15()\) + s*In(1 4+ n2(N))
Inna(A) = sxIn(1 +n0n-1(X)) IN(T + 111 (X))

Guan, Batchelor, Takahashi, Phys. Rev. A 76, 043617 (2007)
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@ Critical exponents: ¢, ~ T2, x ~ T~2; ferromagnetic: a= —0.5, b=2
@ paramagnetic:a=—-1,b=1

Guan, Batchelor, Takahashi, Phys. Rev. A 76, 043617 (2007)
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Conclusion and on-going research

@ We have studied quantum liquid and spin charge separation phenomenon with
quantum criticality.

@ Generalized hydrodynamics: spin and charge currents

@ Quantum metrology in spin systems with long rang interaction: quantum collapse
and revival, disorders, entanglement entropy - - -

Thank you for your attentions!
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