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Yang-Baxter /F%:

+ 1931, Bethe: Heisenberg spin chain
* 1963, Lieb, Liniger: 1D Bose gas

Yang-Baxter

X 1967, Yang, Gaudin: spin-1/2 Fermi gas
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1968, Lieb, Wu: 1D Hubbard model

1968, Sutherland, SU(2s+1) quantum gases

1969, Yang, Yang: thermodynamics of 1D Bose gas
1972, Baxter, 2D XYZ vertex model

1979, Faddeev, quantum inverse scattering method

Kondo problems, Gaudin megnets, BCS model---
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1D Bose gas, coupled tubes
1D Fermi gas, spin imbalance

Boson-Fermi mixtures..

atomcool.rice.edu

Fractional excitations (anyons, spinons, magnons ...)
Quasi-long range order (correlation functions)

)
=)
@ Quantum liquids (Luttinger liquid, spin charge separation)
@ Quantum criticality (scaling laws, field theory)

@ Quantum dynamics, transport properties

@ Conformal Field Theory, gauge field, Yang-Mills theory

@ Quantum metrology ...

Cazalilla, Citro, Giamarchi, Orignac, & Rigol, Rev. Mod. Phys. 83, 1405 (2011)
Guan, Batchelor, & Lee, Rev. Mod. Phys. 85, 1633 (2013)



Fermi Liquids

Electronic metal, Kondo impurities,
Helium-3, heavy fermions etc.

Microscopic difference: quasiparticles

Luttinger liquid

1D correlated electronic systems, spin
liquids, quantum gases etc.
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holon

spin-charge separation

Macroscopic similarity: specific heat linearly depends on temperature 7
susceptibility and compressibility are independent of T




Quantum criticality of the energy fluctuation: specific heat
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@ (a) quantum criticality of spins
@ (b) quantum criticality of spinless bosons
@ (c) Spin and charge separation with quantum criticality

Yang, Chen, ... Guan, Yuan, Pan, Phys. Rev. Lett. 119, 165701 (2017)
He, Jiang, Yu, Lin, Guan, Phys. Rev. B 96, 220401(R) (2017)
Breunig, et al., Sci. Adv. 2017; 3:eaa03773



Outline

@ Lecturel.  Quantum liquid and quantum criticality in one dimension
e Lieb-Liniger Bose gas
e Spin-1/2 Heisenberg chain
@ Lecture Il.  Spin charge separation in one dimension
e Two component Fermi gas
e Two component Bose gas



I. Quantum liquid and quantum criticality in one dimension

.  Quantum liquid and quantum criticality in one dimension
@ E H Lieb & W Liniger 1963: J-function Bose gas
@ Continuum field theory problem of bosons with §-function interaction

H= / o [0x0 ()20 (x) + W' ()W )W ()W ()]
0
(W 0,910 = 8= y), WD, W(y, 0] = [Wix 0w (y,0] =0
@ N-particle eigenstate
& >= /L ax™ x(x1, - xn)WT () - Wi (x) |0 >
0
@ wave function

x = ZA(,P)ei(kp1 X1+"'+k7>NXN)
P

@ Lieb-Liniger model

N 82 N
H:_Za—)q?+2026(x,-—)q)
i=1

i<j



I. Quantum liquid and quantum criticality in one dimension

@ two-particles
x(x1, %) = 00— x) [AP1 Pzei(k1x1+kzxz) + Ap,p, ei(kzx1+k1xz)]
+0(x1 — X2) [AP P gllkixethkaxi) + App ei(k2X2+k1X1)]
172 2M
@ discontinuity of the derivative

1
XZE(X1+X2), Y =x — X

1 6 P
ox 125%

Y ly—o+ ~ 9Y ly—o- Cxly=o

@ two-body scattering relation

Arp _ _C—i(ke — ki)
A,D1 P, Cc+i(ke — k1)

0(x) = —2tan’1%, - < 0(x) <, AP2P1(k2,k1) = Yio(ko — ki )Ap1p2(k1,k2)

— _gle—k) _ v,k — ky)



I. Quantum liquid and quantum criticality in one dimension

periodic boundary conditions for three particles

X1 < Xo < X3
(X1, X2, X3) = A1236i(k1x1+k2X2+k3X3) +A21aei(kzx1+k1xz+kaxa)
) )
+A13291(k1x1 thaxethexs) A3126i(kax1 +k1x2+kax3)
-|-A231 ei(k2x1 +hk3Xo+kK3X3) + A321 ei(k3X1 “+hoXo+k1X3)
Xo < X3 < Xq
(X2, X3, X1) = A1236i(k1X2+k2X3+k3X1)+A21aei(k2X2+k1X3+k3X1)
) )
A13261(k1x2+k3)(3+k2x1) +A31zei(kaxz+k1xa+k2x1)
A231 ei(k2x2+k3)(3+k1x1) + A321 ei(k3X2+k2xa+k1x1)
Yang — Baxter equation : X(0, X2, X3) = x(X2, X3, L)

ikiL koL iksL
Atz = Ao31€"1", Asis = A132€"2", Agiz = Arzze™®



I. Quantum liquid and quantum criticality in one dimension

@ Many-particle wave function(x; < xo < -+ < Xn)

X = ZAP1 ..... py €XPi(kp X1 + ... + KpyXn)

P
@ Periodic conditions
X(X1 X2, ... ) :X(Xz,.. XN,X1)
ZAP1 Pyoee Py € gl(kpy X1 +kpy Xort--py Xn) ZApz PPy € i(kpyXo-+---Kpp Xn+Kpy X1)
p_ ki ke -+ kn p_ k1 ke - Kn—1 Kn
“\P P - Pv) T\ P Ps - Py P

Ap = Ap "t Ap = [_ew(kpﬁkpz)} Apypy. py = (—1)V e 2P A,

gheil — (_1)N—1eizj9(kp1—ki)

@ Lieb-Liniger equation

P, K — ke +ic
_%j;lg exp(ikiL) = Hk T —Tc



I. Quantum liquid and quantum criticality in one dimension

@ Wave function
N

s =P TT (14 B2 | oxp (3 k)

1<i<j<N j=1
In general, N! plane waves are N-fold products of individual exponential phase factors e'i%,
where the N distinct wave numbers, k;, are permuted among the N distinct coordinates, x;.
Each of the N! plane waves have an amplitude coefficient in each of regions.



I. Quantum liquid and quantum criticality in one dimension

@ repulsive interaction

N
N-—1 N-1 N—1
KiL=2rl+Y 0k — k), ’:_T’_T+1"" 5

=1

@ thermodynamic limit

ordi(k) 1< 2¢
Lok~ 1+Z;CQ+(k—kz)2
I N B 2cp(q)
(k) = Z*E/,qucu(k—q)z

@ attractive interaction
.C . ,

\Il(x1,...,xN)z(\/(N—1)!/\/Z)|c|('\’erxp{g 3 |x,-x,-|}

1<i<j<N

__1_2 2
E = — 5NN — 1)



I. Quantum liquid and quantum criticality in one dimension

Hermite polynomials H"(q) — 2qH' + 2NH(q) = 0

semicircle-law K) — 1 1 k?
k) = —=\[1- 373
LaVal Ivn
Gaudin 1971; Batchelor, Guan & McGuire 2004
Guan, Int. J. Mod. Phys. B 2014
Jiang, Chen, Guan, Chinese Physics B, 24, 5 (2015)




I. Quantum liquid and quantum criticality in one dimension

(a) weakly interacting 1D bosons (b) strongly interacting 1D bosons
(y<<1) (y>>1)
A Bogoliubov A Lieb |
> >
> o 1
[9] [ [
c c 1
) o) 1
1
1
1
1
momentum - momentum ZE

particle-hole exitations

AE(k) = e(ke) = k2 —p+ /C; a(k: — k')e(K'), AE(ky) = —e(kn)

v < 1, Bogoliubov theory
~ > 1 create a Fermi surface with kr = mp



I. Quantum liquid and quantum criticality in one dimension

thermodynamic limit 1 @ E Q
rmodynamic limi o0 =g+ [ atk—a(@)da, 7= [ plk)ak
T -Q -Q
strong couplin E 13, 4 12 (%5°-32)
g coupliing Ew = Im —rrPr?(1-24 242335 =%
NLl—oo L 3 L ~8
quasiparticle dispersion B P? s, m 1
b= VP + 5o+ O(PY) o = (1-70,) 7
Bogoliubov dispersion / P2
g p EP:VSP 1+W7 €P:VSP7 P—>0
high momenta P2 G 2
= omt 2T~ gy T OU/P)
finite-size correction E(N,L) = LE. — WSCLVS n O(%)

Ristivojevic, PRL 113, 015301 (2014)
Gangardt, Shlyapnikov, NJP. 5, 79 (2003)




I. Quantum liquid and quantum criticality in one dimension

+
€p

quasiparticle dispersion m

>

2
IPI £ 5+ AP+ P
(1= )\/R
7
7

"The spectrum at arbitrary momentum is fully determined by the properties of the ground state”.

Ristivojevic, et al.



. Quantum liquid and quantum criticality in one dimension

Bosons and Fermions

TEMPERATURE

\
\
BOSONS FERMIONS
@ Maxwell-Boltzmann distribution: Quantum statistics:
< nj>oc1/ (exp (¢ — 1) /7)) @ quantum man-body systems
@ Bose-Einstein distribution: ; © microscopic state energy E;

<np>=(exp[(¢—p)/T)=1)" .
Q iti i =S W.eEi/(ksT)
@ Fermi-Dirac distribution: partition function Z = 3 7=, Wie 5

<n>= (exp [(¢j — n)/T]| + 1)71 Q freeenergy F = —kgTInZ




I. Quantum liquid and quantum criticality in one dimension

@ Bethe ansatz equations at finite temperatures

hn 1 p(K'Yak!
p(k) + p"'(k) = + 02+k k/)2
@ entropy
_ (Lp+pMa
w (Lpdk),(Lphdk)' S= /dS /In aw
s
s = L= [[erMmes s = pinp - ping] ck

[losm(re5)-om(3)] o

Tr(e H/T) = Z W(p, ph)e—E(p,ph)/T
p,ph

z = Ze (p,p")=S(p,pT)/T

@ partition function

N
I



I. Quantum liquid and quantum criticality in one dimension

@ Gibbs ensemble

0 = % - % — uén — Tés, %: /kzp(k)dk, n:/p(k)dk

5s = /(5p+5p’7)|n(1+ﬁh>—apln(ﬁh>dk
P P

@ Yang-Yang method: dressed energy e(k) = Tln ’;*’(—(kk))
sG
L

dpdq p
- K25p — udp + Topl ﬁ)—f __opaq (1 —)}dk
/[ PP pn(ph 7] Erk—qr " +p”

Tc dq p
K2 — 4+ Tl ﬁ)——/il (1 —)}5 dk
/[ nr n(p” =) EFxk—qr "\ TA)]

@ Yang-Yang equation

Tc dg
K) = K2 — __/7| 11 e—c@/T
=(k) - 02+(k—q)2n< te )

0 =



po= [ {(u=K) o)+ T[ (o) + oK)
[ {(-#) I )

xIn (p(K) + p"(K)) = p(k) In p(K) = p"(k) In p" (k)] } ok

LAl g e (1 ) o

+Tp(k)In (1 + ﬁ(’%) } dk

[ O:O {Tp(k) In (1 + ':,7((’2))

_% / c2+((:’(7q—q)2 In (1 + 5}%) + Tp"(k)In (1 * ;((?))}dk

RIS R =
x In (1 + /f,f:%)}dk

% /_o; In (1 + e*f(k)/T) dk




I. Quantum liquid and quantum criticality in one dimension

E H Lieb & W Liniger o-function Bose gas: simpler is better

@ Wave function

ik
1Z)(X1,X27-~~,XN

y=> (1] TI (1+7k -

1<i<j<N
@ Lieb-Liniger equations
N

N

) o (3 )

j=1

ki— ks +ic

N
2
= kiL) 2 - -
2m ; ) exeli 1_[1kj—kz—ic

@ Yang-Yang thermodynamics

ek) = k2—u+/ alk — K'e_(K')dK', p=—
2c
_ —e(k)/T
e(k) = —Th[l+e=W/T] ax)= 2Wm

@ fundamental concepts:

2

cooperative and collective behaviour, continuum excitation, quasi-long range correlations,
quantum liquid, quantum criticality, guantum dynamics, thermodynamics in and out of

equilibrium ...



I. Quantum liquid and quantum criticality in one dimension

@ Wave function

/kalx/
Doy (X1, %, xn) =D Alkpy, ..., Koy)e
P

@ M-body local correlation function

(@Y )M (W()12) _ Mo
s = (W (O)M(w(0))")

NU 190, 0, X1, -+, X) [Pl - - dxy
(N_M)' f\?/)(xh"'7XN)|2dx1--.de

am

@ Non-local 2M-point correlation function and density-density correlation

@V (x) - W)W () - VOm)IQ)
(QlQ)

(Wi (x)w(0)) Po {bog+...}

o)

K - 1
(p(x)p(0)) p%{1 [pod(x‘L)} + 2 an Lod (xID)

m=1

2mPK
} cos (27rmpox)}



I. Quantum liquid and quantum criticality in one dimension

f\ e(N)

~ 22

=Y
>y

e Quantum Liquid

e Quantum criticality

Guan, Batchelor and Lee, Rev. Mod. Phys. 85, 1633 (2013)




I. Quantum liquid and quantum criticality in one dimension

Sl|Le]

. 0.4000

0.3200
0.2400
0.1600

0.08000

I 0.000

Boltzmann Statistics ~ Pe = 4/ 577 T_%el%, p=pog+ % 2p, for T — oo
Fermi Statistics P=—1\/ompz T? Li% (—eT), for ¢ — oo
Bose Statistics P=1/52 T? Li% (e7), for ¢ — 0,
Fractional Statistics (1 + w;) [ ]; (%)O‘ﬁ = elei—mi)/T forc, T#0

Haldane, Phys. Rev. Lett. (1991)

Wu, Phys. Rev. Lett. (1994)

Batchelor, Guan, Olkers, Rev. Rev. Lett. (2006)
Jiang, Chen, Guan, CPB (2015)



I. Quantum liquid and quantum criticality in one dimension

@ Luttinger liquid: T/ %) <1

kgT)?
F(T) ~ E, — "Ok8 T
6hvs
@ Sommerfeld Expansion
T —e(k)/T =
p = —{kin(1+e <W/T)=
27'(' —00
_ /°° Veodeo
hzkz 1+e kBT
2pc NS/Z
Ak, T) = —
(k. T) PR 16rd
2 72 [ T\?
- a1l (Z
p 3 + 8 \A +

(2K — A (k, T))ke= <)/ T 1
1+ e<(k)/T T}



I. Quantum liquid and quantum criticality in one dimension

@ Luttinger liquid: T/(h22,’,’72) <1

2
F(T) ~ E, — ~CkeT)”
6hVC
@ Quantum criticality
=~ 1 ~ 1 ~
cf2 . i To . iow T i
~ Lis(—ef0/Ty [1 = P20 (—eo/Ty & Doy, (—eho/Ty2
n 2\/;115(6 ){ \/EI%(C )+7r1%(e )
~3 ~3
73 isra 372 . s
- o/T)3 Ao/T
ﬂ—% LI%( € ) +2ﬁLI%( € )
~ 1 ~
~ ¢ 1, AosTy |1 = B8T2 4 —eAolTy 4 BT (LAo/T
K& 250\/5\/7]“1*%( e ) [1 ﬁLl%( e )+ ﬂ_Ll%( e )
Cv 3 1 1 __1A 1 __1/7A\2 1
— = ———=T2f —— T 2_-fi ———T72(=) f o -
T s/ 3T asE CTH o (7)73+0(5)



I. Quantum liquid and quantum criticality in one dimension

T T T 7 9 T T T un
’ —
10 c=10 - Numerics '
4=6.364 . gl | © Powog |1 |
p |- = - Sommerfeld| ,
0.8 |- B 1
(%] 4 o
0.6 - 4 4o
2 1 5
5 " 2
k< ’ 2
wi 4 o
04 A 4
Numerics
02 o Polylog
|- = - Sommerfeld|
0.0 L L L L

0 1 2 3 4 5
Temperature T

F(T) F(0) — ”Cé:in +0O(T%
E(L,N) = Lew — m;CLVS +0(1/12)

hmn 8 40 160 [/ 72
Vs R T——+ 5+ ——1
v Y
Guan, Batchelor JPA 2011



I. Quantum liquid and quantum criticality in one dimension

SiLe|

0.4000

0.3200
0.2400
0.1600

0.08000

I 0.000

T2 T
Luttinger liquid : p(T, ) =po + 7;—‘/8, cy = ;r_vs
Quantumcriticality : n(T,u) = ng + Td/2+1*1/"2}‘<%)7 En~lp—pel ™Y, A~g?
_ rd/z41—2/vzy- (K T He _ _
e/T=T k(%) z=2v=1/2

M. P. A. Fisher, et al. PRB 40, 546 (1989)
Guan & Batchelor, J. Phys. A 2011
Jiang, Chen, Guan, Chin. Phys. B (2015)



I. Quantum liquid and quantum criticality in one dimension

X X

@ Idea of the Bosonization(replace the operators in terms of auxiliary function ¢(x;) = 27n)

p(x) = Z& (x — x;)—=p(x) = Z& —2mn)

p(x) Oxe(x) > 8(de(x) —2mn)
@ slow variation of the field ¢: ¢,(x) = 2mpgx — 2¢(x)

px) = [po_%w(x)}Zefp(hpox—w(x»
@ Bose field: W(x) = [p(x)]1/23*19( [ (x), \IIT(X’)] i6(x — x')

n = ;VQ(X), [¢(x), VO(x")] =i6(x — x)
- RS



I. Quantum liquid and quantum criticality in one dimension

@ Bosonization approach
Vi(x) = V/p(x)e”™
@ Effective Hamiltonian
— VK2 Vs 2) _ s 2, 1 2
H_/dx< 5 n +27rK(aX¢) ) =3 /dx(le‘I +7rK(8X¢))

@ Luttinger parameters for weak and strong coupling regimes

Vs L (0°E 1 (8Pu >’
== L - (Z£ V,=viK =1L E
K vy’ W= T <8N2)N_No mh <8n2 nery SV " da

@ sound velocity

Vs = h—n:\/f_y<1—g>

™

hrn 8 40 160 [ x?
(52 ()

Giamarchi, T. Quantum Physics in one dimension (Oxford University Press, Oxford, 2004)

Vs

Q



I. Quantum liquid and quantum criticality in one dimension

o ; = ’Theoryslrong
4r EI -e ’Theoryweak
I‘. — Numberical
X 35- | i
g
G 2.5-
ERPI
1.5r
o2 4 & 8 10 12 112 15 18 20
Yy
Luttinger parameter K = —
\/36 27 —|— 572 F
strong coupling 4 4 16x% 32x° s
K = 14-+— - o)
TR T T TEU
. —1/2
weak coupling 1 3/
K = - —
™\ 2777



I. Quantum liquid and quantum criticality in one dimension

L1k
<Wuwm»:=p{%aﬂa}{m+

[S%s) 2m?K

2 [ od(x|L)] cos (2wmpox)}

(P(X)p(0)) = 6{1 K|

2ﬂ[mmﬂur+

et 1 2nPK
Zam [m] Ccos (27Tmpox)}

m=1

B S €072 aawe (__7T/ve ¥
<p(X)p(0)>T - Po ZSinhz(WTX/VF) + ZA/e <Sinh(7rTX/VF))

Caux et al. PRA 2006, Panfil, et al. PRA (2014)
Cazalilla, J. Phys. B 37, S1 (2004)



I. Quantum liquid and quantum criticality in one dimension

Wilson ratio

The Wilson ratios, defined as the ratios of the magnetic susceptibility/compressibility to
specific heat divided by temperature are dimensionless constants at the renormalization
fixed point of these systems. The values of the ratio indicate interaction effects and
quantifies spin/particle number fluctuations.

G=E—-Nu—MH-TS

(6MP) = APkgTx, (ON?) = APkgTk

s_f 71'_kBZX c_ﬂ'zkgﬁ
HW_3<MBQ) c/T’ Aw =



I. Quantum liquid and quantum criticality in one dimension

particle quasi-particle

hole quasi-hole

(a) Fermi Liquid (b) Landau Fermi Liquid

@ effective Hamiltonian

_ mVsK o Vs 2
H_/dX< 5 n +27rK(6X¢))

@ Wilson ratio

s_i<7r_ks)2 i
Y73 \usg) )T

1 k3T 1
K = ,
hmvn

@ Luttinger liquid vs Fermi liquid




I. Quantum liquid and quantum criticality in one dimension

a
20 Exp. Data @
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An array of 1D tubes is created by a blue-detuned pancake and a red-detuned lattices(~ 4 x 10*
87Rb atoms): wx = 2 x 22.2(1)Hz; w| = /wywz = 27 x 7.99(1)k Hz, T = 18 — 74nK

in collaboration with Zhen-Sheng Yuan’s group at USTC, Phys. Rev. Lett. 119, 165701 (2017)




. Quantum liquid and quantum criticality in one dimension

@) (b) . T T " T "
Xp. Y-Y Eq
12 | 15L
N = 17.9(4)nK
¥ s °  — 276(5nK
2 0.8 T 10k * 0 3824)nK
& T < B28@4)nK
ny IS 64.9(7) nK
S04 051 * — 744K
o0& 0k L 1 . 1 . I A
2 1 0 1
1z
ulT
)~ A+ tE e (R
tvz
€ ~ Jp—pel™, A~ETE = pel®

e scaling functions read off z = 2.3"%% and v = 0.56 3%}
e equation of state, compressibility, specific heat, speed of sound
e Wilson ratio determines the Luttinger parameter



regular term
o
=

0.04

Quantum liquid and quantum criticality in one dimension

(c) 5
15[ = 17.9(4)nK .
38.2(4) nK <
=1 52.6(4) nK P
[y 64.9(7) nK .
* TA4(T)NK Lot

08 K Dai I

o

(&8)T
o
>

&
§
o

= 28.0(6) K
© 40.1(6) nK
< 515(8)nK

0 L . L L L \
20 0 40 =0 &0 70 a0

Temperature (nk)

+ 63.5(8) K

-2 -1 0 1 2
P

i

scaling: p = p/[h2c3/(2m)], & = S/(kgc)

regular parts for n.(T), pr(T), Sr(T)

; -

P T) = el T)+ THG (BT
1 =

S, T) = Sr(u,T)—i-TzH(TVZC)

e scaling functions read off z = 2.3%%5 and v = 0.56 7§20

e equation of state, compressibility, specific heat, speed of sound
e Wilson ratio determines the Luttinger parameter



. Quantum liquid and quantum criticality in one dimension




Quantum liquid and quantum criticality in one dimension

’ Initial  Perturbated Excitation
2 ® -
0
I | 0.15 i
£
-
1 - -
-0.05
0 L 1 L 1 L 1 L
0 0.2 0.4 0.6 0.8
n
The central atoms can be transfer from |F = 1,mg = —1) to |F = 2,mg = —2,—-1,0), then

removed the atoms in |F = 2) to create a density dip. We finally extrapolated vs(n — 0) from the
finite perturbation ratio  base on the relation vs(n) = vs(0)y/1 — n/2.
e K pe _k /vy = hen/(mvs), for Luttinger liquid
, =K = vs/vy = hrn/(mvs), tting
3 o/T W s/ VN U s or Luttinger liqui

~
\\4



I. Quantum liquid and quantum criticality in one dimension

T T T ——— T

O Degenerate Gas

O Classical Gas
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After switching off the optical confinements; the cloud expands in a weak magnetic potential along
y, the trapping frequency wy = 27 x 10.0(2)Hz. After a quarter period of oscillation, the momentum
distribution is mapped to the spatial density profile k = mwyy/2m by focusing technique. n(k)
exhibits a power-law decay n(k) ~ 1/k(1=1/2K) at intermediate momenta (1/15 < k < 20/1y),
where phase correlation length I, = hvsK/(wkgT). Classical gas: for T = 209(1)nk:

Luttinger parameter: K = 15.9 for T = 40(1)nK;
n(k) ~ A(K)Re[l(1/4K + ikly /2K)/T(1 —1/4K +ikly /2K))
w2 k2
B K

Ry =
w 3 ¢y/T’

Ry = K = vs/vy = han/(mvs)

M. A. Cazalilla, J. Phys. B 37, S1 (2004)
Yang, Chen, ... Guan, Yuan, Pan, Phys. Rev. Lett. 119, 165701 (2017)
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Viewpoint: Theory for 1D Quantum Materials
Tested with Cold Atoms and Superconductors

Thierry Giamarchi, Department of Quantum Matter Physics, University of Geneva, 24 Quai Ernest-
Ansermet, CH-1211 Geneva 4, Switzerland

October 18, 2017 « Physics 10, 115

The Tomonaga-Luttinger theory describing one-dimensional materials has been tested with cold
atoms and arrays of Josephson junctions.
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Figure 1: Sketch of tup used by f rubidium-87 led and
trapped by laser beams, exhibit Tomonaga-Luttinger liquid (TLL) behavior.

"Without a doubt, this research will open new chapters in the TLL field by inspiring studies that
examine how other perturbations (coupling between different 1D chains, spin-orbit coupling, and
the like) can lead to novel and potentially exotic states in 1D materials”.

—Viewpoint by Thierry Giamarchi, Physics, 10, 115 (2007)

Yang, Chen, ... Guan, Yuan, Pan Phys. Rev. Lett. 119, 165701 (2017)
Cedergren, Ackroyd, et al. Phys. Rev. Lett. 119, 167701 (2017)
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