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Fractional excitations (anyons, spinons, magnons ...)

Quasi-long range order (correlation functions)

Quantum liquids (Luttinger liquid, spin charge separation)

Quantum criticality (scaling laws, field theory)

Quantum dynamics, transport properties

Conformal Field Theory, gauge field, Yang-Mills theory

Quantum metrology . . .

Cazalilla, Citro, Giamarchi, Orignac, & Rigol, Rev. Mod. Phys. 83, 1405 (2011)

Guan, Batchelor, & Lee, Rev. Mod. Phys. 85, 1633 (2013)
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Quantum criticality of the energy fluctuation: specific heat

(a) (b) (c)

(a) quantum criticality of spins

(b) quantum criticality of spinless bosons

(c) Spin and charge separation with quantum criticality

Yang, Chen, ... Guan, Yuan, Pan, Phys. Rev. Lett. 119, 165701 (2017)
He, Jiang, Yu, Lin, Guan, Phys. Rev. B 96, 220401(R) (2017)
Breunig, et al., Sci. Adv. 2017; 3:eaao3773



Outline

Lecture I. Quantum liquid and quantum criticality in one dimension

• Lieb-Liniger Bose gas

• Spin-1/2 Heisenberg chain

Lecture II. Spin charge separation in one dimension

• Two component Fermi gas

• Two component Bose gas



I. Quantum liquid and quantum criticality in one dimension

I. Quantum liquid and quantum criticality in one dimension

E H Lieb & W Liniger 1963: δ-function Bose gas

Continuum field theory problem of bosons with δ-function interaction

H =

∫ L

0

dx
[

∂xΨ
†(x)∂xΨ(x) + cΨ†(x)Ψ†(x)Ψ(x)Ψ(x)

]

[

Ψ(x , t),Ψ†(y , t)
]

= δ(x − y), [Ψ(x , t),Ψ(y , t)] =
[

Ψ†(x , t),Ψ†(y , t)
]

= 0

N-particle eigenstate

|Φ >=

∫ L

0

dx
N χ(x1, · · · , xN)Ψ

†(x1) · · ·Ψ†(xN)|0 >

wave function

χ =
∑

P
A(P)ei(kP1

x1+...+kPN
xN )

Lieb-Liniger model

H = −
N
∑

i=1

∂2

∂x2
i

+ 2c

N
∑

i<j

δ(xi − xj)



I. Quantum liquid and quantum criticality in one dimension

two-particles

χ(x1, x2) = θ(x2 − x1)
[

AP1P2
ei(k1x1+k2x2) + AP2P1

ei(k2x1+k1x2)
]

+θ(x1 − x2)
[

AP1P2
e

i(k1x2+k2x1) + AP2P1
e

i(k2x2+k1x1)
]

discontinuity of the derivative

X =
1

2
(x1 + x2), Y = x2 − x1

[

−1

2

∂2

∂X 2
− 2

∂2

∂Y 2

]

χ+ 2cδ(Y )χ = Eχ

∂χ

∂Y

∣

∣

∣

Y=0+
− ∂χ

∂Y

∣

∣

∣

Y=0−
= cχ|Y=0

two-body scattering relation

AP2P1

AP1P2

= −c − i(k2 − k1)

c + i(k2 − k1)
= −e

iθ(k2−k1) = Y12(k2 − k1)

θ(x) = −2tan
−1 x

c
, −π < θ(x) < π, AP2P1

(k2, k1) = Y12(k2 − k1)AP1P2
(k1, k2)



I. Quantum liquid and quantum criticality in one dimension

periodic boundary conditions for three particles

x1 < x2 < x3

χ(x1, x2, x3) = A123e
i(k1x1+k2x2+k3x3) + A213e

i(k2x1+k1x2+k3x3)

+A132ei(k1x1+k3x2+k2x3) + A312ei(k3x1+k1x2+k2x3)

+A231e
i(k2x1+k3x2+k3x3) + A321e

i(k3x1+k2x2+k1x3)

x2 < x3 < x1

χ(x2, x3, x1) = A123e
i(k1x2+k2x3+k3x1) + A213e

i(k2x2+k1x3+k3x1)

A132e
i(k1x2+k3x3+k2x1) + A312e

i(k3x2+k1x3+k2x1)

A231e
i(k2x2+k3x3+k1x1) + A321e

i(k3x2+k2x3+k1x1)

Yang − Baxter equation : χ(0, x2, x3) = χ(x2, x3, L)

A123 = A231e
ik1L, A213 = A132e

ik2L, A312 = A123e
ik3L
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Many-particle wave function(x1 < x2 < · · · < xN )

χ =
∑

P

AP1,...,PN
exp i(kP1

x1 + . . .+ kPN
xN)

Periodic conditions

χ(x1, x2, . . . , xN) = χ(x2, . . . , xN , x1)
∑

P

AP1,P2,··· ,PN
e

i(kP1
x1+kP2

x2+···kPN
xN ) =

∑

P′

AP2,··· ,PN ,P1
e

i(kP2
x2+···kPN

xN+kP1
x1)

P =

(

k1 k2 · · · kN

P1 P2 · · · PN

)

, P
′ =

(

k1 k2 · · · kN−1 kN

P2 P3 · · · PN P1

)

AP = AP′e
ikP1L, AP =

[

−e
iθ(kP1

−kP2
)
]

AP2P1...PN
= (−1)N−1

e
i
∑

j θ(kP1−kj )AP′

e
ikP1L = (−1)N−1

e
i
∑

j θ(kP1−kj )

Lieb-Liniger equation

E =
~

2

2m

N
∑

j=1

k
2
j , exp(ikjL) = −

N
∏

ℓ=1

kj − kℓ + i c

kj − kℓ − i c



I. Quantum liquid and quantum criticality in one dimension

Wave function

ψ(x1, x2, . . . , xN) =
∑

p

(−1)p
[

∏

1≤i<j≤N

(

1 +
ikpj − ikpi

c

)]

exp
(

N
∑

j=1

ikpj xj

)

In general, N! plane waves are N-fold products of individual exponential phase factors eiki xj ,

where the N distinct wave numbers, ki , are permuted among the N distinct coordinates, xj .

Each of the N! plane waves have an amplitude coefficient in each of regions.
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repulsive interaction

KiL = 2πIi +
N
∑

ℓ=1

θ(ki − kℓ), I = −N − 1

2
,−N − 1

2
+ 1, . . .

N − 1

2

thermodynamic limit

2πdI(k)

Ldk
= 1 +

1

L

N
∑

ℓ=1

2c

c2 + (k − kℓ)2

ρ(k) =
1

2π
+

1

2π

∫ Q

−Q

dq
2cρ(q)

c2 + (k − q)2

attractive interaction

k±j ≈ ±i
c

2
[(N − 2j + 1) + δj ], j = 1,2, . . . ,N/2

Ψ(x1, . . . , xN) ≈
(

√

(N − 1)!/
√

2π
)

|c|(N−1)/2
exp







c

2

∑

1≤i<j≤N

|xi − xj |







E = − 1

12
c

2
N(N2 − 1)



I. Quantum liquid and quantum criticality in one dimension
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0.6

0.8
(a)

k/Q

ρ̃
√

γ

Hermite polynomials
H

′′(q)− 2qH
′ + 2NH(q) = 0

semicircle-law
ρ(k) =

1

π
√
γ

√

1 − k2

4|γ|n2

Gaudin 1971; Batchelor, Guan & McGuire 2004
Guan, Int. J. Mod. Phys. B 2014

Jiang, Chen, Guan, Chinese Physics B, 24, 5 (2015)
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momentum

e
n

e
rg

y

Bogoliubov

momentum

e
n

e
rg

y

2kF

Lieb I

Lieb II

    strongly interacting 1D bosonsweakly interacting 1D bosons 
( ) ( )

(a) (b)
γ <<1 γ >>1 

particle-hole exitations

∆E(ke) = ε(ke) = k2
e − µ+

∫ Q

−Q

a(ke − k ′)ε(k ′), ∆E(kh) = −ε(kh)

γ ≪ 1, Bogoliubov theory
γ ≫ 1 create a Fermi surface with kF = πρ
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thermodynamic limit
ρ(k) =

1

2π
+

∫ Q

−Q

a(k − q)ρ(q)dq,
E

L
=

∫ Q

−Q

ρ(k)k2
dk

strong coupling
E∞ ≡ lim

N,L→∞

E

L
≈ 1

3
n

3π2

(

1 − 4

γ
+

12

γ2
+

(

32
15
π2 − 32

)

γ3

)

quasiparticle dispersion
ǫP = vsP +

P2

2m∗ + O(P3);
m

m∗ = (1 − γ∂γ)
1√
K

Bogoliubov dispersion
ǫP = vsP

√

1 +
P2

4m2v2
, ǫP = vsP, P → 0

high momenta
ǫP =

P2

2m
+ 2γ

~
2n2

m
− π2

~
2n2

2m
+ O(1/P2)

finite-size correction
E(N,L) = LE∞ − πCvs

6L
+ O(

1

L2
)

Ristivojevic, PRL 113, 015301 (2014)
Gangardt, Shlyapnikov, NJP. 5, 79 (2003)
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quasiparticle dispersion

ǫ±P = vs|P| ± P2

2m∗ +
λ

6
|P|3+;± ν

24
P

4 . . .

m

m∗ = (1 − γ∂γ)
1√
K

λ = ??

ν = ??

”The spectrum at arbitrary momentum is fully determined by the properties of the ground state”.

Ristivojevic, et al.
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Maxwell-Boltzmann distribution:
< nj >∝ 1/

(

exp
(

(ǫj − µ
)

/T )
)

Bose-Einstein distribution:
< nj >=

(

exp
[

(ǫj − µ)/T
]

− 1
)−1

Fermi-Dirac distribution:
< nj >=

(

exp
[

(ǫj − µ)/T
]

+ 1
)−1

Quantum statistics:

1 quantum man-body systems

2 microscopic state energy Ei

3 partition function Z =
∑∞

i=1 Wie
−Ei/(kBT )

4 free energy F = −kBT ln Z
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Bethe ansatz equations at finite temperatures

ρ(k) + ρh(k) =
1

2π
+

c

π

∫

ρ(k ′)dk ′

c2 + (k − k ′)2

entropy

W =
(L(ρ+ ρh)dk)!

(Lρdk)!(Lρhdk)!
, S =

∫

dS =

∫

ln dW

s =
S

L
=

∫

[

(ρ+ ρh) ln(ρ+ ρh)− ρ ln ρ− ρh ln ρh
]

dk

=

∫ [

(ρ+ ρh) ln

(

1 +
ρ

ρh

)

− ρ ln

(

ρ

ρh

)]

dk

partition function

Z = Tr(e−H/T ) =
∑

ρ,ρh

W (ρ, ρh)e−E(ρ,ρh)/T

Z =
∑

ρ,ρh

e−(E(ρ,ρh)−S(ρ,ρh)T )/T
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Gibbs ensemble

0 =
δG

L
=
δE

L
− µδn − T δs,

E

L
=

∫

k2ρ(k)dk , n =

∫

ρ(k)dk

δs =

∫

(δρ + δρh) ln

(

1 +
ρ

ρh

)

− δρ ln

(

ρ

ρh

)

dk

δρ(k) + δρh(k) =
c

π

∫

δρ(k ′)dk ′

c2 + (k − k ′)2

Yang-Yang method: dressed energy ǫ(k) = T ln
ρh(k)
ρ(k)

0 =
δG

L

=

∫ [

k2δρ− µδρ + T δρ ln

(

ρ

ρh

)

− c

π

∫

δρdq

c2 + (k − q)2
ln

(

1 +
ρ

ρh

)]

dk

=

∫ [

k2 − µ+ T ln

(

ρ

ρh

)

− Tc

π

∫

dq

c2 + (k − q)2
ln

(

1 +
ρ

ρh

)]

δρdk

Yang-Yang equation

ε(k) = k2 − µ− Tc

π

∫

dq

c2 + (k − q)2
ln
(

1 + e−ε(q)/T
)
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pressure

p =

∫ ∞

−∞

{(

µ− k2
)

ρ(k) + T
[(

ρ(k) + ρh(k)
)

× ln
(

ρ(k) + ρh(k)
)

− ρ(k) ln ρ(k) − ρh(k) ln ρh(k)
]}

dk

=

∫ ∞

−∞

{[

(

µ− k2
)

− ln
ρ(k)

ρh(k)
+ T ln

(

1 +
ρ(k)

ρh(k)

)]

ρ(k)

+Tρh(k) ln

(

1 +
ρ(k)

ρh(k)

)}

dk

=

∫ ∞

−∞

{

Tρ(k) ln

(

1 +
ρ(k)

ρh(k)

)

−Tc

π

∫

dq

c2 + (k − q)2
ln

(

1 +
ρ(q)

ρh(q)

)

+ Tρh(k) ln

(

1 +
ρ(k)

ρh(k)

)}

dk

= T

∫ ∞

−∞

{[

ρ(k) + ρh(k) − Tc

π

∫

ρ(q)dq

c2 + (k − q)2

]

× ln

(

1 +
ρ(k)

ρh(k)

)}

dk

=
T

2π

∫ ∞

−∞
ln
(

1 + e−ε(k)/T
)

dk
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E H Lieb & W Liniger δ-function Bose gas: simpler is better

Wave function

ψ(x1, x2, . . . , xN) =
∑

p

(−1)p
[

∏

1≤i<j≤N

(

1 +
ikpj − ikpi

c

)]

exp
(

N
∑

j=1

ikpj xj

)

Lieb-Liniger equations

E =
~2

2m

N
∑

j=1

k2
j , exp(ikj L) = −

N
∏

ℓ=1

kj − kℓ + i c

kj − kℓ − i c

Yang-Yang thermodynamics

ε(k) = k2 − µ+

∫ ∞

−∞
a(k − k ′)ε−(k ′)dk ′, p = − 1

2π

∫

ε−(k)dk

ε−(k) = −T ln[1 + e−ε(k)/T ], a(x) =
1

2π

2c

c2 + x2

fundamental concepts:

cooperative and collective behaviour, continuum excitation, quasi-long range correlations,

quantum liquid, quantum criticality, quantum dynamics, thermodynamics in and out of

equilibrium . . .
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Wave function

ψ{ki}(x1, x2, . . . , xN) =
∑

p

A(kp1
, . . . , kpN

)e
i
∑

j

kpj
xj

M-body local correlation function

gM =
〈Ω|(Ψ†(0))M (Ψ(0))M |Ω〉

〈Ω|Ω〉
= 〈(Ψ†(0))M (Ψ(0))M 〉

=
N!

(N − M)!

∫

|ψ (0, · · · , 0, xM+1, · · · , xN) |2dxM+1 · · · dxN
∫

|ψ (x1, · · · , xN) |2dx1 · · · dxN

Non-local 2M-point correlation function and density-density correlation

gM =
〈Ω|Ψ†(x

′

1
) · · ·Ψ†(x

′

M
)Ψ(x1) · · ·Ψ(xM )|Ω〉

〈Ω|Ω〉 = · · ·

〈Ψ†(x)Ψ(0)〉 = ρ0

[

1

ρ0d(x|L)

] 1
2K

{b0 + . . . }

〈ρ(x)ρ(0)〉 = ρ2
0

{

1 − K

2π2

[

1

ρ0d(x|L)

]2

+
∞
∑

m=1

am

[

1

ρ0d(x|L)

]2m2K

cos (2πmρ0x)

}
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ǫ(k)

k

ǫ(λ)

λ

Hc

ǫ(k)

k

∼ k
2

ǫ(λ)

λ

Hc

∼ λ
2

• Quantum Liquid

• Quantum criticality

Guan, Batchelor and Lee, Rev. Mod. Phys. 85, 1633 (2013)
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0.0
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0.5

Classical
Gas TLL

z=1, =1

QC
z=2, =1/2

S
/|L

c|

t

/

0.000

0.08000

0.1600

0.2400

0.3200

0.4000

Boltzmann Statistics pc =
√

m
2π~2 T− 3

2 e
µ

T , p = p0 + T
3
2√
2π

Z2p2 for T → ∞
Fermi Statistics p = −

√

m
2π~2 T

3
2 Li 3

2
(−e

µ

T ), for c → ∞
Bose Statistics p =

√

m
2π~2 T

3
2 Li 3

2
(e

µ

T ), for c → 0,

Fractional Statistics (1 + ωi )
∏

j

(

ωj

1+ωj

)αji
= e(ǫi−µi )/T for c, T 6= 0

Haldane, Phys. Rev. Lett. (1991)
Wu, Phys. Rev. Lett. (1994)
Batchelor, Guan, Olkers, Rev. Rev. Lett. (2006)
Jiang, Chen, Guan, CPB (2015)
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Luttinger liquid: T/( ~
2n2

2m
) ≪ 1

F (T ) ≈ E0 − πC(kBT )2

6~vs

Sommerfeld Expansion

p =
T

2π

{

k ln(1 + e−ǫ(k)/T )|∞−∞ +

∫ ∞

−∞

( ~
2k
m

− A′(k ,T ))ke−ǫ(k)/T

1 + eǫ(k)/T

1

T

}

=
1

√

~2k2

2m

∫ ∞

0

√
ǫodǫo

1 + e
ǫo−A
kBT

A(k , T ) = µ+
2pc

c2 + k2
− 4µ5/2

15πc3

p =
2

3π
A3/2

[

1 +
π2

8

(

T

A

)2

+ · · ·
]
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Luttinger liquid: T/( ~
2n2

2m
) ≪ 1

F (T ) ≈ E0 − πC(kBT )2

6~vc

Quantum criticality

n ≈ − cT̃
1
2

2
√
π

Li 1
2
(−eÃ0/T̃ )

[

1 − T̃
1
2

√
π

Li 1
2
(−eÃ0/T̃ ) +

T̃

π
Li 1

2
(−eÃ0/T̃ )2

− T̃
3
2

π
3
2

Li 3
2
(−eÃ0/T̃ )3 +

3T̃
3
2

2
√
π

Li 3
2
(−eÃ0/T̃ )

]

κ ≈ − c

2ε0

√
π

1
√

T̃
Li− 1

2
(−eÃ0/T̃ )

[

1 − 3T̃
1
2

√
π

Li 1
2
(−eÃ0/T̃ ) +

3T̃

π
Li 1

2
(−eÃ0/T̃ )

]

cv

T
= − 3

8
√
π

T− 1
2 f 3

2
+

1

2
√
π

T− 1
2

A

T
f 1

2
− 1

2
√
π

T− 1
2

(A

T

)2
f− 1

2
+ O

(1

c

)
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c=10
=6.364

 

 

 Numerics
 Polylog
 Sommerfeld

 Numerics
 Polylog
 Sommerfeld

P
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ur

e 
 P

Temperature  T

 

 

F (T ) = F (0)− πC(KBT )2

6~vs
+ O(T 4)

E(L,N) = Le∞ − ~πCvs

6L
+ O(1/L2)

vs ≈ ~πn

m

(

1 − 8

γ
+

40

γ2
+

160

γ3

(

π2

15
− 1

))

Guan, Batchelor JPA 2011
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πT
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Quantumcriticality : n(T , µ) ≈ n0 + T d/z+1−1/νzF
(µ− µc

T 1/νz

)

, ξ ∼ |µ− µc |−ν , ∆ ∼ ξ−z

cv/T = T d/z+1−2/νzK
(µ− µc

T 1/νz

)

, z = 2, ν = 1/2

M. P. A. Fisher, et al. PRB 40, 546 (1989)

Guan & Batchelor, J. Phys. A 2011

Jiang, Chen, Guan, Chin. Phys. B (2015)
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Idea of the Bosonization(replace the operators in terms of auxiliary function φ̃(xi ) = 2πn)

ρ(x) =
∑

i

δ(x − xi)→ρ(x) =
∑

n

δ(φ̃(x) − 2πn)

ρ(x) = ∂x φ̃ℓ(x)
∑

n

δ(φ̃ℓ(x) − 2πn)

slow variation of the field φ: φ̃ℓ(x) = 2πρ0x − 2φ(x)

ρ(x) =

[

ρ0 − 1

π
∇φ(x)

]

∑

p

eip(2πρ0x−2φ(x))

Bose field: Ψ(x) = [ρ(x)]1/2e−iθ(x),
[

Ψ(x),Ψ†(x ′)
]

= iδ(x − x ′)

Π =
1

π
∇θ(x),

[

φ(x),∇θ(x ′)
]

= iδ(x − x ′)

Giamarchi, T. Quantum Physics in one dimension (Oxford University Press, Oxford, 2004)
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Bosonization approach

Ψ†(x) =
√

ρ(x)eiθ(x)

Effective Hamiltonian

H =

∫

dx

(

πvsK

2
Π2 +

vs

2πK
(∂xφ)

2

)

=
~vs

2

∫

dx

(

πKΠ2 +
1

πK
(∂xφ)

2

)

Luttinger parameters for weak and strong coupling regimes

K =
vs

vN

, vN =
L

π~

(

∂2E

∂N2

)

N=N0

=
1

π~

(

∂2µ

∂n2

)

n=n0

, VJ = vsK = πL
∂2

∂α
E

sound velocity

vs ≈ ~n

m

√
γ

(

1 −
√
γ

2π

)

vs ≈ ~πn

m

(

1 − 8

γ
+

40

γ2
+

160

γ3

(

π2

15
− 1

))

Giamarchi, T. Quantum Physics in one dimension (Oxford University Press, Oxford, 2004)
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〈Ψ†(x)Ψ(0)〉 = ρ0

[

1

ρ0d(x |L)

] 1
2K

{b0+

∞
∑

m=1

bm

[

1

ρ0d(x |L)

]2m2K

cos (2πmρ0x)

}

〈ρ(x)ρ(0)〉 = ρ2
0

{

1 − K

2π2

[

1

ρ0d(x |L)

]2

+

∞
∑

m=1

am

[

1

ρ0d(x |L)

]2m2K

cos (2πmρ0x)

}

〈ρ(x)ρ(0)〉T = ρ2
0 −

(TZ/vF )
2

2 sinh2(πTx/vF )
+
∑

l

Al e
2iZlkF

(

πT/vF

sinh(πTx/vF )

)2l2z2

Caux et al. PRA 2006, Panfil, et al. PRA (2014)

Cazalilla, J. Phys. B 37, S1 (2004)
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Wilson ratio
The Wilson ratios, defined as the ratios of the magnetic susceptibility/compressibility to

specific heat divided by temperature are dimensionless constants at the renormalization

fixed point of these systems. The values of the ratio indicate interaction effects and

quantifies spin/particle number fluctuations.

G = E − Nµ− MH − TS

〈δM2〉 = ∆D
kBTχ, 〈δN2〉 = ∆D

kBTκ

R
s
W =

4

3

(

πkB

µBg

)2
χ

cv/T
, R

c
W =

π2k2
B

3

κ

cv/T
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effective Hamiltonian

H =

∫

dx

(

πvsK

2
Π2 +

vs

2πK
(∂xφ)

2

)

Wilson ratio

Rs
W =

4

3

(

πkB

µBg

)2
κ

cv/T

Luttinger liquid vs Fermi liquid

κ =
1

~πvN

, cv =
πk2

BT

3

1

~vs
Rw = K
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An array of 1D tubes is created by a blue-detuned pancake and a red-detuned lattices(∼ 4 × 104

87Rb atoms): ωx = 2π × 22.2(1)Hz; ω⊥ =
√
ωyωz = 2π × 7.99(1)k Hz, T = 18 − 74nK

in collaboration with Zhen-Sheng Yuan’s group at USTC, Phys. Rev. Lett. 119, 165701 (2017)
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ñ(t, µ̃) ≈ ñ0(µ̃, t) + t
d
z
+1− 1

νz F
(

µ̃− µ̃c

t
1
νz

)

ξ ∼ |µ− µc |−ν , ∆ ∼ ξ−z ∼ |µ− µc |zν

• scaling functions read off z = 2.3+0.6
−0.3 and ν = 0.56+0.07

−0.08

• equation of state, compressibility, specific heat, speed of sound

• Wilson ratio determines the Luttinger parameter
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regular parts for nr (T ), pr (T ), Sr (T ) !

scaling: p̃ = p/[~2c3/(2m)], S̃ = S/(kBc)

p(µ, T ) = pr (µ, T ) + T
1
z
+1G

(

µ− µc

T 1/νz

)

S(µ, T ) = Sr (µ, T ) + T
1
z H

(

µ− µc

T 1/νz

)

• scaling functions read off z = 2.3+0.6
−0.3 and ν = 0.56+0.07

−0.08

• equation of state, compressibility, specific heat, speed of sound
• Wilson ratio determines the Luttinger parameter
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The central atoms can be transfer from |F = 1,mF = −1〉 to |F = 2,mF = −2,−1, 0〉, then
removed the atoms in |F = 2〉 to create a density dip. We finally extrapolated vs(η → 0) from the

finite perturbation ratio η base on the relation vs(η) = vs(0)
√

1 − η/2.

Rκ
W =

π2k2
B

3

κ

cV /T
, Rκ

W = K = vs/vN = ~πn/(mvs), for Luttinger liquid



I. Quantum liquid and quantum criticality in one dimension

!"!#

!"#

#

!
$"
%

!"# # #!
&#

"'$!( %

)*+,,-.+*'/+,

0121314+51'/+,

After switching off the optical confinements; the cloud expands in a weak magnetic potential along
y , the trapping frequency ωy = 2π×10.0(2)Hz. After a quarter period of oscillation, the momentum
distribution is mapped to the spatial density profile k = mωy y/2π by focusing technique. n(k)

exhibits a power-law decay n(k) ∼ 1/k (1−1/2K ) at intermediate momenta (1/lφ ≤ k ≤ 20/lφ),
where phase correlation length lφ = ~vsK/(πkBT ). Classical gas: for T = 209(1)nk:

Luttinger parameter: K = 15.9 for T = 40(1)nK;

n(k) ≃ A(K )Re[Γ(1/4K + iklφ/2K )/Γ(1 − 1/4K + iklφ/2K )]

Rκ
W =

π2k2
B

3

κ

cV /T
, Rκ

W = K = vs/vN = ~πn/(mvs)

M. A. Cazalilla, J. Phys. B 37, S1 (2004)

Yang, Chen, ... Guan, Yuan, Pan, Phys. Rev. Lett. 119, 165701 (2017)
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Viewpoint: Theory for 1D Quantum Materials

Tested with Cold Atoms and Superconductors

Thierry Giamarchi, Department of Quantum Matter Physics, University of Geneva, 24 Quai Ernest-

Ansermet, CH-1211 Geneva 4, Switzerland

October 18, 2017 • Physics 10, 115

The Tomonaga-Luttinger theory describing one-dimensional materials has been tested with cold

atoms and arrays of Josephson junctions.

Figure 1: Sketch of the experimental setup used by Yang et al. Arrays of rubidium-87 atoms, cooled and

trapped by laser beams, exhibit Tomonaga-Luttinger liquid (TLL) behavior.

Philip Krantz, Krantz NanoArt, adapted by APS/Alan Stonebraker

”Without a doubt, this research will open new chapters in the TLL field by inspiring studies that
examine how other perturbations (coupling between different 1D chains, spin-orbit coupling, and
the like) can lead to novel and potentially exotic states in 1D materials”.
–Viewpoint by Thierry Giamarchi, Physics, 10, 115 (2007)

Yang, Chen, ... Guan, Yuan, Pan Phys. Rev. Lett. 119, 165701 (2017)

Cedergren, Ackroyd, et al. Phys. Rev. Lett. 119, 167701 (2017)
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