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Outline of the lectures: exotic superfluids

* Experimental realization of SOC and few-body study (I)

(No Zeeman field, two-body I)
* Anisotropic superfluidity

N

* Topological superfluid and Majorana fermions |

(Out-of-plane B-field, p-wave pairing)

Normal Fermi gas

(In-plane B-field, two-body I)

F ludc—Fcr;'ﬂs:Il supcrﬂui& )

(gapped) "\v (gapless)

* Fulde-Ferrell superfluidity

* A new way to manipulate MFs: Majorana solitons

* Travelling Majorana solitons
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Motivation: Spin-orbit coupling (SOC)

Atomic physics Solid-state physics topological insulators
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Spin-orbit coupling plays a key role in different branches of physics.
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fl Motivation: SOC in neutral ultracold atoms?

Number of atoms: 104-106
Length scale: 100 um
Temperature scale: 100 nK
Interaction: s-wave dominant

Confined: harmonic traps

Ultracold atoms is an ideal table-top system for exploring new states of matter.
Toolkit: Feshbach resonance + Optical lattice + Cavity + Disorder + SOC
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Motivation: SOC in neutral ultracold atoms?

LETTER

d0i:10.1038/nature09887

Spin-orbit-coupled Bose-Einstein condensates

Y.-J. Lin', K. Jiménez-Garcia™? & 1. B. Spielman’

Spin-orbit (SO) coupling—the interaction between a quantum
particle’s spin and its momentum—is ubiquitous in physical sys-
tems. In condensed matter systems, SO coupling is crucial for the
spin-Hall effect'” and topological insulators®; it contributes to
the electronic properties of materials such as GaAs, and is import-
ant for spintronic devices®. Quantum many-body systems of ultra-
cold atoms can be precisely controlled experimentally, and would
therefore seem to provide an ideal platform on which to study SO
coupling. Although an atom’s intrinsic SO coupling affects its
electronic structure, it does not lead to coupling between the spin
and the centre-of-mass motion of the atom. Here, we engineer SO
coupling (with equal Rashba” and Dresselhaus® strengths) in a
neutral atomic Bose-Einstein condensate by dressing two atomic
spin states with a pair of lasers®. Such coupling has not been rea-
lized previously for ultracold atomic gases, or indeed any bosonic
system. Furthermore, in the presence of the laser coupling, the
interactions between the two dressed atomic spin states are modi-
fied, driving a quantum phase transition from a spatially spin-
mixed state (lasers off) to a phase-separated state (above a critical
laser intensity). We develop a many-body theory that provides
quantitative agreement with the observed location of the trans-
ition. The engineered SO coupling—equally applicable for bosons
and fermions—sets the stage for the realization of topological insu-
lators in fermionic neutral atom systems.

o parametrizes the SO-coupling strength; 2 = —gugB. and 6 = —gugB,
result from the Zeeman fields along z and y, respectively; and g . are
the 2 X 2 Pauli matrices. Without SO coupling, electrons have group
velocity v, = fik,/m, independent of their spin. With SO coupling, their
velocity becomes spin-dependent, v, = ik, = 2am/h*)/m for spin |1)
and ||) electrons (quantized along ). In two recent experiments, this
form of SO coupling was engineered in GaAs heterostructures where
confinement into two-dimensional planes linearized the native cubic SO
coupling of GaAs to produce a Dresselhaus term, and asymmetries in the
confining potential gave rise to Rashba coupling. In one experiment a
persistent spin helix was found®, and in another the SO coupling was
only revealed by adding a Zeeman field".

SO coupling for neutral atoms enables a range of exciting experi-
ments, and importantly, it is essential in the realization of neutral atom
topological insulators. Topological insulators are novel fermionic band
insulators including integer quantum Hall states and now spin
quantum Hall states that insulate in the bulk, but conduct in topo-
logically protected quantized edge channels. The first-known topo-
logical insulators—integer quantum Hall states''—require large
magnetic fields that explicitly break time-reversal symmetry. In a
seminal paper’, Kane and Mele showed that in some cases SO coupling
leads to zero-magnetic-field topological insulators that preserve time-
reversal symmetry. In the absence of the bulk conductance that plagues
current materials, cold atoms can potentially realize such an insulator

Y.-J. Lin et al., Nature 471, 83 (2011) (3 March 2011)
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Motivation: SOC in neutral ultracold atoms?
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Physics Physics 5, 96 (2012)

Viewpoint
Spin-Orbit Coupling Comes in From the Cold

Erich J. Mueller
Laboratory of Atomic and Solid State Physics, Cornell University, Ithaca, NY 14853,

USA
Published August 27, 2012

Experimentalists simulate the effects of spin-orbit coupling in ultracold Fermi gases, paving the way
for the creation of new exotic phases of matter.

Subject Areas: Atomic and Molecular Physics

A Viewpoint on:

Spin-Orbit Coupled Degenerate Fermi Gases

Pengjun Wang, Zeng-Qiang Yu, Zhengkun Fu, Jiao Miao, Lianghui Huang, Shijie Chai, Hui Zhai, and Jing Zhang
Phys. Rev. Lett. 109, 095301 (2012) — Published August 27, 2012 -

Spin-Injection Spectroscopy of a Spin-Orbit Coupled Fermi Gas
Lawrence W. Cheuk, Ariel T. Sommer, Zoran Hadzibabic, Tarik Yefsah, Waseem S. Bakr, and Martin W. Zwierlein
Phys. Rev. Lett. 109, 095302 (2012) — Published August 27, 2012

lan Spielman group: PRL (2013).
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Motivation: SOC in neutral ultracold atoms?
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MIT, W. Ketterle, Nature 2017

Shuai Chen: Nature Physics 2014, 2016
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Lecture I: few-body physics
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# Simple idea of spin-orbit coupling

Here, unlike electrons, we don’t care about the real spin of atoms.
When we say “spin”, we refer to the hyperfine states that atoms stay.
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Realization of SOC in neutral ultracold atoms

+ kR (® B-field — kR
" R

Fermi gas

4Pz,
4P/,

wom

mf:—9/2 mf=—7/2

lan Spielman group: PRL (2013).

kr = 27/\ is determined
by the wave length A of two lasers and 2hkpr is the mo-
mentum transfer during the two-photon Raman process
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Realization of SOC in neutral ultracold atoms

+ kR (® B-field — kR
" R
Fermi gas

4P3/2

— [\ - 4Py,
h2kz2

_X__h& Ho = Z/drv z,/)g (r),
)
B
ho Hp = —/dr ) e 2RRE (¢ )+H.c.},
5 ===
) It
my = —9/2 mf=>—7/2 (SOC at 6=0)

lan Spielman group: PRL (2013).

kr = 27/\ is determined
by the wave length A of two lasers and 2hkpr is the mo-
mentum transfer during the two-photon Raman process
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Realization of SOC in neutral ultracold atoms

+ kR (® B-field — kR
" R

Fermi gas

Raman laser2
Imaging Beam

Bias field coils

4y 2
‘ - 19/2,9/2> o *
v l ,

Optical dipole
trap laser

Toffe coil 19/2,7/2> *

y ~bx

Quadrupole
coils

Raman laserl

P. Wang ef al., PRI.109, 095301 (2012). Shanxi University, China
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S Realization of SOC in neutral ultracold atoms

21.2
Ho = 3 [ ared ) Gypee ),

Qr

Hr = — [ dr [wT() ei2kRT ) (r)+H.c.}

April 9-20 2018 QFMBP



H = /drCI)T (r) [HSO-] d(r),

h? (kg +k°)
2M

HS()E

_|_ ]I'O-:Ij + Akjaja-z HO + HR

Here, for convenience we have introduced a spin-orbit
coupling constant A\ = h°kgr/M. an “effective” Zeeman
field h = Qr/2, and an “effective” lattice depth Vi =
Qrr/2.

April 9-20 2018 QFMBP



l Realization of SOC in neutral ultracold atoms

H I (k il ko) + / + Ak
SO = 0. 7+~
SO 2N T xVz
Uy (1) = —= W) (r) — 1) (1))
(gauge transformation): ) \(
v (r) = 7 Wy (r) + 20 (r)],
Equal Rashba and Dresselhaus SOC !!!
Q hk
Vio =ho. +Me .o, =—0. +—"k.oO,
2 M

Recall that 1in solid state;:
VSO = 7\‘R ('l' kyO'x — kxO'y ) Rashba spin-orbit coupling

VSO = }\'D (— kyO'x — kxO'y ) Dresselhaus spin-orbit coupling

April 9-20 2018 QFMBP



Realization of SOC in neutral ultracold atoms

Importantly: H. = Us / drot () ] (x) ) (x) & (x)

 The form of the interaction Hamiltonian is
not changed by two gauge transformation;

* The terms without spin-flip remains the
same;

* The momenta of the basis for spin-up and
spin—-down atoms are shifted by * k.

* Q p = 0 means no spin-orbit coupling!

April 9-20 2018 QFMBP



Realization of SOC in neutral ultracold atoms

r— 4P
T@m
0 X T
— SO 2m
[
e e
1) )

out-of-plane
Zeeman field

h2k? ) Q
H=—— - + Aok 0 +20y+20
in-plane

Zeeman field

One-dimensional spin-orbit coupling so far! But already rich physics.
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Single-particle state

h? (kg + k%) SOC at 8=0,
Hso = N + hoy + Akz0, forget the trapping potential ...

The model Hamiltonian Hgo describes a spin-orbit
coupling with equal Rashba and Dresselhaus strengths
[j, ] The single-particle solution ¢k (r) satisfies the
Schrodinger equation, Hgsodk(r) =exok(r). Using the
Pauli matrices and the fact that the wave-vector or mo-
mentum k = (ky, k1) = (ks ky. k.) is a good quantum
number, it is easy to see that we have two eigenvalues

27.2 2 (k2 4+ k2
h ]\‘_L h (II-R + ]l'.’l?) ++/h2 + \2 ]1‘%*

where “+£” stands for two helicity branches. The cor-
responding eigenstates are given by (we set the volume

T=1)
/ =
p)

(+) cosOk \ ikya| ikyry
o r) = . e e )
“k (r) sin fy '

‘ cos O ’

where 0y = arctan[(y/h? + N\2k2 — Ak, )/h] and r =(y, 2).

€Ek+ —
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8 Single-particle state

ot Jh2 + (Ak,)? ot Jh2 + (Aky + 6/2)2

\
\l

N

z

Y

e(k =0,k =0)/E_
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M Single-particle state (rf-spectroscopy)

momentum-resolved radio-frequency (rf) spectroscopy

|3> Time-of-flight absorption imaging
Step 11.

Step 1.

Ideally, measure the single-particle spectral function 4(k,w)

April 9-20 2018 QFMBP



Single-particle state (rf-spectroscopy)

d ek
& @
S ©
% O

10.07

Radio frequency v /2w [units of MHz|

Quasimomentum p_[units of £ |
Observation at Shanxi University!
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Single-particle state (rf-spectroscopy)

Cl
(J
@
——— ——
A
M

—— — —
—— ——

5

—— ——— —

The Fermi golden rule for rf-transfer strength: b
. : 2 ., . .
T(w) =Y {Bf|Veg |8:) f (Ei — ) 0 [ — Ry — (Ey — E)]

i f

Here, the summation is over all the possible initial states i (with energy £ ) and
final states f (with energy E;) and f (&, — p) is the Fermi distribution function.
The Dirac delta function ensures energy conservation during transition.
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Single-particle state (rf-spectroscopy)

rr /27 |units of MHz|

>

['(ky, )

Radio frequency
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S Single-particle state (rf-spectroscopy)

Key factors to understand the spectrum:

The momentum of the basis for spin-down
atoms is shifted by — kg;

Energy conservation 6[(» — (Ef - Ei)];

The transfer strength is proportional to the
amplitude of spin-down component;

Don’t worry about the trap; local density

approximation works pretty good for N~10°.

April 9-20 2018
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Single-particle state (rf-spectroscopy)

Observed at Shanxi University!

I—(k‘ . (!))

0.05

1Y

Theoretical simulation on momentum-resolved rf spectroscopy of a Fermi gas

with 1D equal-weight Rashba—Dresselhaus SOC. Left panel: simulated experimental spec-
troscopy I (ky, @). Right panel: the spectroscopy I'(kyxy = kx +kr, © = w+k;~’. /2m). Here,
the intensity of the contour plot shows the number of transferred atoms, increasing linearly

from O (blue) to its maximum value (red). We have set w3| = 0 and used a Lorentzian
distribution to replace the Delta function.
April 9-20 2018 QFMBP



l Realization of SOC in neutral ultracold atoms

)

Qpr
1)

()
Hrp = 12%’ /dr [/l/)i (r) 1y (r) + H.C.}

(It 1s responsible for a SOC lattice!)

L. W. Cheuk ¢z @/, PRI.109, 095302 (2012). MIT
April 9-20 2018 QFMBP



S Realization of SOC in neutral ultracold atoms

h2k?
Ho = Z/dr@/ﬂ (r) Wi Vo (1),

Hr = % dr {'1/4 (r) e2FrTy), (I‘)—I—H.C.}
Hrr = Q2ﬂ dr {%( )y (r )+H-C-]
U (r) = e R (r),
(gauge transformation): Cikma
Uy (r) = e R (r),
o R (k+kre,)” -
Ho = ) | dr |§l (r) ————"1 (1)
Q) ~
Hr = = dr[q( )y (r )—I—H.C.}
() N o~
Hrr = % dr [wi (r) e~ 2RRT), (r)+H.C.]

April 9-20 2018
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M Realization of SOC in neutral ultracold atoms

O(r) = [U4 (r), 1y ()]

H = /dr@Jr (r)[Hso + Vi (2)] © (r),

HSO — -+ h,O';I; -+ )\kIO'Z

Vi () = Vi [cos (2krx) 01 + sin (2krx) 0y -

Here, for convenience we have introduced a spin-orbit
coupling constant \ = h°kr/M, an “effective” Zeeman
field h = Qgr/2, and an “effective” lattice depth Vi =
() RE / 2.

XJL, PRA 86, 033613 (2012).
April 9-20 2018 QFMBP



Single-particle state

Vi (x) = VL [cos (2krx) 05 + sin (2krx) 0y |

In the presence of the additional rf Hamiltonian Hpp,
the momentum along the r-axis, k,, is no longer a good

quantum number. The lattice potential terms cos (2krz)

and sin (2kgx) will couple the eigenstates d)ff) (r) and

gf)l(j) (r) if & — k! = 2nkr, where n = £1,£2,.-- is
an integer. In this case, it is useful to define a quasi-
momentum or lattice momentum ¢, for arbitrary k, as
follows: k, = 2nkp + q,, where the integer n is chosen to
make —kp < ¢, < kr. The quasi-momentum ¢, is then
a good quantum number. We may expand the single-
particle eigenstate of the total Hamiltonian in the form,

+0o0
P (Q;lra ky: I‘) - Z |:(l‘77l+(rf)l((-:7) (I‘) + (1'771—9‘4)1&:1) (I‘)] )
m=—o0o

where k,,, = k| + (2mkr + ¢, )er = ki + kprer has the
same quasi-momentum ¢, and the energies of @{:“) (r)

and G’)E(_) (r) are given by

h2 kﬁ_
2M

h'Q (k%’ + k72711?) 2 21.2
577 ++/h2 + A2k

mx-*

Em+ =

April 9-20 2018

(a) Q=2E,, Q=0
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Single-particle state (rf-spectroscopy)

Momentum-resolved rf-transfer strength:

MEpT , 2 ED(q,) — _ h2]:2
I'(kp,w) = 4721;2 ; [afl[i sin by + uff)_ cos Hkn] In {1 + exp [— ]((;% ’“] } ) [hw + EW(q,) — ﬁ

without lattice

2 0 2
k k.

Observed at MIT using spin-injection spectroscopy

April 9-20 2018 QFMBP



Single-particle state (rf-spectroscopy)

Momentum-resolved rf transfer strength:

2
hk:?

I' (hpz,w) =T (A'.r + kRr,w + ) o CS[ﬁd’—i-_E(”((;r)]

2M

-3 -2 -1 0 1 2 3
. km//T :
without fattice

3 2 -] 0 1 2 3
k /k

nx R

XJL, PRA 86, 033613 (2012). ARPES analogue (in solid state)
April 9-20 2018 QFMBP



Single-particle state (Rashba SOC)

Rashba SOC: V=4, (+ k,o, - kxay)

S 12 (1,2 2 2
Eye =5+ \//L (k2 +k2) + h?

2D behaviour at low energy?!

A‘effzz
3 - i
2r A =1 i
eft
1+ 4
A=

0 1 1 1

-4 2 0 2 4

Left panel: schematic of the single-particle spectrum in the ky —ky plane. A energy

gap opens at kK = 0, due to a non-zero out-of-plane Zeeman field /. Right panel: density of
states of a 3D homogeneous Rashba spin—orbit coupled system at several SOC strengths, in
units of mk .
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Two interacting atoms with spin-orbit coupling
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Two-particle bound state

Let us consider the inter-atomic interactions:

~ ~

Hint = Ug / drol (r) ] (r) ) (r) ¥p (r) or Hine = Uo f drl (r) ] ()¢ (r) ¥y (x)

BCS pairing crosses over to Bose-Einstein condensation of moleculés with increasing U,:

a
Interactions determined by the

s-wave scattering length a:

drh’a
g =

m

3D BEC-BCS crossover without SOC: singlet pairing
April 9-20 2018 QFMBP



Two-particle bound state with ERD-SOC

" (kg )+h0$+Ah0; 6=0
2M

Solving: (H + Hin) |Pap) = Eo |P2p)

In the presence of spin-orbit coupling. the wave-tunction of initial two-particle bound state has both spin singlet
and triplet components. The wave-function at zero center-mass momentum, |®sg), may be written as,

1

[m_ (k)cbcik. + Yy (k)clilcf_m + Uy (k)c;.cikl + ) (k)cLlcf_kJ vac) ,

where CI{I and clT{ are creation field operators of spin-up and spin-down atoms with momentum k and C =

> lvs (k)7 + |2 ] + [¥11 | + || (k) 7] is the normalization factor for the two-particle wave-function. With
a contact interactlon with bale inter actlon strength Up. the Schrodinger equation for the two-particle wavefunction
takes the form.

-E BQI:QR n R 12 O\ I ) — U Z[ (K N+ k) + ht o (k)
_ o~ \ 7 —— T 2ARe [ LK) =4 2 v (k) =g (k wry (k) +hwy (k).
[ anR h2 12 o Uo ) o .

-Eo — ( - —-/\Iw> v (k) = Y §k/ [0 (K') =1 (K)] 4+ kg (k) + by (k)

Uit (k) = hy (k) + Ry (k)

7- IL >
E, — (h ]‘R L > v (k) =hy) (k) + ko (k)




= Two-particle bound state with ERD-SOC

Defining:
Ax = Eo—(R°k%/m+h%k? /m)

vs (k) = NG Wy (k) =¥y (k)]
U, (k) = —= U1 (k) + 21 (k)]

T 1 h? A22 A
Wavefunctions: v, (k)= {2 a1k ]

h? + \2k2

A A2 —4(h2 + N\22)
| 1 1 .
e (K) = My , b (K
Va (k) ‘Lm—2h+ }L()

Ax + 2h
LN (k) — \‘41( Va (k)
/2]
. \V £ P
k — /’a k m m .
V| ( ) 441{ Y ( ) o _ (j + E EnE 1s used for U()

m | | m
Equation for energy: ———5— — Z vs (k) + 55| =0
d7h7a, " ho k<
April 9-20 2018 QFMBP



Two-particle bound state with a general SOC

for the most general form of SOC,

Vso(k) = Z (Liki + hi)6:,

I=X,V,2

where 4; 1s the strength of SOC 1n the direction i = (x, y, z) and /; denotes
the effective Zeeman field. The eigenenergy E (q) of a two-body eigenstate
with momentum q satisfies the equation:

_ o _
— v k.q ™ o) ~_ I
dza; V4 . EalER g = Dicry.o(2iqi +2hi)7] ek

where & ¢ = E(q) —€g94x —€9_g and € = k?/(2m).

L. Dong, L. Jiang, H.Hu, & H. Pu, Phys. Rev. A 87, 043616 (2013).

April 9-20 2018 QFMBP



Two-particle bound state with a general SOC

[The pairs may have an effective mass larger than 2m]

For example, for the bound state with zero center-of-mass momentum
q = 0, 1t would have a quadratic dispersion for small p,

E@) = EO) + Lo 4 D0 |
Pr= oM, " 2M,  2M.

“~r

The effective mass of the bound state M; (i = x, y, z) can then be deter-
mined directly from this dispersion relation.

April 9-20 2018 QFMBP



Two-particle bound state with ERD-SOC

0=0
1.20 —_—
| —— Q/E=0.8
LIS F ':. - — - Q/E=20 A
" ~—-Q/E=32
= 1.10} i
1.05 - . i
\ - N
0,00 Lo g 1.00 . — =
0.00 0.25 0.50 0.75 1.00 1.25 0.0 0.5 1.0 1.5 2.0
1/(ka) 1/(ka)
(a) (b)

Energy —E (g = 0) (a) and effective mass ratio y = My /(2m) (b) of the two-

particle ground bound state in the presence of 1D equal-weight Rashba—Dresselhaus SOC,
at zero detuning 6 = 0 and at three coupling strengths of Raman beams: Q = 0.8E,
(solid line), 2E, (dashed line). and 3.2 E, (dot-dashed line). The horizontal dotted lines in
(a) correspond to the threshold energies —2 E,in Where the bound states disappear.

Two features: (1) bound state at a, > 0 only and ERD SOC does not
favour two-body bound state; (i1) In the axis of SOC, pair mass > 2m.

April 9-20 2018 QFMBP



M Two-particle bound state (rf-spectroscopy)

Franck-Condon factor (Fermi golden rule again):

E — By
h

F (W) = [(®f| Viy | Pap)|° 6 |w — wa)

final state energy £

Initial state energy of the two-particle bound state

April 9-20 2018 QFMBP



Sqe = (Vs (a) + g (q)] cos O + V2 || (q)sin
Sq— = [¥s (q) + Ve (q)] sin g — V20 11 (q) cos Oq.

Eqr = €B +

\\';_/ \Q/
RF field —
\‘\' \/

April 9-20 2018 QFMBP




0.0 . I ) L ) 1 . 1 . I .
0 1 2 3 4 5 6

o/E,

(b)

(a) Momentum-resolved rf spectroscopy (a) and integrated rf spectroscopy (b) of

the two-particle bound state at 0 = 0 and Q = 2E,. The energy of rf photon @ is measured
in units of a binding energy Ep = l/(maf.) and we have set w3 = 0. In the right
panel, the dashed line in the main figure plots the rf line-shape in the absence of SOC:
F(w) = 2/7)/oo— Ep u3 The inset highlights the different contribution from the two
final states, as described in the text.

to be observed ...
April 9-20 2018 QFMBP



Theoretical framework: functional path integral

The partition function: Z — fD[w(r,r),gﬁ(r,t)] exp{—S[v(r,7),¥(r,7)])

B
(action) S[w,m:/ dTU dr Y P (r,1)0: Yo (r,7) + Hw,&)}

0

d(r, 1) o, 1) — A, o)1 r

9 |
=
<=

_ _ |
Z:fD[dD.dD;A.A] exp{fdrfdrfdr’fdr’ [_

an«}

k

G,: Green function of fermions

(Mean-field) S —/ﬂdt/dl’ <—A—(2)> —lTrln[—Q_l]-l-ﬁZg
) Up) 2 0 ATy

1 _
(Pair fluctuations) AS:kBTV Z [—T (I8 A(q)8A(q)

9=4:'V»  T(q,iv,): Green function of Cooper pairs

L. Jiang, X.-]. Liu, HH, & H. Pu, PRA 84, 063618 (2011); Carlos Sa de Melo e a/. PRL. (1993).
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Two-body study I: bound state with Rashba SOC

H:/(lr{L+

Rashba SO coupling, 3D Fermi gas

AS =Y [-T7" ()] 6A(q)3A(g), T'(q,w): Green function of pairs

) 1 1—2f (Bra) 1
10w = — = e Sy Bys =&+ Mk
(0,) Arh2a, 221{: [Zi D0t — 2B & et = Qe ARL
0(q.w) = —ImIn[-T"(q,iv, — w +i07)]
' 20 — - ‘
. T T T T 0 I' I lII I Il l
3l
15} = | § :
e ol density of states
= S 1
> 2 1 0 -1 -2
? 1O - . 7 /(mha ) 7
> % ; :
\:_3 A ““ i ‘.TI /(mha) =1
Ze] ““ i :| ---------------------------------
““‘0.5 - ‘ i 0
““ : : \'~-_,_._,___,._T.1_ __________________________
0.0 Il: L N : 1 1 n 1 n 1 i 1 n
] 4 3 2 -1 0 1 2 3 4
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Two-body study I: rashbons in the unitary limit

Pairs have anisotropic mass: A/, =2m, but

20 T T T T T I
- v = 1.53 at unitarity (4=0)
1.8+ -
—
S 16t 1
N’
—~ 1.0
% 1.4 3 -
e & 08
1.2 - .
06— "0 1 =
hz/(mkas)
1'0 1 1 1 1
2 1 0 -1 -2

hz/(mkas)
At unitarity, size of rashbons: a ~ A% /(m\) and the scattering length: az ~ 3h%/(m)).

Rashbons are created by strong Rashba spin-orbit coupling !

H.Hu, L. Jiang, XJL, & H. Pu, Phys. Ren. Lett. 107, 195304(2011).
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of rashbons

Rashbons are created by strong Rashba spin-orbit coupling !

J. P. Vyasanakere & V. B. Shenoy, New |. Phys. 14, 043041 (2012).
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Problem:

Consider the Rashba spin-orbit coupling, if atoms occupy
the low-helicity branch, which may be regarded as a new
spin-state, what is the effective interaction between atoms
in this new spin-state?
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More on (effective) interatomic interactions

Solution: Rewrite the interatomic interaction using the
field operator in the helicity representation!

o Rk /(2m)+h A (ky +iky)
A(ky —iky) h2k2/(2m) — h

and, by a spin-rotation we obtain the single-particle spectrum,

exa = N2/ (2m) + a \,.f"'{hg 0 (k2 +8),

where a = +, — denotes the different branch (helicity) of spectrum.

Consider now the spin-rotation. For the upper branch (a = +), we need to solve,

+h— B2+ A2 (k2 + k) i\ (ky —iky) s (k)

—iX (ky + iky) —h— \f,.,-""h2 + 22 (k24 k2) | | vs (k)
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More on (effective) interatomic interactions

Let us define two angles:

ka
O = arccos —,

»
L_

5 : ( h )' : h
) = arctan \ T

Ay Yl
where k| = \Lf — l:;-;. It is easy to see that, u. (k) = cosfy and v, (k) = —isinfe™ . We
find similarly that, for the lower branch (a = —), u_(k) = —isinxe™"“* and v_(k) = cos bx.

Thus. we have,

k—) —isin fe ik cos by k |)

or alternativelv,

4 h

k1) { cosby  isinfgeTx ] k+)

k |) {isin Oe™ % cosby k—)

- )
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In general, we would have some very complicated interaction terms after the spin-rotation.

For example, for the spin-rotation (i.e., Rashba SO).

( ik “‘\ [ cosbe Silwke*"“’“] ( K+)

\
k]k l_}) - [z’ sinfe % cos by J k|k—:} ) |

the interaction term H,: = Up Ty q Vit Vi, | Va—k'.| Vi, 18 given by,

T . . L ‘+ .. —l‘(.:)k '+ g _l.(.:) _k T . - [ '+
U Z [(us Oty . — 1sinbge l k__] {—1 SN gk "FUg g .+ cosbg q_k'_J
k.k'.q

X [z’ siN0g_ye™ Ya¥ 1y . +costywig ik — [ms Oyt - + 1 8inBye' kg 'k/__] :
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More on (effective) interatomic interactions

In case of a large Zeeman field:

nseff —lOK : ( iy s+ T y )
H.: = U Z (qu € COS g _) COS Ug_y SIN Gy e’k ) Vg —Vgek— Vg — VK —
k.k'.q
r . , . —i(e—p s )
~ Uy Y |cosbysin by cos by sinbye™ O "} Tny _L';:_k__l. q—k — UK/, —
kK,
4 k'!/

where in the second line we take q = 0 at cos#,_y and cosf,_y to have a well-defined

two-body interaction. The angle #y is given by,

A k. =+ ik
i e ey b, =ik
and the angle oy satisfies, ¢~k = Z— ¥

tx = arctan | —
\ h? + X2k? + h k.
We then have,
‘enrtr — Z ‘p(k k 4 a— k—¥Yq-k VK’ —,
kk'.q

where

1k — k') = cos by sin by cos By sin Gy e %)

U, (e — iky) (KL +ik))
_T e oG 2 [ .2 N2
V(RN + (kL) (B/2)” + (k1)
is the effective p-wave interaction between fermions in the lower branch QFMBP
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More on (effective) interatomic interactions

s-wave + p-wave ? p-wave

In our nature, no p-wave superconductors found so far !!!
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Two-body study II: bound state with finite gy

h2k? ) Q
m + Asoky0, +20y+ o,

H =
2

single-particle spectrum

0.2

0.3
o/Er
two-particle spectrum

L. Dong, L. Jiang, H.Hu, & H. Pu, Phys. Rev. A 87, 043616 (2013).
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o TWO-bOdy study I1: bound state with finite dcom

The significance of finite gy

‘Implying inhomogeneous Fulde-Ferrell
pairing, to be detailed later;

*qcoum 1S along the direction of SOC;

*The magnitude of q-gy can be greatly enlarged
by many-body effect.
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@ B-field
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synthetic spin-orbit coupling

7
2 Q 2
0 0
o
2 -2
-4 -4
30020 4 0 1 2 3 -
k Jk,

single-particle spectrum

\N
N

®/E,

Q
i
/
2 -1 0 1 2 3
k Jk,

\y
\
3
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=M /(2m)

ok =0k =0)E,

Vo =M+ k.0, — k.0, )

two-particle bound state

2.0 T T T
v = 1.53 at unitarity (h=0)
1.8} .
1.6 J
4t rashbons | |
5,08 |
1.2+ < | A
06— 0 =2
e
o . . i ('rn/.u)
2 1 0 -1 2
ﬁz/(rnkas)
+ in-plane

Zeeman field
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(No Zeeman field, two-body I)

* Anisotropic superfluidity R

M h=06E *

4 O °o° 58888 865009
[900000000000000006g00ZE000000 e
©000000000000000000: 560000000000000

o
CdGM oo ooee°°°°°°°°°

[o8.

(Out-of-plane B-field, p-wave pairing) 2zfggs§&ew:7\m

5000000000000000 oooooooooooooooo°°°°°
L 00000009#00800000000000000000000]

* Topological superfluid and Majorana fermions | ... .~

Normal Fermi gas

(In-plane B-field, two-body I)

F ludc—Fcr;'ﬂpll superflui

| (gapped) "\v (gapless)

* Fulde-Ferrell superfluidity

* A new way to manipulate MFs: Majorana solitons

204 -02 00 02 04
o/E,

*Travelling Majorana solitons
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Lecture II: many-body physics, mean-field
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BCS theory : standard formulation

Let us consider the Hamiltonian with a contact attractive interaction (as before),
H zgkckacka +U 2 kT q- M q-k'| k'¢
qkk'

For the interaction part, actually, we may focus on a single term with q =0, i.e.,

palr E gkckacka +U, E CkTC—kJ,C—k'J, k'!

kk'

That 1s, we neglect the pair fluctuations due to nonzero q. The above pairing Hamiltonian is
exactly solvable. In the thermodynamic limit, the solution can be obtained by assuming a
pairing order parameter (real):

A= UOE<C_MCH> = A(q=0)

and decoupling the interaction Hamiltonian as,
2

u ECkTC—k\l,C—k'\L Kt AE k1 -k¢ +Az TS S
kk' O
Note that, the decoupling is exact in the thermodynamic limit.
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BCS theory : standard formulation

The Hamiltonian then becomes,

+ &-’k A Ck’|‘ Az
— Z(Ck“c‘“) A =& ey, " Zik U,

Note that, at this point, we are introducing the Nambu spinor representation,

lIJk = C+H
C-ki

Problem: Please show the above mean-field Hamiltonian can be diagonalised by making use of
the unitary transformation:

Vir cosf, sinb, /¢,
Y sinf,  —cosO, || ¢’
The resulting eigenvalue (i.e., quasi-particle energy) is given by F, = gi + A? , and the mean-
field Hamiltonian takes the form,
2
H Exv: € -E ) A
BCS=E kYkOYk0+E S — Ex U
ko k 0

April 9-20 2018 QFMBP
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BCS theory : standard formulation

Let us consider the case of zero temperature. What is the thermodynamic potential?

A2
QBCS=_?+Z<Z§1(_E1<)= A hz "'E &k — By +
0

A2
h2k2

It is clear that the kinetic energy (second term) increases g
but this increase can be compensated by the condensatio = /
energy (first term). As a result, the naively picture of //

the thermodynamic potential is (see right figure), ¢ /

/-

How to determine the pairing order parameter? It should be the minimum of the thermodynamic
potential, so we must have (i.e., the gap equation),

0=_GQBCS= m "'E I m
N 4nh’a 4\ 2E, WK’

Note that, we also need to determine the chemical potential by using the number equation:

_ Q0 1— Sk
op K Lk

QFMBP



# BCS theory : standard formulation

Great! We can work out the mean-field results by solving the coupled gap and number

equations:
m | m
+ - =0
4nh’a 2 ( 2E, Wk’ )
Cx
0= _ Sk
3
S . o 33
BCS The Leggett-model (1980). .
l_ _______________________ _|
: 12
o= i | =
= 3
- 1
_1-
BCS,/ | |
) N et R R R R SR
2y 22 -1 0 1 2 3 4 3
l/kFa
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Mean-field theory : general treatment

I. MODEL HAMILTONIAN

Let us start from the model Hamiltonian for a 3D Fermi gas with 3D Rashba spin-orbit coupling @k +ayky +a k)
and a magnetic field h along z-direction, H = Hy + H, ¢, where

| Me b Mk —iky) ][ 01 (%) |
N W | {k R — Uy X 1
Hy /XL(X)L() {/\(:*.4) - /\lc‘._,+h] b, (x) (1)
and the interaction Hamiltonian is,
Ho = Ui / dxet ()] ()5, ()0 (). 0
Here, we have defined ék = _p*V?/ [(2m) — p, ky = =10, ky = = —10,, and k, = —id,.
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Mean-field theory : general treatment

II. MEAN-FIELD BDG THEORY

According to Lin's two-body caldulation, let us assume a FF-like order parameter_
-a]ong the z-axis and consider the mean-field decoupling.

1
,Hi,ztz—/dx[ﬂ( ol (x)v] (x )+Hc} Uo/dx|A(X)|2, (3)
Within this mean-field BdG theory, the total Hamiltonian can be written into the form,
1 : A?
Har =5 [ dx® (x) Hpae® (x) = =V + > & (4)
U ”

where ® (x) = [¥ (x),¥) (x), UT (x), le)]T is a Nambu spinor. and

G+ Mo, —h Ak — iky) 0 “Ax) ]
, 1 AMky +iky) & — Meo+h A (x) 0
— A A 5
Hac 0 A*(x) b+ Mo+ b Ak +iky) (5)
| A% (x) 0 Ak, —ik,) —&—Me, —h ]
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Mean-field theory : general treatment

A. Bogoliubov quasiparticles for the Hamiltonian H g,

Now, let us turn to solve the Bogoliubov equation,

HpacPx (x) = ExPx (x), (6)
where
B Uy | €+iqz‘;"‘2 ]
- tigz/2 _
A(x) = Ayeld? Py (x) = Z:::—z:o e (7)
o e—iqz_,"‘? |

and Ey are the wave-function and energy of the Bogoliubov quasiparticles, respectively. Therefore, we will have,

Uk Uk

’ ] Uk Uk

Hpac] | | =Ex | ], (8)
Uk | Uk |
Ukl vvkl

where [Hpqc] is given by.
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Mean-field theory : general treatment

(9)

d

By diagonalizing the matrix [Hpag]. we thus obtain the eigenvalue Ey and the vector [uy, ux|. vk, vk|.]?. Actually,
we obtain the field operator for Bogoliubov quasiparticles.

= / [ui"c.re_"qz/zz;’}-r (x) + uile_iqz/%bl (x) + vl’;].e""’.qz/Qz;’)?' (x) + vl";le"'iqz/?ybl" (x)] e~ x, (10)

Let us now rewrite the mean-field Hamiltonian into the form.
Harr = 23 Brofar - v + 3¢ (1)
MF 9 . k& Gk UO - k-

Note that. for the Bogoliubov Hamiltonian, we always have the particle-hole symmetry. which means that for every
solution with Ey >0 (say particle, ay ), we must have another solution (hole, a_y ) with E_ = —E} < 0. These two
solutions are physically the same. Thus, we may rewrite the Hamiltonian,

1 A2 1
Huvr =5 Z (Exayox — Exa_xal,) — FV +5 Z (Cctq/2e. + Ek—g)2e.) (12)
“ k. Ep>0 ° <
1 A2
=95 Z Ex (a'lfak -= dfk&-k) — —0‘ + = 5 Z §k+q/2e + &k /2e - = Z Ey. (13)
T k.Ex>0 k Ex>0
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Mean-field theory : general treatment

B. Thermodynamic potential

For given chemical potential i and temperature 7', we have two independent parameters in the BdG equation: the
strength of gap parameter A and the FF momentum ¢g. These two parameters should be determined by minimizing
the grand thermodynamic potential, which takes the following form.

0 1 . 1 A2 kg R
= 2TZ (Eicta/2e. +Ek—g/2e.) — T > Exf - T > In|l+e7 77|, (14)

k k.Ey >0 ' Ey >0

(00 ,
T 0 (gap equation)
719 ,

3 % = 0 (gap equation)
7)9) _
kﬁ = n (number equation)
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Mean-field theory : general treatment

To calculate the physical quantities of interest, we express the Nambu
spinor in terms of the field operators of Bogoliubov quasiparticles.

Note that, in the presence of harmonic
traps, the mean-field treatment will be a bit
different (to be discussed later).

Fluctuations are difficult to handle...
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Ml P-wave superfluids?

VSO = }\‘R (+ ky()'x — kxO'y ) and Zeeman field h

(st+p)-wave p-wave

April 9-20 2018 QEMBP



Anisotropic superfluidity (no Zeeman field)

April 9-20 2018

Let us focus on Rashba spin-orbit coupling...

Our work:

—PRL 107, 195304 (2011);
—PRA 84, 063618 (2011).
Others:

—Shenoy et al., PRB (2011);
—Iskin et al., PRL (2011);
—Sade Melo et al., PRA (2012);

QFMBP



B Anisotropic superfluidity (h=0): Condensed rashbons

For the condensed phase, we solve the mean-field action: Vo = Ay (+ k.o, - kxay)
Sy = / dtfdr (——) — —Trln Zsk
In the unitarity limit: e
0 0.5

triplet p-wave pairing

(Wi, ¥ _ ey

k k.

singlet s-wave pairing

(Y, ¥ ke )

k k.

0.0 S
0.0 05 1.0 15 20 25 00 05 10 15 20 25 30
k /K, k Ik,
weak SO coupling  stronger SO coupling

Rashbons condense into a mixed singlet-triplet state!

See also, Gor'’kov & Rashba, Phys. Rev. Lett. 2001.
April 9-20 2018 QFMBP
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S
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©
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=

S
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o

M

S, (k=0,0)(e /n)

S
o
S

Swinburne:
Bragg spectroscopy

00 05 10 15 20
Ak e,

The smoking-gun of anisotropic superfluidity:
spin dynamic structure factor at long wavelength
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Ml P-wave superfluids?

VSO = }\‘R (+ ky()'x — kxO'y ) and Zeeman field h

(st+p)-wave p-wave

April 9-20 2018 QEMBP
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Topological superfluidity
(out-of-plane Zeeman field)

Our work:

—PRA 85, 021603(R) (2012);
—PRA 85, 033622 (2012);
—PRL 110, 020401 (2013);
—PRA 87, 013622 (2013).
Others:

—Mueller et al., PRA (2012);
—Sade Melo ef al., PRL (2012);

......
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M P-wave superconductors

2D chiral p-wave superconductor: A(k) = A, (kx + l'ky)
H = Z(——,ujc C, +(A(k)c ¢, +cc. ) Read & Green, PRB 2000

Defining a Nambu spinor l/jk = (Ck > Cjk )[

April 9-20 2018 QFMBP



S P-wave superconductors

%\ N
S \ \%\\\ § \\
\\\\\\ §§§ \ \\\\§
N

Consider the spin vector k?
in k space: —B(k)-o where B,(k) =u— o
, 4 } \ B, (k) = Aok,
- ¥ \
/ — By(k) = Aoky

! applicable to 1D as well:

VR AE A

A topological defect — Skyrmion — forms when p > 0.
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CdGM bound states
q.
g A

Ag ~
o’d Er

Caroli, de Gennes, Matricon theory ('64)

if conventional superconductors

A
E
I Ag -
if weak p-wave superconductors: 9 >
Kopnin and Salomaa, 91 g \
of zero mode

of index theorem, Volovik JETP 93
/ Tewari et al, PRL 07
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il Majorana fermions

Simple idea of Majorana (1937):
An ordinary Dirac fermion = two real fermions

c=v, -1y,

Majorana fermion: particle is its own antiparticle

Y=Y
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Majorana fermions

April 9-20 2018

Particle-hole symmetry in BdG equations:

u, (r) = v, (r)

E, —-E,

“non-topological” “topological”
E ? 4
A A
E Iy E=0
_E .
_A I =1,  _A\

transition occurs only if energy gap close.

+
Lpo=Tleo=7
Majorana fermions !!!
%
l. u, =+v,
*
2. u, =-v,
QFMBP



Ml P-wave superfluids?

VSO = }\‘R (+ ky()'x — kxO'y ) and Zeeman field h

(st+p)-wave p-wave

April 9-20 2018 QEMBP



2D cold-atom settings for topological superfluids

Recipe for topological superfluid: (C. Zhang, PRL 08 for cold-atoms)

Feshbach s-wave resonance
Rashba spin-orbit coupling
Large Zeeman field

April 9-20 2018 QFMBP



2D trapped SOC atomic Fermi gases + BdG

Hamiltonian

H = [ dr[Ho(r) + Hi(r)]

Single-particle Hamiltonian (Rashba SOC)

Ho(r) = D viHI(x)ve + [vﬁ'}’ Vso(r)y| + H]
o=1,]

Vso(r) = —iA(0y + i0:)
HS = —h2V?2/(2M) + J\Jwir2/2 —pu—ho,

Interaction Hamiltonian

Hi(r) = Uol»"i'-){ (l)lrI (r)e) (r)r(r)

April 9-20 2018

Mean-field BdG theory:

Hpac¥y,(r) = E,¥, (r)

U, (r) = [, Uyns U1y Vi)t
Hi(r) Vso(r) 0 —A(r)
Hom— | Vio®) H7(x) A 0
0 AYr) —Hi(r) Vi)

—~A*(r) 0 Vso(r) —H(r)

Self-consistency:

A = —(Un/2) 32wl f(Ey) + unvi,f(—Ey)]

no(r) = (1/2) %, lluan|® F(Ey) + lvay|” F(=Ey)]

Single vortex

Ar) = A(r)e™™

QFMBP
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Phase diagram
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XJL, L. Jiang, H. Pu, and HHu, Phys. Rez. A 85, 021603(R) (2012).
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Wavefunctions of Majorana fermions

1

1

Wave functions of Majorana fermions

April 9-20 2018

S

0

0.0

-0.5

h=0.6FE  (Topological supetfluid phase)

y:
1 M 7/ I

o5f\ b v ()

(a) E, ,=—4.8x10°E ]
0.0 0.2 0.8 1.0
rir

F

1. Bond and anti-bond hybridization #_, =V, and u,

2. Quasiparticle tunneling

Edge -
T 7
Zero-energy CAGM 1
_ -5
(b) EZESZ—+4.8x10 E -
0.0 0.2 0.8 1.0
rir,

energy splitting.

* .
—v_ solutions.
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Probing Majorana fermions in 2D

Local density of states: po(r,E) = %Elj | §(E E )—I— | Vo (E +E )i|

n

p,(,0) | u, ()1 5 v, ()

0.4 ’ ; v 0.4 I 0.02

03 5 031 =

-

: :
§502 0.2} !02

1 0.1F

o
N

H‘
. 0 0.0 A% o
04 -02 00 02 04 704 02 00 02 04
E/E, EIE,

0.0

Directly: Use the spatially resolved rf-spectroscopy (cold-atom STM).
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1D cold-atom settings for topological superfluid

Equal Rashba and Dresselhaus SOC

One-dimensional
gas tube

//// Raman laser2
/////

/ / A h/A
Raman laserl Topolo-
gical
Spebee

Ho = —5—5 + Vi (2) = = ho. + Moo, Trivial LA
>
Q
h = > h > /A% + ;i (topological criterion)
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Requires: 7'<0.17}

Currently for “K atoms: 7'? 0.67%

XJL and H.HU Phys. Rev. A 85, 033622 (2012); 87, 013622 (2013).
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Fulde-Ferrell inhomogeneous superfluidity

April 9-20 2018

(in-plane Zeeman field)

Our work:

—  PRA 87, 043613 (R) (2013);
— PRA 88, 023622 (2013);

— PRA 88, 043607 (2013);

— NJP 15, 093037 (2013).
Others:

— C. Zhang et al., PRA (2013);
— Yiand Zhang et al., PRL (2013);
— Shenoy, PRA (2013);

— Puetal.,NJP (2013);

— Zhou et al., PRA (2013).

QFMBP



Fulde-Ferrell pairing — a 50-year-old puzzle

h2k? 5 Q
H = - +/150kx0y+50y+502

dcom =0

1078

Dong, et al., PRA 87, 043616

: FF superfluid in the many-body setting?

e
O= N WH OO N X

0.5

two-particle spectrum
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fl Fulde-Ferrell pairing — a 50-year-old puzzle

« BCS Cooper pairs have zero momentum

« Population imbalance leads to finite-momentum pairs (FF 1964, see also LO)

» Fulde-Ferrell-Larkin-Ovichinnikov (FFLO) instability results in textured states
Spontaneously breaks translational symmetry

Qo bpp =Ly,
A(X) x '@X A(x) < cos(0Ox)
FF superfluid LO superfluid
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M. W. Zwierlein, A. Schirotzek, C. H. Schunck, and W. Ketterle, Science 311, 492 (2006)

¥

v
¥
¥

¥

VU

3D trapped Fermi gas: superfluid core with polarized
halo...
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1 re———————————— A
0.8 Normal
0.6t Phase Separation . .
: FF(LO) is not favored in 3D.
0 ]
o.al u‘@’u _FFLO |  Sheehy and Radzihovsky, Ann. Phys. (2007)
) (V) ]
0.2 oy
— L — ~ A —_— 1
6'3 -2 ‘51\1 0 6. 1 2 kFa5

Enhanced by/spin-orbit coupling?

Yes! The deformation of Fermi surfaces due to spin-orbit coupling and in-plane
Zeeman field provides another mechanics for FF pairing instability (Barzykin &
Gor’kov PRL 2002; now realized by a number of researchers: Han Pu, V. B.
Shenoy, C. Zhang, W. Yi, W. Zhang...)
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Fulde-Ferrell pairing — a 50-year-old puzzle

Fermi surfaces (SOC & in-plane field)

April 9-20 2018 QFMBP



M Fulde-Ferrell pairing - a 50-year-old puzzle

Fermi surfaces (SOC & in-plane field) Fermi surfaces (population imbalance)

k

field 4
upper branch <0 _k+q / 2
Q- Er ;
k+q/2
o E ., —F
lower branch Q FT Fl
LO superfluid

q < h
FF superfluid

April 9-20 2018 QFMBP



Fulde-Ferrell pairing instability: ERD-SOC

For the FF superfluid, we minimize the mean-field action by assuming A,(r) = Ae'd"

So = f dr/dr (——6) - %Trln Zé‘k

Q =2E,

Q — "-_m" ro 000 5 -0.78 F (b)

mf

BCS

=T0.000,

F(8)/(NE,)

5-00002

S/E,

FF is always favorable!

XJL and HHu, Phys. Ren. A 87, 043616(R) (2013).
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Fulde-Ferrell phase diagram: ERDSOC

T=0.05T; qcom =0
1.2 v T T T T 10—4
1.0 Normal Fermi gas
0.8 1816
S
X 0.6 -
“ |
0.4 11k
0.2 .
\ 5 (b) @ =2.0E,
0.0 : ' : : [
0 1 2 3 o]
(2) ©,=0.6E,
T — QR/EF E3(k)os -----------
Es(k),‘ ] o / =
........ R e T
1 ===
2 é/éo 1 )2 O/ \:l\w

X.-J. Liu and HH, Phys. Rev. A 87, 043616(R) (2013).
April 9-20 2018 QFMBP



fl Direct rf probe of the Fulde-Ferrell superfluid

I'k,w)=A [k—i— (kr emfk - W} S (6 —w)

(b) 5=0.4E, (c) 5=0.8E,

-1 0 1 -1 0 1 -1 0 1
k Ik, k k. k k.,

XJL and HHu, Phys. Ren. A 87, 043616(R) (2013).
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Fulde-Ferrell superfluid with Rashba SOC

qmax
0.00

=0

indicates FF instability

Normal Fermi gas |

T/T

4F .
0 Fulde-Ferrell superfluid
0.2}
0-0 " 1 " 1 L 1 M 1
0.0 0.2 0.4 0.6 0.8

hE,

finite-7 mean-field phase diagram

HHu and XJL, NJP 15, 093037 (2013).

April 9-20 2018

[

10 05 0.0 05 1.0
max I'™! (q,iv, = 0) |[7=7. =0

Thouless criterion leads to a
better critical temperature.

10F

0.8

S 06}

T/T

0.4}

Mean field
oa L @ Thouless
0.0 " 1 " 1 " 1 " 1
0.0 0.2 0.4 0.6 0.8
hE,

XJL, PRA 88, 043607 (2013).
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. Topological Fulde-Ferrell superfluid (1D)

Topological + Fulde-Ferrell = Topological Fulde-Ferrell ?
1.5 T T T | ! |

L 1.5 — : :

[ 3=0.6E, :

1.OF

LA B B B

L0 05

(S 9
R [
it 0.0L
g
£3
05 3999999999999 99P9U9990900W
v /(2m)
OO 1 |
0 1 3 4

2
QJE,

vp =i / dk [W? (k)W (k) + W* (k)0 W_ (k)]

X.-J. Liu and HH, Phys. Ren. A 88, 023622 (2013).
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Outline of the lectures: exotic superfluids

* Experimental realization of SOC and few-body study (I)

(No Zeeman field, two-body )
* Anisotropic superfluidity

N

* Topological superfluid and Majorana fermions |

(Out-of-plane B-field, p-wave pairing)

Normal Fermi gas

(In-plane B-field, two-body 1)

Flude-F cri'ﬁcll superflui

(gapless)

(gapped)

* Fulde-Ferrell superfluidity

* A new way to manipulate MFs: Majorana solitons

* Travelling Majorana solitons

April 9-20 2018

UO00604

. ()
O h=0.6E,

8 :
oot 268888!

p©00000000000000006g00FB000000000

85§°8°°Voo°°°ouu
25
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)
v3vo 99

OOO
©000000000000000000! 000000000000000
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0000000%°%°

Outcr edge 59000006"
o850 N zzs
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Qomnuv
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204 -02 0.0
o/E,

02 04
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What is a dark or grey soliton?

In the nonlinear Schrodinger equation (NLS)

April 9-20 2018

0 .
zau(x,t) = [

dark solitons

g>0
] T
BZ
s .
Uy g
L 1 i | - 1 | | i i fr
-4 0 4 4 2 0 2 4
X ).&
g r—
L 1 i 1 A 1 " J_’
-4 -2 2 4 0 2 4
— X X

C. Becker et al., Nature Phys. 4, 496 (2008)

Dispersion

w(x,t)

Nonlinearity



What is a dark or grey soliton?

Theoretically, for static fermionic solitons, we may solve the BdG equations:

Hg  A(r)||u, (r) - FE U, (r) here
A =B |[W®] 0] e veio-
- ) | T G
order parameter density . R
2
A(r) = —gz u, (r)v; (r) n(r) = 2E| v, (r)]
7 n
1.0 ———— - _ o .
3 [ p— \ 1 ]
0.5} A .
& | \ ~ 1L0f f———————— —
= 0.0/ : \ = V!
3 ‘ = L 3 .
3 » : |l = 54
0.5F \ /7 i | ‘\ ; -
! S - - - -] \'
1.0 A .
-5 <10 -5 0 5 10 15 00 s 0 =5 0 5 10 15
kFx kFx

M. Antezza et al. PRA 2007
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What is a dark or grey soliton?

The static soliton with SOC (BdG equations)

(H, —-h -19/0. 0 ~A(x) | [y, (x)] (u,, (X)]
019, Hg+h  A(x) 0 ||u,*) e u,, (x)

0 AN(x) =Hg+h 20/ ||V, @]  "|v, &)
—A'(x) 0 -20/d, Hg-h||v,®) Vi ()

order parameter

A(x) = _%2 [”m"jn (E,)+u, v, f(- Eﬂ)] interaction strength
' 4 E
density o ‘V;k—F
n(x) = %E (It [ SED+ 1V, [ f(-E)] spin-orbit coupling constant
A=hWk,/m

April 9-20 2018

Zeeman field h
QFMBP



Emergence of Majorana solitons

The static soliton with SOC (BdG equations):
ABS is even more important!

0.8
BCS
0.6
Iﬂﬂnnn
o o
=04 o
S

o _ -1.0 -0.5 0.0 0.5 1.0

00— =
00 02 04 06 08 1.0 i2
hE,

Emergence of Majorana
solitons! similar to a vortex with
MFs in 2D p-wave superfluids

-1.0 -0.5 0.0 0.5 1.0
oa/EF

Y. Xu et al, PRI 113, 130404 (2014);XJL, PRA 91, 023610 (2015).
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Emergence of Majorana solitons

Importance (observation) of Majorana solitons

1.5 —/———————————————— LA L A .
| —— #=0.4E, |
—omemee h=0.8E,
ml.O_— 00 02 04 06 |
= et | S hiE,
~ » A
Na - N
s 3
0.5F ) ' '
/oo .
- ;--;»;;::--.. T I AW Py
| 06— 1 -
OO L —.().% . .—0.‘] o ()i() 00 L
-1.0 -0.5 0.0 1.0
x/x,

A flat distribution across the soliton, i.e., zero soliton (physical) mass!

April 9-20 2018
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What is a dark or grey soliton?

The static soliton with SOC (BdG equations):
ABS is even more important!

Manipulating Majorana fermions by creating a soliton-train in 1D TS:

AR)E,

April 9-20 2018

08 -04 00 04 08 12

-04 -02 00 02 04

XJL, PRA 91, 023610 (2015).

“)/Ep
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Questions?

We can manipulate Majorana fermions by using 1D solitons! However,
what happens if we move Majorana solitons with a finite velocity ?

How Majorana solitons decay?

April 9-20 2018 QFMBP



Travelling fermionic solitons without SOC

In a co-moving frame of grey soliton (v,), withnew & =z—-v.¢
coordinate

A(r,t)=A(z-vt)=A(§)

u, (r,t) = exp[-iE, tlu, (5)
v, (r,t) = exp[-iE t]v, (§)

BdG equations in a moving frame

(Vs)
Ho-vp. MG [u (&)
NE  -Hg-vp.||%©] "[mE

A secant Broyden’s method is used, more details are in PRC 78, 014318
(2008).
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Travelling fermionic solitons without SOC

In a co-moving frame of grey soliton

(Vs),

T 0.4 — PR T T T T T T T T
Lo e ey - 0015 U
3 oal T % 0.2 v;=0.04}.] < 0010F o BdG -
E |7 ‘:g‘l’f \ Ng 0.005F — Analytical
0.0 00— m” 0000 ——————
. 0.6 (28) s 0.6} (2b) \;“ / | ] ’ _ '
w o fl2a) S e ) o b unitary 1.0x, (b) @ BdG
% 0.3 T % 0.3-“_‘_::_0:2 ",“'I." | Ee—> Analytical
= o~ o -mrmre \,-;—()_3 ! =
0.0——— — 0.0——————————— = 0.5
100 (3a) 10l G9 \\/
‘; """"""""""""""""""" %f v=0.1 |/ 0.0
EV—— 7 05wz ‘ 0.0 0.1 02 03 0.4
, - v /v
0-%%0 kK'z 0 0 "% K'z0 10 s F
1. E, and 0¢ decrease with v,
2. n(0), |[A(O)| increase with v,
3. grey solitons disappear at

min(v,,,C).

| R. Liao et al,. PRA 83, 041604(R) (2011).
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Travelling fermionic solitons without SOC

*

Time-dependent BdG equations: ﬁs A u, —ihi u,
or | v,

A" —H ||V
1/ (k,a)=-0.5(BCS) 1/ (k,a) = O(unitarity) 1/ (k,a)=0.5(BEC)
Q
E
wid
position position position

R. Scott et al.,, PRL (2011)
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Travelling fermionic solitons without SOC

1/(k.a)=-0.5

How solitons decay : Ve <V

1) In the BCS regime
solitons decay at slow
velocity due to pair beaking

1.2

") DO —— SOUND __
0.8f

£ 0.6}

0.4F
0.2

2 —0i5 0 0?5

1 .-"k'a

See this work for details: Scott, Dalfovo,
Pitaevskii, Stringari, Fialko, Liao, Brand,
NJP 14 023044 (2012).

Ve =V,

unstable




Travelling solitons with SOC

For time-dependent simulations, we use:

H,—h -20/0. 0 ~A(x) | [uy, ()]

019, He+h  Ax) 0 |[|u,(* )
0 A(x) =Hg+h Ad/o_||Vy,(X) ot

—A'(x) 0 ~20/9, Hs=h||v,(x)

1
with an external harmonic trap, 9)

April 9-20 2018

u, (x)

uw(x)

vy, (x)

-V\l’n (x) .

trap

V;Xt(x) = _ma)Z x2
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Travelling solitons with SOC (non-topological)

order parameter density

- g . 048 =
: 10 U I =
2 II
U™ e
) ko.x ‘m ?

- - sl 4 0.44

> - : 1 (.40

k,x ' 0.0 0.1 0.2 0.3
v/v,

In the non-topological phase,
A(x), n(x), E, and d¢ behave similarly as the no-SOC case.
(disappointing?)
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hﬂﬁ- 5 le0000000000000000008008
e
= 05 l..“"lllllll.. Vh
b ..Illll......
[
0.0 . ] ) i ) - .
0.0 0.1 0.2 0.3 0.4 0.5

Vs/ VF velocity induced MFs in the moving frame?
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Travelling solitons with SOC (non-topological)

1.5

= 1.OF

= 05

0.0
0.0

-30 -15

0 15
k.

Interestingly, a new critical velocity is found!
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Travelling solitons with SOC (topological)

More surprises in the topological phase: a moving soliton with
constant phase jump 7 ?

0.8 . : : . .

1O A A A A A A AA

o £
) 2=
;s_— 04F moving frame oz
ooooo".. pb
0.0 ‘= : 1 " : .
0.00 0.05 0.10 0.15 0.20
v/v,

time-independent BAG solutions
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Travelling solitons with SOC (topological)

April 9-20 2018

More surprises in the topological phase: a moving soliton with

constant phase jump 7 ?

order parameter

-15
kFx

time-dependent BAG simulations

0

Y =m
h =1.2E, 20
k,=0.75E, 40
|A(X,t)|/EF = 60

0.000 \u-
- 0.1000 H 80

0.2000 N

0.3000 1 00
_ 0.5000 1 2 0

0.7000 1 40
- 0.9000 1 60

-10 -5 0 5 10

Y =n
h =1.2E,
k,=0.75E,

d(x,t)/m

0.000
- 000
0.2000

0.3000

0.4000

0.6000

0.7000
0.8000

- -~
1.000

QFMBP



Travelling solitons with SOC (topological)

More surprises in the topological phase: a moving soliton with
constant phase jump w ?

density
0 . ——
Y =%
20 h =1.2E,
40 k,=0.75E,
n(x,t)/n
'Sh 60 0.5(:]00
m 80 0.5400
N 0.5800
100 e
120 s
140 -Ziliﬂﬂ
160 0.9000
45 <10 5 0 5 10 M5
k. x
soliton mass mN, = 0!
Ty mn, d(op) .
Recall that| = | =1+ N a2 constant phase jump can be understood.
z m S VS
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Travelling solitons with SOC (topological)

More surprises in the topological phase: a moving soliton with
constant phase jump 7 ?

0.8 v T . r . r

1O A A A A A AAA

= 3
~= 04} moving frame | ozl |
= v/ve
o®® oo* ’ vpb
0.0le" o '
0.4} -
e ! lab frame ]
< |
=
O OOfpesseeeennEEEEEEN -
0.00 0.05 0.10 0.15 0.20
vV/v,

Interestingly, the moving soliton hosts MFs in the lab frame!
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Travelling solitons with SOC (topological)

More surprises in the topological phase: a moving soliton with
constant phase jump 7 ?

0.8 . : : : : —
i} , L

=
\: 0'4 0.2 g
=

0.0 2 2 N

0.00 0.05 0.10 0.15 0.20
vS/vF

They are the Majorana solitons, which seem to survive for velocity up to
V,!
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Travelling solitons with SOC (topological)

0.20

amplitude phase density

I 0.00

100

(E /7

200

I 0.84
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Travelling solitons with SOC (topological)

0.8
: A
@: 0.4 moving frame .,,"
= .‘,o"
0. -...?. 1
0.00 0.05
amplitude phase density

0.00

tE /%

200 200

I 0.85
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Travelling solitons with SOC (topological)

S
e

h

traveling Majorana solitons exist both in 2D SOC Fermi gas in
and in 2D p-wave Fermi superfluid.

Majorana solitons an ideal platform to manipulate Majorana
fermions for TQC

Peng Zou, J. Brand, XJL. and H. Hu, Phys. Rev. Lett. 117, 225302 (2016)
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