
                   Nonequilibrium Dynamics in                                                
Few and Many Body Integrable Quantum Systems 

  Quantum Few to Many Body Physics – Wuhan 2018 

Deepak Iyer   

Natan Andrei 

TexPoint fonts used in EMF.  
Read the TexPoint manual before you delete this box.: AAAAAA 

Wenshuo Liu Garry Goldstein 
Kinoshita, Wenger, Weiss    
(Nature ’06) Huijie Guan 



 Time Evolution of systems out of equilibrium 
- Prepare an isolated quantum many-body system in state       , typically eigenstate of                       
- At ,           evolve system with          : 

- Many experiments: cold atom systems, nano-devices,  molecular electronics, 
photonics :    new systems, old questions                                                                                                                      

|�0, ti = e�iHt|�0i

Mott insulator  ßà  superfluid :2d, 1d Time evolution of the Kondo peak.                    
- Time resolved photo emission spectroscopy 

 Time evolution of observables: 

 - Manifestation of interactions  

Newton’s Cradle 

Bloch et al ‘08 Greiner et al ‘02 Kinoshita et al ‘06 

H(t)

If the Hamiltonian is time independent, If the Hamiltonian is time dependent, 

|�0, ti = Te�i
R t
0 H(t0)dt0 |�0i

Cold atoms 
Realization? 



Quenching – long time limit,  thermalization     

t

•  Gibbs Ensemble 

Time evolution and statistical mechanics:  equilibrium 

Deutsch ‘92, Srednicki ’94 

à Gibbs ensemble: , with 1

Z
1

Z
� det. by hA(t ! 1)i = Tr(e��HA) hHit=0 = Tr(e��H

H)

- Non integrable models: ETH                                                 ,  with     smooth function of                                                    f E↵A↵↵ =

- Integrable models: local conserved charges,     ,   GETH In h↵|A|↵i = f(I1,↵, I2,↵, ...)

hA(t ! 1)i = Tr(⇢̂A) ⇢̂ = Z�1 exp(�
X

n

�nIn) with Rigol et al 

hA(t)i = h�0|eiHtAe�iHt|�0i t ! 1! Ā�0

•  Long time limit and thermalization:                                                                          
- is there a density operator     such that                       ?        
- does it depend only on                        , not on        ?                                                           

⇢ Ā = Tr(⇢A)

t ! 1

?

hA(t)i =
X

↵,�

h�0|↵iA↵�h�|�0iei(E↵�E�)t !
X

↵

|h�0|↵i|2A↵↵

= hAimicrocan(E0) ⌘
1

NE0,�E

X

↵2�E

A↵↵

•  Generalized Gibbs ensemble (GGE) 

h↵|A|↵i = fA(E↵)

hInit=0 = Tr(In⇢̂)



 Quenching and non-thermalization (no MBL)     

•   Two baths or more:                                                      
- time evolution in a nonequilibrium set up: 

  Goldhaber-Gordon et al, Cronenwett et al, Schmid et al 

 -  What is the time evolution of the current            ? 
- Long time limit:  Under what conditions is there a 
nonequilibrium steady state (NESS)? Dissipation mechanism? 

- Steady state – is there a  non-thermal               ?  Voltage dependence?                                     
- New effects out of equilibrium? New scales? Phase transitions, universality? 

Interplay -  strong correlations 
and nonequilibrium 

Nonequilibrium currents 

Isteady state(V )

t

I(t)

•  Domain wall: spin currents, NESS 
t ! 1, L ! 1

•  Newton’s Cradle (no NESS) 

T�1
k ⌧ t ⌧ L/v

⇢NESS



 (Periodically) Driven systems 

Oka and Bucciantini  ‘16 

•  A Floquet Hamiltonian                            has solutions of the form: H(t) = T (t+ T )

 ↵(x, t) = e�i✏↵t�↵(x, t)
�↵(x, t)with                periodic  and the quasi energies       

determined up to  
✏↵

! = 2⇡/T

•  Many experimental realizations: pump-probe, state engineering, photoinduced 
Floquet- Weyl semimetal phases.. 

Heterodyne Hall Efect 

Gedik et al ‘13 

Periodically driven TI: 
Floquet – Bloch states 

•  Driven Lieb-Liniger  (in a box) 

Floquet spectrum, heating, synchronicity, turbulence.. 

H = �
Z

b
†(x)@2

b(x) dx+ c

Z
b
†(x)b(x)b†(x)b(x) dx+ f(t)

Z
x b

†(x)b(x) dx



 Outline 

•  Newton’s Cradle on the average                               
(poor man’s version) 

Wish to study these questions exactly and confront them with experiment 

1.  Quench evolution in  quantum integrable many-body systems    

- Yudson’s contour approach  (infinite volume system): L = 1, N fixed

2.  Bosons on the continuous line with short range interactions  (Lieb-Liniger model) 

B. Thermodynamic boson system  

- Equilibration and GGE for repulsive interaction: 

•  Quench from Mott to Lieb-Liniger fluid 

- Non equilibration (NESS): the Domain Wall   

(Yudson ’85) 

N,L ! 1, n = N/L fixed, t ⌧ L/vtyp

- Generalizing Yudsons’ approach to thermodynamic systems 
Time evolution of  observables – monster formula   

N � finite, L ! 1, t ⌧ L/vtypA. Finite boson system: 
Hanbury Brown –Twiss effect  and RG flow in time 

3. Quenching the XXZ Heisenberg model 

4. Quenching the Gaudin-Yang Model 

x

t

x0

O(x0, t) ! ONESS(x0)



 Quenching in  1-d systems 

Special features of 1- d : theoretical 
•   Strong quantum fluctuations for any coupling strength 

•   Powerful mathematical methods: 
     - RG methods, Bosonization, CFT methods,  Bethe Ansatz approach 

 Physical Motivation: 
•   Natural dimensionality of many systems:  

      - wires, waveguides, optical traps, edges  
•   Impurities: Dynamics dominated by s-waves, reduces to 1D  system 

•   Many experimental realizations: ultracold atom traps, nano-systems.. 

  - BA               Quench dynamics of many body systems?  Exact! 

Others approaches: Keldysh, t-DMRG, t-NRG, t-RG, exact diagonalization.. 

- Bethe Ansatz approach:  allows complete diagonalization of H                 
-  Experimentally realizable: Hubbard model, Kondo model, Anderson model, 
Lieb-Liniger  model,  Sine-Gordon model, Heisenberg model, Richardson model.. 



Time Evolution and the Bethe Ansatz        
•   A given state         can be formally time evolved in terms of 

•   Use Bethe Ansatz to study quench evolution and nonequilibrium                      

  If     integrable       eigenstates        are known via the Bethe-Ansatz 

-  Standard approach:   PBC           Bethe Ansatz eqns            spectrum            thermodynamics 

  a complete set of energy eigenstates  

-  Non equilibrium entails additional  difficulties:                                                                                                                                           
i.  Compute overlaps (form factors)   ii. Compute matrix elements    iii.  Sum over complete basis             

•   New technology is necessary: 

|�0, ti = e�iHt|�0i =
X

�

e�i✏�t|F�ihF�|�0i



Yudson’s contour representation (infinite volume) 

Contour representation of              

with:  Bethe eigenstate 

 obtained from Bethe eigenstate by setting   

 contour in momentum space        determined by  pole structure of  

then: 

Note: in the infinite volume limit momenta        are not quantized                                                
- no Bethe Ansatz equations,          free parameters   

- One quadrant suffices 

Computed S-matrix of Dicke model 

V.  Yudson, sov. phys. JETP  (1985) 

Instead of introduce  (directly in infinite volume): 

- Describes systems in the zero density limit 
- Generalize to thermodynamic systems  with finite density  



Ultracold Atoms – the Lieb Liniger model 
 Gas of neutral atoms moving  on the line and interacting with short-range interaction 

HN = �
NX

j=1

@
2

@x
2
j

+ 2c
X

j<l

�(xj � xl)

• • • • •
atoms on the line 

Short range interaction among atoms: V (x1 � x2) = c�(x1 � x2)

- Very short range interaction. Valid for low densities,  

- The description of physics depends on the scale of observation 

Comment: 

Bloch et al ‘08 

l = L/N � lVan derVaals

repulsive 
attractive 

Can be tune by Feshbach 
resonance 



 Bosonic system – BA solution     
The N-boson eigenstatestate  (Lieb-Liniger  ‘67) 

 - The 2-particle S-matrix:                                              enters when the particles cross 

•  The energy eigenvalues 

•  Eigenstates labeled by Momenta 

•  Dynamic factor: 

  - poles of the S-matrix at: �i = �j + ic

- Thermodynamics:   impose  PBC        BA eqns        momenta 
real 

n-strings 
- Dynamics  (infinite volume): momenta unconstrained  

=
1

Sij

yi > yj

yi < yj



 bosonic system: contour representation      

It time evolves to:        

“Central theorem” 

- Expression contains full information about the  dynamics of the system 

Repulsive c > 0 

contour  accounts 
for strings, bound 
states 

Attractive c < 0,  

denote: 



What to calculate? 

1. Evolution of the density  

2.  Evolution of noise correlation 

 - Time dependent Hanbury Brown - Twiss effect 

•  We shall study: 

 - Can be measured by Time of Flight experiments 

=

Z
dx1..dxN |�0(x1, .., xN , t)|2

X

j

�(x� xj)

- The probability to find the bosons at point     at time    
if at time           they started with wave function   

x t
t = 0 �0(x1, .., xN )

- competition between quantum broadening and attraction 

⇢(x) = b†(x)b(x)

C1(x, t) = h�0, t|b†(x)b(x)|�0, ti

C2(x, y, t) =
h�0, t|⇢(x)⇢(y)|�0, ti

C1(x, t)C1(y, t)
� 1



Evolution of  few-body bosonic system: density      

with 

i. Initial condition:  ii. Initial condition:  a � � a ⌧ �

�0(x1, x2) = e�
(x1)2+(x2+a)2

2�21

(⇡�2)
1
4

- Consider an initial state: 

- Compute the evolution of the density            :  

ei
(y1�x1)2

4t +i
(y2�x2)2

4t [1� c
p
⇡it✓(y2 � y1)e

i
8t↵

2(x,y,t)erfc( )]i� 1

4

i↵(x, y, t)p
t

1

4⇡it
�0(y1, y2, t) =

Z

x
�0(x1, x2)

- Its evolution is:  

⇢(0, t)

No interaction effects- small initial overlap, 
then density too low 

Strong interaction effects:  initial overlap   



The Hanbury Brown – Twiss effect 

 - More structure: main peaks, sub peaks 
- Effects of interactions? 

- Two  stars:  a, b                    

- Many bosons 

Free bosons 

Free Fermions 

§  repulsive bosons evolve into fermions 
•  attractive bosons  evolve to a condensate  

 Time dependent Hanbury Brown - Twiss effect 

Measure: 

- Time dependent 

- Hanbury brown-Twiss effect for two bosons 

Bloch et al. 
RMP  ‘08 



Evolution of repulsive bosons into fermions:  HBT 
Density - Density correlation: long time asymptotics - repulsive:  Iyer, NA ‘13 

•   Bosons turn into fermions as time evolves  (for any            )  

•   Can be observed in the noise correlations: (dependence on      only via                   ) 

Fermionic correlations evolve 

•   Fermionic dip develops for any repulsive interaction on time scale set by  

C2(�⇠, ⇠)

⇠ =
x

2t



Evolution of repulsive bosons into fermions:  HBT 

Density - Density correlation:  repulsive       Dwivedi ‘15 

•   Bosons turn into fermions as time evolves  (for any            )  

•   Can be observed in the noise correlations: 

h⇢(x1)⇢(x2)itAs the density correlation                                   evolves in time   
the effective repulsion increases - looks like fermions with the same 
initial conditions (red- interacting bosons, blue - free bosons) 



Evolution of  Bosons into Fermions 
This fermionization also occurs on the lattice (Iyer, NA ’13)  

(Greiner et al ’15) 

HBH = �t

X

j

(b†
j
bj+1 + h.c.) + c

X

j

b
†
j
bj(b

†
j
bj � 1)

In a recent experiment 



Evolution of few-body bosonic system: noise correlations 

3 particles 

5 particles 

10 particles 

 Noise correlations – starting from a lattice 

Fermionic dip as 

Repulsive bosons 

Structure emerges at  

Attractive bosons 

 central peaks increase with time                                              
-  weight in the bound states 
increases 

Blue       - short times  
Violet      -  longer 
Magenta - longest 

2 particles 

3 particles 

peaks diffuse – momenta redistribute 

Blue       - short times  
Violet      - longer 
Magenta - longest 



Evolution of few-body bosonic system: noise correlation 

Noise correlations   –   starting from a condensate: 

Repulsive bosons Attractive bosons 

Two (blue) and three  bosons,   Three bosons, at times:    tc2 = 20; 40; 60



Emergence of an asymptotic Hamiltonian 
Long time asymptotics - repulsive: 

•   Bosons turn into fermions as time evolves  (for any            )  

- In the long time limit repulsive bosons for any              propagate under the 
influence of  Tonks – Girardeau  Hamiltonian (hard core bosons=free fermions) 

where 

 - Argument valid  for any initial state   

antisymmetrizer 

•   Scaling argument fails for attractive bosons (instead, they form bound states) 

- The state equilibrates, does not thermalize 



Evolution of a bosonic system: saddle point app 

Long time asymptotics -                                                                   
Stationary phase approx at large times (carry out     - integration) 

§  Repulsive – only stationary phase contributions (on real line); 

§  Attractive – contributions from stationary phases and poles.    

 e. g  for two particles: 
 Pole contributions from deformation of contours – formation of bound states 

 - repulsive correlations depend on              only  (light cone propagation) 
- attractive correlations maintain also    dependence (bd. states provide scales)  

(cf. Lamacraft 2011) 

Bound states (string solutions) appear naturally 



Evolution of a few-body bosonic system 

•  Conclusion:  coupling constant “effectively evolves”  with time  

(Free fermions) (Condensed bosons) 

perturbations 
e.g. non-local interaction 

fast bosons 
escaping,   

Sij ! �1Sij ! 1
bound state bosons 
dominate 

•  What is beyond             ? Thermalization 

•  Fermionization also occurs on the lattice: Bose 
Hubbard  model (not integrable) 

(Iyer, NA ‘13) 

a. repulsive bosons,          
fast bosons escaping,   Sij ! 1b. attractive bosons, 

bound state bosons, 

Sij =
ki � kj + ic

ki � kj � ic
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Sij ! �1
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•  The underlying mechanism:  the S-matrix 



Evolution of many-body system:  the thermodynamic regime 

Finite size Yudson representation: 

c > o

|�0i =
P1

n1=�1 ...
P1

nN=�1 N ({kn})�1 |kn1 ....knN i (kn1 ...knN | |�0i .

N,L ! 1, n = N/L fixed, t ⌧ L/vtypThermodynamic regime - 

(Goldstein, NA ’13) 

Can be expressed in terms of eigenstates  (a generalization of Yudson ‘85) 

To carry out time evolution need expand initial state        in eigenstates  |�0i |k1, · · · , kN i

|�0i =
R L/2
�L/2 d

Nx �0 (x1, · · · , xN ) b† (xN ) , · · · , b† (x1) |0i

Claim:  Any initial state - 

Overcomes the difficulty of calculating overlaps 



        Time evolution of an observable 

G (⇥, t;x1, x2, ....xN ; y1, ...yN ) =
=

P
n1,...nN

1
N(kn1 ....knN )

h0| b (y1) ...b (yN ) |kn1 ..knN )⇥
⇥hkn1 ...knN |⇥ |qn1 , ..qnN i ⇥

P
n1,..nN

1
N(qn1 ...qnN )

⇥

⇥ (qn1 , ....qnN | b† (x1) ...b† (xN ) |0i
Q

i e
i(k2

ni
�q2ni

)t

- Inserted Yudson representation twice -  overlaps simple plane waves 

- Need matrix elements: hkn1 ....knN |⇥ |qn1 ...qnN i   Korepin, Bogoliubov, 
Izergin, Slavnov, Kitanine.. 

⇥ = e↵Qxy Qxy ⌘
Z y

x
b† (z) b (z) dz

Charge  between  x  and y. 

•   Time evolution of  generating function of  density correlations- 

G(⇥, t;x1...xN ; y1...yN ) = h0|b(y1)..b(yN )( eiHt ⇥ e�iHt )b†(x1)..b
†(xN )|0i
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•  Compute the Green’s function 

h�(t)|⇥|�(t)i
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|�i =
Z

dx1 · · · dxn�(x1 · · ·xn)b
†(x1) · · · b†(xn)|0i
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              Time evolution of an observable  

Consider: Qxy ⌘
Z y

x
b† (z) b (z) dz Charge  between  x  and y. 

-  Expression valid for all times 

 2.  All 
expectation 
values taken 
w.r.t initial state 

1. Up to 

3. Valid for  all 
initial states 

hexp (↵Qxy (t))i = 1 +
R
dXdY F↵,xy (X,Y, t)⇥

⇥
D
b† (Y ) exp

h
i
R Y
X dz⇡b† (z) b (z)

i
b (X)

E
+

+
R
dX1dX2dY1dY2 ⇥ F↵,xy (X1, Y1, t)F↵,xy (X2, Y2, t)⇥

⇥
D
sgn (Y2 � Y1) b† (Y1) b† (Y2) e

i
R Y1
X1

dz⇡b†(z)b(z)⇥

⇥ sgn (X2 �X1) e
i
R Y2
X2

dz⇡b†(z)b(z)b (X1) b (X2)
E
�

� i↵
⇡2c

R
dX1dY1dX2dY2 {F↵,x (X1, Y1, t)G↵,x (X2, Y2, t)�

�F↵,y (X1, Y1, t)G↵,y (X2, Y2, t)} hsgn (y2 � y1)

·sgn (x2 � x1) · b† (y1) b† (y2) ei
R Y1
X1

dz⇡b†(z)b(z)·
·ei

R Y2
X2

dz⇡b†(z)b(z)b (X1) b (X2)
E
�

� i↵
2⇡2c

R
dXdY G↵,X (X,Y, t)

D
b† (Y ) ei

R Y
X dz⇡b†(z)b(z)·

·
R1
�1 dvsgn (x� v) ⇢ (v) sgn (v � Y ) sgn (v �X)

E
+

+ i↵
2⇡2c

R
dXdY G↵,y (X,Y, t)

D
b† (Y ) ei

R Y
X dz⇡b†(z)b(z)·

·
R1
�1 dvsgn (y � v) ⇢ (v) sgn (v � Y ) sgn (v �X)

E
+ ....

G↵,x (X,Y, t) ⌘ exp

✓
i
(Y �X)x

2t

◆
exp

�
�i

�
Y 2 �X2

�
/2t

�

t
F↵,xy (X,Y, t) ⌘ i

e↵ � 1

2⇡

exp
�
� i

4t

�
Y 2 �X2

��

Y �X
⇥


exp

✓
i (Y �X) · x

2t

◆
� exp

✓
i (Y �X) · y

2t

◆�

L,N ! 1, t ⌧ L/vtyp

Matrix elements: Korepin, 
 Bogoliubov, Izegin, Kitanine… 



Time evolution- flow chart  

Initial state translational invariant  
example: Mott insulator 

Equilibrates to local GGE (c >0) 

Initial state not translational invariant 
example: Newton’s cradle, Domain wall 

Equilibrates but not to local GGE (c < 0) 

Universal correlations (if low YY entropy)  

System does not equilibrate: 
 currents, local entropy production 

Goldstein, NA ‘13 



    Evolution to NESS:  Domain wall 

Example: time evolution from a non-trans. invariant initial state (no equilibration) 

with: 

Domain wall:      
strongly breaks  
trans. Invariance 

(G Goldstein, NA ’13) - System evolves to NESS  

x

t

x0

O(x0, t) ! ONESS(x0)
Lieb-Robinson 
bound 

Outside the cone 

Outside the cone 

Crossover regime 

x ⌧ �
p
8t2/�

x �
p

8t2/�

Nonequilibrium steady state (NESS) 
Independent of       ; interaction effects  x, t



    Evolution to NESS:  Domain wall (no thermalization) 

Example: time evolution from a non-trans. invariant initial state (no equilibration) 

with: 

Domain wall:      
strongly breaks  
trans. Invariance 

(G Goldstein, NA ’13) - System evolves to NESS  

x

t

x0

O(x0, t) ! ONESS(x0)
Lieb-Robinson 
bound 

Outside the cone 

Outside the cone 

Crossover regime 

x ⌧ �
p
8t2/�

x �
p

8t2/�

Nonequilibrium steady state (NESS) 
Independent of       ; interaction effects  x, t



            Evolution to  GGE:  trans. invariance, diagonal ensemble   

 GGE  if:  1. Diagonal ensemble 2.  Operator can be expanded 

ii. The diagonal element can be Taylor expanded (~  GETH) 

i. For trans. invariant initial states :                                                     

with 

iii.  Thus: 

with:                                  ,                                    ,                                  ... 

iv. Equivalently: h⇥i = Tr⇢GGE⇥

⇢GGE ⇠ e�
P

n �nIn
with 

Actually need also short 
correlations among In



Time evolution-  interaction quench from a Mott state  
Quenching from a Mott insulator to a Lieb-Liniger Liquid (GGE):        

|�0i =
1Y

j=�1

Z 1

�1
' (x+ jl) b† (x) |0i

' (x) =
e�x2/�

(⇡�/2)1/4

  -  GGE corresponds to a pure state: tr [⇥⇢GGE ] =
D
~k0

���⇥
���~k0

E

L

Z
dk⇢p (k) k

n = In (t = 0) .

⇢p (k) =
�

1
2

⇡
1
2 l

exp

✓
�k2�

2

◆

⇢t (k) =
1

2⇡
+

1

2⇡

Z
dqK (k, q) ⇢p (q)

|~k0i

=
L

l

✓
2

�

◆n
2 n!

2
n
2

�
n
2 !
�

K (k, q) =
2c

c2 + (k � q)2

l �
p
�⇢t (k) ⇠=

1

2⇡

f (k) ⌘ ⇢p (k)

⇢t (k)
⇠=

2
p
⇡�

l
exp

✓
�k2�

2

◆

for 

à The occupation probability 

Example: 

with the eigenstate            given by                         satisfying  (Caux ‘13) : 

with 

t = 0

t ! 1 |�0i ! ⇢GGE

⇢p(k), ⇢t(k)

How to describe? 

with 

hInit=0 = hInit!1- But Final distribution 



Time evolution – interaction quench from a Mott state 

Can compute various correlation functions: 

⌦
b† (0) b† (0) b (0) b (0)

↵ ⇠= 2

Z
dk1
2⇡

Z
dk2
2⇡

f (k1) f (k2)
(k2 � k1)

2

(k2 � k1)
2 + c2

+ .....

=
2

l2
� 2

p
⇡c2�

l2

"
exp

✓
�c2

4

◆
Erfc

 r
�c2

4

!#

⌦
b† (0) b† (0) b† (0) b (0) b (0) b (0)

↵ ⇠= 6
R
dk1dk2dk3f (k1) f (k2) f (k3)

(k2�k1)
2

(k2�k1)
2+c2

(k3�k1)
2

(k3�k1)
2+c2

(k3�k2)
2

(k3�k2)
2+c2

⇠=
1

l2c4�2

⇠=
2

l2
c2� ⌧ 1

c2� � 1

⇠=
6

l3

⇠=
9⇥ 2

9
2

l3c6�3

c2� ⌧ 1

c2� � 1

Strong suppression of  three body decay rates, measurable through 
trap loss or third moment of particle number (Bouchoule‘10) 

Suppression of density correlations, measurable by Time of Flight experiments 

h⇢ (x) ⇢ (0)i ⇠= ⇢2 +
1

4⇡2e2l2
exp

✓
�x2

�

◆
l �

p
�

Gaussian decay of density-density function 

1. 

2. 

3. for 



Newton’s Cradle - simplified  

Kinoshita, T. Wenger, D. S. Weiss, 
Nature (2006) 

 averaged momentum 
distributions 

Poor man’s 
version 



V1 Vn
L

L1 Ln

Initial state:  several moving boxes within a larger container 
– poor man’s version of Weiss’ experiment 

match conservation laws:  GGE for the average - 

Newton’s Cradle 

  System does not equilibrate, but  long time average  is a diagonal ensemble 

h⇥iT ⌘ 1

T

Z
T

0
dth |eiHt⇥e�iHt| i =

1

T

X

�

X



ei(E��E)T � 1

i (E� � E)
h | �i h�|⇥ |i h |  i

⇠=
X

�

h | �i h�|⇥ |�i h� |  i

 Solution for final quasi-particle density 

L

Z
dk⇢fp (k) k

2n =
X

Li

Z
⇢ip (k)

✓
k +

1

2
Vi

◆2n

⇢fp (k) =
X Li

2L

✓
⇢ip

✓
k +

1

2
Vi

◆
+ ⇢ip

✓
k � 1

2
Vi

◆◆

LL in a box (Gaudin) 

All even charges are conserved {I2n}



 Newton’s Cradle in a box 

Two boxes of length   each containing     bosons 
in a given initial state      moving towards each 
other at speed      

l

V

N
⇢i

- The velocity distribution (measurable): P (v, t) =

Z
dxe�i v

2 x
⌦
b† (x) b (0)

↵
t

Initial state: 

⇢igs (k) = ✓ (�kF , kF )
1

2⇡

✓
1 +

2kF
⇡c

◆
+ o(

kF
c
)....

⇢iBEC (x) =
⌧ d
d⌧ a (x, ⌧)

1 + a (x, ⌧)

a (x, ⌧) =
2⇡⌧

x sinh (2⇡x)
J1�2ix

�
4
p
⌧
�
J1+2ix

�
4
p
⌧
�

x =
k

c
, ⌧ =

n

c Caux  et al ‘12 

Korepin, Izergin ‘87 

1.

2.

! (k) = exp

✓
� 1

2⇡

Z
dqK (k, q) f (q)

◆
K (k, q) =

2c

(k � q)2 + c2

f (k) =
⇢p (k)

⇢t (k)
- The field-field correlation given in terms of the occupation probability   

with: 

⌦
b† (x) b (0)

↵
t!1 =

Z
dk

2⇡
f (k) e�ikx! (k) exp

✓
�x

Z
du f (k) pu (k)

◆

2⇡pu (k) = �k � u+ ic

u� k + ic
exp

✓
�
Z

ds f (s)K (u, s) ps (k)

◆
� 1



 Newton’s Cradle in a box 

AL =
l

L

✓
1 +

2kF
⇡c

✓
1� 2l

L

◆◆
FL = 4kFAL

P (v, t) =

Z
dxe�i v

2 x
⌦
b† (x) b (0)

↵
t

⇢i

⇢i - ground state 

- BEC 

P (v) ⇠ AL
exp

�
�FL

⇡c

�

2⇡

X

i,j=±
(�1)j arctanAi,j(v)

P (v) ⇠ nBL
exp

�
�GL

⇡c

�

⇡

✓
HL

H
2
L + 1

4 (v � V KL)
+

HL

H
2
L + 1

4 (v + V KL)

◆

!
!

BL =
l

L

1
1
2⇡ + 2N

⇡cL

CL =
2⇡

4kFAL

�
1 + exp

�
� 2FL

⇡c

��
KL =

✓
1�GL

exp (�2GL/⇡c)

⇡c

◆

GL = 2nBL HL =
GL

2⇡

✓
1 + exp

✓
�2GL

⇡c

◆◆
+ 2n

✓
1�GL

exp (�2GL/⇡c)

⇡c

◆
A±±(v) = CL

✓
(1� FL

exp (�2FL/⇡c)

⇡c
)

✓
±V

2
± kF

◆
+

v

2

◆

(G Goldstein, NA ’15) 

The velocity distribution: 



2. The Heisenberg Chain:  Theory and Experiment 

The XXZ Hamiltonian 

� = 1� = �1 LL

gapped,AFgapped, F critical regimeThe phase diagram 

Quench from initial 
states: 

H = J

X

j

�
x
j �

x
j+1 + �

y
j �

y
j+1 +�(�z

j�
z
j+1 � 1)

Time evolution:  2 flipped spins 

Theory: 

Experiment: 
Munich group ‘13 

| 0i = ✓(n1 > n2 > ...nN )
Y

j

�+
nj
|0i

n1n2 · · ·nM

e. g. 

Recall  GGE fails 



  Eigenstates of the Heisenberg Chain 

|ki =
X

{mj}

S
Y

i<j

[✓(mi �mj) + s(ki, kj)✓(mj �mi)]
Y

j

eikjmj�+
mj

|0i

s(ki, kj) = ei�(ki,kj) = �1 + eiki+ikj � 2�eiki

1 + eiki+ikj � 2�eikj

E = 4J
MX

j=1

(�� cos kj)

Eigenstates of the XXZ  (M flipped spins) 

 k1 !  k2 !

⌃
m1 m2

m1,m2



Time evolution of  the XXZ magnet 

Reparametrize: 
� = � cosµ ! 0 < µ <

⇡

2

eik !
sinh iµ�↵

2

sinh iµ+↵
2

s(k1, k2) !
sinh(↵1�↵2

2 � iµ)

sinh(↵1�↵2
2 + iµ)

E(k) ! E(↵) =
4J sin2 µ

cosh↵� cosµ

�1 < � < 0i. Critical region 

The contour expression of the initial state: 

| 0i =
X

{mj}

Z

�j

Y

j

[
d↵j

2⇡

sinµ

2 sinh ↵j+iµ
2 sinh ↵j�iµ

2

]
Y

j

[
sinh( iµ�↵j

2 )

sinh( iµ+↵j

2 )
]mj�nj

⇥
Y

i<j

[✓(mi �mj) +
sinh(↵i�↵j

2 � iµ)

sinh(↵i�↵j

2 + iµ)
✓(mj �mi)]

Y

j

�+
mj

|0i

| 0i = ✓(n1 > n2 > ...nN )
Y

j

�+
nj
|0i

eik !
sinh iµ�↵

2

sinh iµ+↵
2

� = � cosµ (0 < µ <
⇡

2
)

� ! µ, k ! ↵

Expanded  in terms of eigenstates 



Evolution of  the XXZ magnet 

The contour: 

The time evolved state: 

| (t)i =
X

{mj}

Z

�j

Y

j

[
d↵j

2⇡

sinh�

2 sin ↵j+i�
2 sin ↵j�i�

2

]
Y

i<j

[✓(mi �mj) +
sin(↵i�↵j

2 � i�)

sin(↵i�↵j

2 + i�)
✓(mj �mi)]

⇥
Y

j

[
sin( i��↵j

2 )

sin( i�+↵j

2 )
]mj�nje�iE(↵j)t�+

mj
|0i



Evolution of  the XXZ magnet 

ii.                      Ferromagnetic regime � < �1

� = � cosh� ! � > 0

eik !
sin i��↵

2

sin i�+↵
2

s(k1, k2) !
sin(↵1�↵2

2 � i�)

sin(↵1�↵2
2 + i�)

E(k) ! E(↵) = � 4J sinh2 �

cos↵� cosh�

Reparametrize: 

The contour: 

| (t)i =
X

{mj}

Z

�j

Y

j

[
d↵j

2⇡

sinh�

2 sin ↵j+i�
2 sin ↵j�i�

2

]
Y

i<j

[✓(mi �mj) +
sin(↵i�↵j

2 � i�)

sin(↵i�↵j

2 + i�)
✓(mj �mi)]

⇥
Y

j

[
sin( i��↵j

2 )

sin( i�+↵j

2 )
]mj�nje�iE(↵j)t�+

mj
|0i

The time evolved state 



Evolution of  the XXZ magnet 

Some results   - local magnetization and bound states 

Start from 

Calculate: 
M(n, t) = h (t)|�z

n| (t)i

For different values of  anisotropy  �

| 0i = ��
�1�

�
0 �

�
+1| *i

- Spin currents 

I(n, t) = ih (t)|(�+
n �

�
n+1 � ��

n �
+
n+1)| (t)i

- as the anisotropy increases the weight of the bound states increases 



iλ 

2iλ 

 α1,α2 

0 
π -π 

-iλ 
Reα 

Imα 

 α1,α2 

 α1,α2 

iλ 

2iλ 

0 
π -π 

-iλ 
Reα 

Imα 

 α1,α2 

Contour Shift and Bound States 

b. T. Fukuhara et al, Nature 502, 76 (2013)  

Jt=1.0 ↔ t=74 ms  

 α2*=α1+2iλ  α2*=α1+2iλ 



Observables 

n

n

●  Local Magnetization 

(cf.  Ganahl et al. ’12) 



●  Staggerd Magnetization (Order Parameter) 

n 

� = 1 ! |�| < 1Quench across a QCP 



Evolution of  the XXZ magnet 
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Spin currents - evolution  



The Gaudin-Yang Model 

HGY =
X

�=",#

Z

x
@x 

†
�(x)@x �(x) + c

Z

x
 †

"(x) 
†
#(x) #(x) "(x)
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I(µ, k,↵) =
ic

µ� k↵ + ic/2

Y

n<↵

µ� kn � ic/2

µ� kn + ic/2
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MY

i=1

I(µi, Pk,↵R-1i)✓(↵)✓(x)|x,↵i
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S↵,R(µi � µj) =
µi � µj + ic sgn(↵R-1i � ↵R-1j)

µi � µj � ic
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 labels of  the down spins 
ai =# if i 2 {↵}, ai =" if i 62 {↵}
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•  The Gaudin-Yang Hamiltonian   (Gaudin ‘67  Yang ‘67) 

Describes spin-1/2  fermions/bosons  with short range interactions, e.g.    Li  or    K  6 40 

•  The N-particle eigenstates with M spins down and N-M spins up 

where:                                 

=
X

P2SN ,R2SM

Z

x

X

↵

(�1)P ei(Pk)ixi
Y

i<j

S↵,R(µi � µj)
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|µ, ki =
Z

Fµ,k
a1...aN

(x1...xN ) †
a1
(x1)... 

†
aN

(xN )|0i
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with 

✓(x) = ✓(x1 < . . . < xN )
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takes  the form 



The Gaudin-Yang Model 

Imposing  periodic boundary conditions leads to the BAE: 

eiknL =
MY

j=1

kn � µj + ic/2

kn � µj � ic/2
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Y

j 6=i

µi � µj + ic

µi � µj � ic
=

Y

n

µi � kn + ic/2

µi � kn � ic/2
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Solutions - String Hypothesis:   M. Takahashi 

•<latexit sha1_base64="pENhdvtok26MTSTypXALd4UL/l8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhsw9neoUQ8hNePCji1d/x5t84SfagiQUNRVU33V1BqqQh1/12CmvrG5tbxe3Szu7e/kH58KhpkkwLbIhEJbodcINKxtggSQrbqUYeBQpbweh25reeUBuZxA80TtGP+CCWoRScrNRm3SBTCqlXrrhVdw62SrycVCBHvVf+6vYTkUUYk1DcmI7npuRPuCYpFE5L3cxgysWID7BjacwjNP5kfu+UnVmlz8JE24qJzdXfExMeGTOOAtsZcRqaZW8m/ud1Mgqv/YmM04wwFotFYaYYJWz2POtLjYLU2BIutLS3MjHkmguyEZVsCN7yy6ukeVH13Kp3f1mp3eRxFOEETuEcPLiCGtxBHRogQMEzvMKb8+i8OO/Ox6K14OQzx/AHzucPzmGPzg==</latexit><latexit sha1_base64="pENhdvtok26MTSTypXALd4UL/l8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhsw9neoUQ8hNePCji1d/x5t84SfagiQUNRVU33V1BqqQh1/12CmvrG5tbxe3Szu7e/kH58KhpkkwLbIhEJbodcINKxtggSQrbqUYeBQpbweh25reeUBuZxA80TtGP+CCWoRScrNRm3SBTCqlXrrhVdw62SrycVCBHvVf+6vYTkUUYk1DcmI7npuRPuCYpFE5L3cxgysWID7BjacwjNP5kfu+UnVmlz8JE24qJzdXfExMeGTOOAtsZcRqaZW8m/ud1Mgqv/YmM04wwFotFYaYYJWz2POtLjYLU2BIutLS3MjHkmguyEZVsCN7yy6ukeVH13Kp3f1mp3eRxFOEETuEcPLiCGtxBHRogQMEzvMKb8+i8OO/Ox6K14OQzx/AHzucPzmGPzg==</latexit><latexit sha1_base64="pENhdvtok26MTSTypXALd4UL/l8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhsw9neoUQ8hNePCji1d/x5t84SfagiQUNRVU33V1BqqQh1/12CmvrG5tbxe3Szu7e/kH58KhpkkwLbIhEJbodcINKxtggSQrbqUYeBQpbweh25reeUBuZxA80TtGP+CCWoRScrNRm3SBTCqlXrrhVdw62SrycVCBHvVf+6vYTkUUYk1DcmI7npuRPuCYpFE5L3cxgysWID7BjacwjNP5kfu+UnVmlz8JE24qJzdXfExMeGTOOAtsZcRqaZW8m/ud1Mgqv/YmM04wwFotFYaYYJWz2POtLjYLU2BIutLS3MjHkmguyEZVsCN7yy6ukeVH13Kp3f1mp3eRxFOEETuEcPLiCGtxBHRogQMEzvMKb8+i8OO/Ox6K14OQzx/AHzucPzmGPzg==</latexit><latexit sha1_base64="pENhdvtok26MTSTypXALd4UL/l8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhsw9neoUQ8hNePCji1d/x5t84SfagiQUNRVU33V1BqqQh1/12CmvrG5tbxe3Szu7e/kH58KhpkkwLbIhEJbodcINKxtggSQrbqUYeBQpbweh25reeUBuZxA80TtGP+CCWoRScrNRm3SBTCqlXrrhVdw62SrycVCBHvVf+6vYTkUUYk1DcmI7npuRPuCYpFE5L3cxgysWID7BjacwjNP5kfu+UnVmlz8JE24qJzdXfExMeGTOOAtsZcRqaZW8m/ud1Mgqv/YmM04wwFotFYaYYJWz2POtLjYLU2BIutLS3MjHkmguyEZVsCN7yy6ukeVH13Kp3f1mp3eRxFOEETuEcPLiCGtxBHRogQMEzvMKb8+i8OO/Ox6K14OQzx/AHzucPzmGPzg==</latexit>

•<latexit sha1_base64="pENhdvtok26MTSTypXALd4UL/l8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhsw9neoUQ8hNePCji1d/x5t84SfagiQUNRVU33V1BqqQh1/12CmvrG5tbxe3Szu7e/kH58KhpkkwLbIhEJbodcINKxtggSQrbqUYeBQpbweh25reeUBuZxA80TtGP+CCWoRScrNRm3SBTCqlXrrhVdw62SrycVCBHvVf+6vYTkUUYk1DcmI7npuRPuC YpFE5L3cxgysWID7BjacwjNP5kfu+UnVmlz8JE24qJzdXfExMeGTOOAtsZcRqaZW8m/ud1Mgqv/YmM04wwFotFYaYYJWz2POtLjYLU2BIutLS3MjHkmguyEZVsCN7yy6ukeVH13Kp3f1mp3eRxFOEETuEcPLiCGtxBHRogQMEzvMKb8+i8OO/Ox6K14OQzx/AHzucPzmGPzg==</latexit><latexit sha1_base64="pENhdvtok26MTSTypXALd4UL/l8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhsw9neoUQ8hNePCji1d/x5t84SfagiQUNRVU33V1BqqQh1/12CmvrG5tbxe3Szu7e/kH58KhpkkwLbIhEJbodcINKxtggSQrbqUYeBQpbweh25reeUBuZxA80TtGP+CCWoRScrNRm3SBTCqlXrrhVdw62SrycVCBHvVf+6vYTkUUYk1DcmI7npuRPuC YpFE5L3cxgysWID7BjacwjNP5kfu+UnVmlz8JE24qJzdXfExMeGTOOAtsZcRqaZW8m/ud1Mgqv/YmM04wwFotFYaYYJWz2POtLjYLU2BIutLS3MjHkmguyEZVsCN7yy6ukeVH13Kp3f1mp3eRxFOEETuEcPLiCGtxBHRogQMEzvMKb8+i8OO/Ox6K14OQzx/AHzucPzmGPzg==</latexit><latexit sha1_base64="pENhdvtok26MTSTypXALd4UL/l8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhsw9neoUQ8hNePCji1d/x5t84SfagiQUNRVU33V1BqqQh1/12CmvrG5tbxe3Szu7e/kH58KhpkkwLbIhEJbodcINKxtggSQrbqUYeBQpbweh25reeUBuZxA80TtGP+CCWoRScrNRm3SBTCqlXrrhVdw62SrycVCBHvVf+6vYTkUUYk1DcmI7npuRPuC YpFE5L3cxgysWID7BjacwjNP5kfu+UnVmlz8JE24qJzdXfExMeGTOOAtsZcRqaZW8m/ud1Mgqv/YmM04wwFotFYaYYJWz2POtLjYLU2BIutLS3MjHkmguyEZVsCN7yy6ukeVH13Kp3f1mp3eRxFOEETuEcPLiCGtxBHRogQMEzvMKb8+i8OO/Ox6K14OQzx/AHzucPzmGPzg==</latexit><latexit sha1_base64="pENhdvtok26MTSTypXALd4UL/l8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhsw9neoUQ8hNePCji1d/x5t84SfagiQUNRVU33V1BqqQh1/12CmvrG5tbxe3Szu7e/kH58KhpkkwLbIhEJbodcINKxtggSQrbqUYeBQpbweh25reeUBuZxA80TtGP+CCWoRScrNRm3SBTCqlXrrhVdw62SrycVCBHvVf+6vYTkUUYk1DcmI7npuRPuC YpFE5L3cxgysWID7BjacwjNP5kfu+UnVmlz8JE24qJzdXfExMeGTOOAtsZcRqaZW8m/ud1Mgqv/YmM04wwFotFYaYYJWz2POtLjYLU2BIutLS3MjHkmguyEZVsCN7yy6ukeVH13Kp3f1mp3eRxFOEETuEcPLiCGtxBHRogQMEzvMKb8+i8OO/Ox6K14OQzx/AHzucPzmGPzg==</latexit>

µ = µ̄+ ic(n/2 + 1/2� j) for j = 1, ..., n
<latexit sha1_base64="Kx3HXKthqUfWS5+kN6Bo+EsloT0="></latexit><latexit sha1_base64="Kx3HXKthqUfWS5+kN6Bo+EsloT0="></latexit><latexit sha1_base64="Kx3HXKthqUfWS5+kN6Bo+EsloT0="></latexit><latexit sha1_base64="Kx3HXKthqUfWS5+kN6Bo+EsloT0="></latexit>

c < 0
<latexit sha1_base64="0EJDSmwLlY0beFWxfcHndwm+3Yc=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU8mKoAcPRS8eK9gPaJeSTbNtaJJdkqxQlv4FLx4U8eof8ua/MdvuQVsfDDzem2FmXpgIbizG315pbX1jc6u8XdnZ3ds/qB4etU2caspaNBax7obEMMEVa1luBesmmhEZCtYJJ3e533li2vBYPdppwgJJRopHnBKbS4je4EG1hut4DrRK/ILUoEBzUP3qD2OaSqYsFcSYno8TG2REW04Fm1X6qWEJoRMyYj1HFZHMBNn81hk6c8oQRbF2pSyaq78nMiKNmcrQdUpix2bZy8X/vF5qo+sg4ypJLVN0sShKBbIxyh9HQ64ZtWLqCKGau1sRHRNNqHXxVFwI/vLLq6R9Ufdx3X+4rDVuizjKcAKncA4+XEED7qEJLaAwhmd4hTdPei/eu/exaC15xcwx/IH3+QMKx42R</latexit><latexit sha1_base64="0EJDSmwLlY0beFWxfcHndwm+3Yc=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU8mKoAcPRS8eK9gPaJeSTbNtaJJdkqxQlv4FLx4U8eof8ua/MdvuQVsfDDzem2FmXpgIbizG315pbX1jc6u8XdnZ3ds/qB4etU2caspaNBax7obEMMEVa1luBesmmhEZCtYJJ3e533li2vBYPdppwgJJRopHnBKbS4je4EG1hut4DrRK/ILUoEBzUP3qD2OaSqYsFcSYno8TG2REW04Fm1X6qWEJoRMyYj1HFZHMBNn81hk6c8oQRbF2pSyaq78nMiKNmcrQdUpix2bZy8X/vF5qo+sg4ypJLVN0sShKBbIxyh9HQ64ZtWLqCKGau1sRHRNNqHXxVFwI/vLLq6R9Ufdx3X+4rDVuizjKcAKncA4+XEED7qEJLaAwhmd4hTdPei/eu/exaC15xcwx/IH3+QMKx42R</latexit><latexit sha1_base64="0EJDSmwLlY0beFWxfcHndwm+3Yc=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU8mKoAcPRS8eK9gPaJeSTbNtaJJdkqxQlv4FLx4U8eof8ua/MdvuQVsfDDzem2FmXpgIbizG315pbX1jc6u8XdnZ3ds/qB4etU2caspaNBax7obEMMEVa1luBesmmhEZCtYJJ3e533li2vBYPdppwgJJRopHnBKbS4je4EG1hut4DrRK/ILUoEBzUP3qD2OaSqYsFcSYno8TG2REW04Fm1X6qWEJoRMyYj1HFZHMBNn81hk6c8oQRbF2pSyaq78nMiKNmcrQdUpix2bZy8X/vF5qo+sg4ypJLVN0sShKBbIxyh9HQ64ZtWLqCKGau1sRHRNNqHXxVFwI/vLLq6R9Ufdx3X+4rDVuizjKcAKncA4+XEED7qEJLaAwhmd4hTdPei/eu/exaC15xcwx/IH3+QMKx42R</latexit><latexit sha1_base64="0EJDSmwLlY0beFWxfcHndwm+3Yc=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU8mKoAcPRS8eK9gPaJeSTbNtaJJdkqxQlv4FLx4U8eof8ua/MdvuQVsfDDzem2FmXpgIbizG315pbX1jc6u8XdnZ3ds/qB4etU2caspaNBax7obEMMEVa1luBesmmhEZCtYJJ3e533li2vBYPdppwgJJRopHnBKbS4je4EG1hut4DrRK/ILUoEBzUP3qD2OaSqYsFcSYno8TG2REW04Fm1X6qWEJoRMyYj1HFZHMBNn81hk6c8oQRbF2pSyaq78nMiKNmcrQdUpix2bZy8X/vF5qo+sg4ypJLVN0sShKBbIxyh9HQ64ZtWLqCKGau1sRHRNNqHXxVFwI/vLLq6R9Ufdx3X+4rDVuizjKcAKncA4+XEED7qEJLaAwhmd4hTdPei/eu/exaC15xcwx/IH3+QMKx42R</latexit>

c > 0 :
<latexit sha1_base64="yg5IqSeJezUwKvC4iPaWWqus1xA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoHiQohePFewHtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyaCG4vxt1dYWV1b3yhulra2d3b3yvsHTaNSTVmDKqF0OySGCS5Zw3IrWDvRjMShYK1wdDv1W09MG67kgx0nLIjJQPKIU2Kd1ET0Gl+hXrmCq3gGtEz8nFQgR71X/ur2FU1jJi0VxJiOjxMbZERbTgWblLqpYQmhIzJgHUcliZkJstm1E3TilD6KlHYlLZqpvycyEhszjkPXGRM7NIveVPzP66Q2ugwyLpPUMknni6JUIKvQ9HXU55pRK8aOEKq5uxXRIdGEWhdQyYXgL768TJpnVR9X/fvzSu0mj6MIR3AMp+DDBdTgDurQAAqP8Ayv8OYp78V79z7mrQUvnzmEP/A+fwDiK44B</latexit><latexit sha1_base64="yg5IqSeJezUwKvC4iPaWWqus1xA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoHiQohePFewHtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyaCG4vxt1dYWV1b3yhulra2d3b3yvsHTaNSTVmDKqF0OySGCS5Zw3IrWDvRjMShYK1wdDv1W09MG67kgx0nLIjJQPKIU2Kd1ET0Gl+hXrmCq3gGtEz8nFQgR71X/ur2FU1jJi0VxJiOjxMbZERbTgWblLqpYQmhIzJgHUcliZkJstm1E3TilD6KlHYlLZqpvycyEhszjkPXGRM7NIveVPzP66Q2ugwyLpPUMknni6JUIKvQ9HXU55pRK8aOEKq5uxXRIdGEWhdQyYXgL768TJpnVR9X/fvzSu0mj6MIR3AMp+DDBdTgDurQAAqP8Ayv8OYp78V79z7mrQUvnzmEP/A+fwDiK44B</latexit><latexit sha1_base64="yg5IqSeJezUwKvC4iPaWWqus1xA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoHiQohePFewHtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyaCG4vxt1dYWV1b3yhulra2d3b3yvsHTaNSTVmDKqF0OySGCS5Zw3IrWDvRjMShYK1wdDv1W09MG67kgx0nLIjJQPKIU2Kd1ET0Gl+hXrmCq3gGtEz8nFQgR71X/ur2FU1jJi0VxJiOjxMbZERbTgWblLqpYQmhIzJgHUcliZkJstm1E3TilD6KlHYlLZqpvycyEhszjkPXGRM7NIveVPzP66Q2ugwyLpPUMknni6JUIKvQ9HXU55pRK8aOEKq5uxXRIdGEWhdQyYXgL768TJpnVR9X/fvzSu0mj6MIR3AMp+DDBdTgDurQAAqP8Ayv8OYp78V79z7mrQUvnzmEP/A+fwDiK44B</latexit><latexit sha1_base64="yg5IqSeJezUwKvC4iPaWWqus1xA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoHiQohePFewHtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyaCG4vxt1dYWV1b3yhulra2d3b3yvsHTaNSTVmDKqF0OySGCS5Zw3IrWDvRjMShYK1wdDv1W09MG67kgx0nLIjJQPKIU2Kd1ET0Gl+hXrmCq3gGtEz8nFQgR71X/ur2FU1jJi0VxJiOjxMbZERbTgWblLqpYQmhIzJgHUcliZkJstm1E3TilD6KlHYlLZqpvycyEhszjkPXGRM7NIveVPzP66Q2ugwyLpPUMknni6JUIKvQ9HXU55pRK8aOEKq5uxXRIdGEWhdQyYXgL768TJpnVR9X/fvzSu0mj6MIR3AMp+DDBdTgDurQAAqP8Ayv8OYp78V79z7mrQUvnzmEP/A+fwDiK44B</latexit>

µ-string
<latexit sha1_base64="0kGp0VLmm9ZA8RFMFdkzxGPYIjI=">AAAB/nicbVBNSwMxEM3Wr1q/quLJS7AIXiy7Iuix6MVjBVsL7VKy6Wwbms0uyaxYloJ/xYsHRbz6O7z5b0zbPWjrgxke782QyQsSKQy67rdTWFpeWV0rrpc2Nre2d8q7e00Tp5pDg8cy1q2AGZBCQQMFSmglGlgUSLgPhtcT//4BtBGxusNRAn7E+kqEgjO0Urd8QGknSm1DeMTs1KAWqj/ulitu1Z2CLhIvJxWSo94tf3V6MU8jUMglM6btuQn6GdMouIRxqZMaSBgfsj60LVUsAuNn0/PH9NgqPRrG2pZCOlV/b2QsMmYUBXYyYjgw895E/M9rpxhe+plQSYqg+OyhMJUUYzrJgvaEBo5yZAnjWthbKR8wzTjaxEo2BG/+y4ukeVb13Kp3e16pXeVxFMkhOSInxCMXpEZuSJ00CCcZeSav5M15cl6cd+djNlpw8p198gfO5w9W7JUY</latexit><latexit sha1_base64="0kGp0VLmm9ZA8RFMFdkzxGPYIjI=">AAAB/nicbVBNSwMxEM3Wr1q/quLJS7AIXiy7Iuix6MVjBVsL7VKy6Wwbms0uyaxYloJ/xYsHRbz6O7z5b0zbPWjrgxke782QyQsSKQy67rdTWFpeWV0rrpc2Nre2d8q7e00Tp5pDg8cy1q2AGZBCQQMFSmglGlgUSLgPhtcT//4BtBGxusNRAn7E+kqEgjO0Urd8QGknSm1DeMTs1KAWqj/ulitu1Z2CLhIvJxWSo94tf3V6MU8jUMglM6btuQn6GdMouIRxqZMaSBgfsj60LVUsAuNn0/PH9NgqPRrG2pZCOlV/b2QsMmYUBXYyYjgw895E/M9rpxhe+plQSYqg+OyhMJUUYzrJgvaEBo5yZAnjWthbKR8wzTjaxEo2BG/+y4ukeVb13Kp3e16pXeVxFMkhOSInxCMXpEZuSJ00CCcZeSav5M15cl6cd+djNlpw8p198gfO5w9W7JUY</latexit><latexit sha1_base64="0kGp0VLmm9ZA8RFMFdkzxGPYIjI=">AAAB/nicbVBNSwMxEM3Wr1q/quLJS7AIXiy7Iuix6MVjBVsL7VKy6Wwbms0uyaxYloJ/xYsHRbz6O7z5b0zbPWjrgxke782QyQsSKQy67rdTWFpeWV0rrpc2Nre2d8q7e00Tp5pDg8cy1q2AGZBCQQMFSmglGlgUSLgPhtcT//4BtBGxusNRAn7E+kqEgjO0Urd8QGknSm1DeMTs1KAWqj/ulitu1Z2CLhIvJxWSo94tf3V6MU8jUMglM6btuQn6GdMouIRxqZMaSBgfsj60LVUsAuNn0/PH9NgqPRrG2pZCOlV/b2QsMmYUBXYyYjgw895E/M9rpxhe+plQSYqg+OyhMJUUYzrJgvaEBo5yZAnjWthbKR8wzTjaxEo2BG/+y4ukeVb13Kp3e16pXeVxFMkhOSInxCMXpEZuSJ00CCcZeSav5M15cl6cd+djNlpw8p198gfO5w9W7JUY</latexit><latexit sha1_base64="0kGp0VLmm9ZA8RFMFdkzxGPYIjI=">AAAB/nicbVBNSwMxEM3Wr1q/quLJS7AIXiy7Iuix6MVjBVsL7VKy6Wwbms0uyaxYloJ/xYsHRbz6O7z5b0zbPWjrgxke782QyQsSKQy67rdTWFpeWV0rrpc2Nre2d8q7e00Tp5pDg8cy1q2AGZBCQQMFSmglGlgUSLgPhtcT//4BtBGxusNRAn7E+kqEgjO0Urd8QGknSm1DeMTs1KAWqj/ulitu1Z2CLhIvJxWSo94tf3V6MU8jUMglM6btuQn6GdMouIRxqZMaSBgfsj60LVUsAuNn0/PH9NgqPRrG2pZCOlV/b2QsMmYUBXYyYjgw895E/M9rpxhe+plQSYqg+OyhMJUUYzrJgvaEBo5yZAnjWthbKR8wzTjaxEo2BG/+y4ukeVb13Kp3e16pXeVxFMkhOSInxCMXpEZuSJ00CCcZeSav5M15cl6cd+djNlpw8p198gfO5w9W7JUY</latexit>

•<latexit sha1_base64="pENhdvtok26MTSTypXALd4UL/l8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhsw9neoUQ8hNePCji1d/x5t84SfagiQUNRVU33V1BqqQh1/12CmvrG5tbxe3Szu7e/kH58KhpkkwLbIhEJbodcINKxtggSQrbqUYeBQpbweh25reeUBuZxA80TtGP+CCWoRScrNRm3SBTCqlXrrhVdw62SrycVCBHvVf+6vYTkUUYk1DcmI7npuRPuC YpFE5L3cxgysWID7BjacwjNP5kfu+UnVmlz8JE24qJzdXfExMeGTOOAtsZcRqaZW8m/ud1Mgqv/YmM04wwFotFYaYYJWz2POtLjYLU2BIutLS3MjHkmguyEZVsCN7yy6ukeVH13Kp3f1mp3eRxFOEETuEcPLiCGtxBHRogQMEzvMKb8+i8OO/Ox6K14OQzx/AHzucPzmGPzg==</latexit><latexit sha1_base64="pENhdvtok26MTSTypXALd4UL/l8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhsw9neoUQ8hNePCji1d/x5t84SfagiQUNRVU33V1BqqQh1/12CmvrG5tbxe3Szu7e/kH58KhpkkwLbIhEJbodcINKxtggSQrbqUYeBQpbweh25reeUBuZxA80TtGP+CCWoRScrNRm3SBTCqlXrrhVdw62SrycVCBHvVf+6vYTkUUYk1DcmI7npuRPuC YpFE5L3cxgysWID7BjacwjNP5kfu+UnVmlz8JE24qJzdXfExMeGTOOAtsZcRqaZW8m/ud1Mgqv/YmM04wwFotFYaYYJWz2POtLjYLU2BIutLS3MjHkmguyEZVsCN7yy6ukeVH13Kp3f1mp3eRxFOEETuEcPLiCGtxBHRogQMEzvMKb8+i8OO/Ox6K14OQzx/AHzucPzmGPzg==</latexit><latexit sha1_base64="pENhdvtok26MTSTypXALd4UL/l8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhsw9neoUQ8hNePCji1d/x5t84SfagiQUNRVU33V1BqqQh1/12CmvrG5tbxe3Szu7e/kH58KhpkkwLbIhEJbodcINKxtggSQrbqUYeBQpbweh25reeUBuZxA80TtGP+CCWoRScrNRm3SBTCqlXrrhVdw62SrycVCBHvVf+6vYTkUUYk1DcmI7npuRPuC YpFE5L3cxgysWID7BjacwjNP5kfu+UnVmlz8JE24qJzdXfExMeGTOOAtsZcRqaZW8m/ud1Mgqv/YmM04wwFotFYaYYJWz2POtLjYLU2BIutLS3MjHkmguyEZVsCN7yy6ukeVH13Kp3f1mp3eRxFOEETuEcPLiCGtxBHRogQMEzvMKb8+i8OO/Ox6K14OQzx/AHzucPzmGPzg==</latexit><latexit sha1_base64="pENhdvtok26MTSTypXALd4UL/l8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhsw9neoUQ8hNePCji1d/x5t84SfagiQUNRVU33V1BqqQh1/12CmvrG5tbxe3Szu7e/kH58KhpkkwLbIhEJbodcINKxtggSQrbqUYeBQpbweh25reeUBuZxA80TtGP+CCWoRScrNRm3SBTCqlXrrhVdw62SrycVCBHvVf+6vYTkUUYk1DcmI7npuRPuC YpFE5L3cxgysWID7BjacwjNP5kfu+UnVmlz8JE24qJzdXfExMeGTOOAtsZcRqaZW8m/ud1Mgqv/YmM04wwFotFYaYYJWz2POtLjYLU2BIutLS3MjHkmguyEZVsCN7yy6ukeVH13Kp3f1mp3eRxFOEETuEcPLiCGtxBHRogQMEzvMKb8+i8OO/Ox6K14OQzx/AHzucPzmGPzg==</latexit> Strings as bound states 



Yudson Approach 

•  Identity resolution 

•  Bethe Ansatz state 

•  Yudson State    (                         ) 

•  Equivalent to eigenstate expansion 



The Contour Integral 

§ Infinite system 
§ No need to solve Bethe equation 
§   Normalization simplified  
    
 
 
 
 

§  Includes non-highest weight state 
§ States with finite parameter are highest weight (Braak Andrei 98) 
§ Spin lowering operator  

 

§  Includes string solutions contribution in contour integral 
§  How to obtain the contour? Guess  and prove 



Central  theorem I 

•  Single impurity (one down spin)   c > 0 , explicitly: 

•  Properties of          : 

for large  



Central Theorem II 

- 

- 
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Now  need carry out k-integrals 
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Central Theorem III 

Central Theorem Proved  



Central Theorem IV 

•  Multiple	impurities	with	

•  Central theorem follows 
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Central Theorem V 

•  Attractive Interaction 

•  Central Theorem 
Proven as before 



Bound States I 

•  Extract string solution 

- 

- 
- 

- 

- 

- 



Bound States II 

•  Interpretation as bound states 

•  Complete Basis 



Time Evolution I 
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Time Evolution II 

•  Two particle dynamics 

-  Closed form wave function  (same expression for c>0  and  c<0) 

with 

- Density 

- Normalized noise function 
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Time Evolution III 

	

•  Density Evolution 

Density profile depends weakly on the sign of interaction. This indicates the missing of bound states.  



Noise I 
•  Normalized noise function 
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Noise II 

§ Normalized noise function  
§    

§    

§    

§    



Time Evolution 

•  N-particle dynamics, long time asymptotics 
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<latexit sha1_base64="l9diD02xTOOujAYiw1RbOsh/bvs=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU8jW0NZb0YvHCqYttKFstpt06WYTdjdCCf0NXjwo4tUf5M1/46atoKIPBh7vzTAzL0g5U9pxPqzS2vrG5lZ5u7Kzu7d/UD086qokk4R6JOGJ7AdYUc4E9TTTnPZTSXEccNoLpteF37unUrFE3OlZSv0YR4KFjGBtJE8NowiNqjXHvmw16m4DOrbjNFEdFaTedC9ciIxSoAZW6Iyq78NxQrKYCk04VmqAnFT7OZaaEU7nlWGmaIrJFEd0YKjAMVV+vjh2Ds+MMoZhIk0JDRfq94kcx0rN4sB0xlhP1G+vEP/yBpkOW37ORJppKshyUZhxqBNYfA7HTFKi+cwQTCQzt0IywRITbfKpmBC+PoX/k27dRo6Nbt1a+2oVRxmcgFNwDhBogja4AR3gAQIYeABP4NkS1qP1Yr0uW0vWauYY/ID19gnkfo68</latexit><latexit sha1_base64="l9diD02xTOOujAYiw1RbOsh/bvs=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU8jW0NZb0YvHCqYttKFstpt06WYTdjdCCf0NXjwo4tUf5M1/46atoKIPBh7vzTAzL0g5U9pxPqzS2vrG5lZ5u7Kzu7d/UD086qokk4R6JOGJ7AdYUc4E9TTTnPZTSXEccNoLpteF37unUrFE3OlZSv0YR4KFjGBtJE8NowiNqjXHvmw16m4DOrbjNFEdFaTedC9ciIxSoAZW6Iyq78NxQrKYCk04VmqAnFT7OZaaEU7nlWGmaIrJFEd0YKjAMVV+vjh2Ds+MMoZhIk0JDRfq94kcx0rN4sB0xlhP1G+vEP/yBpkOW37ORJppKshyUZhxqBNYfA7HTFKi+cwQTCQzt0IywRITbfKpmBC+PoX/k27dRo6Nbt1a+2oVRxmcgFNwDhBogja4AR3gAQIYeABP4NkS1qP1Yr0uW0vWauYY/ID19gnkfo68</latexit><latexit sha1_base64="l9diD02xTOOujAYiw1RbOsh/bvs=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU8jW0NZb0YvHCqYttKFstpt06WYTdjdCCf0NXjwo4tUf5M1/46atoKIPBh7vzTAzL0g5U9pxPqzS2vrG5lZ5u7Kzu7d/UD086qokk4R6JOGJ7AdYUc4E9TTTnPZTSXEccNoLpteF37unUrFE3OlZSv0YR4KFjGBtJE8NowiNqjXHvmw16m4DOrbjNFEdFaTedC9ciIxSoAZW6Iyq78NxQrKYCk04VmqAnFT7OZaaEU7nlWGmaIrJFEd0YKjAMVV+vjh2Ds+MMoZhIk0JDRfq94kcx0rN4sB0xlhP1G+vEP/yBpkOW37ORJppKshyUZhxqBNYfA7HTFKi+cwQTCQzt0IywRITbfKpmBC+PoX/k27dRo6Nbt1a+2oVRxmcgFNwDhBogja4AR3gAQIYeABP4NkS1qP1Yr0uW0vWauYY/ID19gnkfo68</latexit><latexit sha1_base64="l9diD02xTOOujAYiw1RbOsh/bvs=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU8jW0NZb0YvHCqYttKFstpt06WYTdjdCCf0NXjwo4tUf5M1/46atoKIPBh7vzTAzL0g5U9pxPqzS2vrG5lZ5u7Kzu7d/UD086qokk4R6JOGJ7AdYUc4E9TTTnPZTSXEccNoLpteF37unUrFE3OlZSv0YR4KFjGBtJE8NowiNqjXHvmw16m4DOrbjNFEdFaTedC9ciIxSoAZW6Iyq78NxQrKYCk04VmqAnFT7OZaaEU7nlWGmaIrJFEd0YKjAMVV+vjh2Ds+MMoZhIk0JDRfq94kcx0rN4sB0xlhP1G+vEP/yBpkOW37ORJppKshyUZhxqBNYfA7HTFKi+cwQTCQzt0IywRITbfKpmBC+PoX/k27dRo6Nbt1a+2oVRxmcgFNwDhBogja4AR3gAQIYeABP4NkS1qP1Yr0uW0vWauYY/ID19gnkfo68</latexit>
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<latexit sha1_base64="e8uOXphtzgOSmWHzG2ZV0f4gpLw="></latexit><latexit sha1_base64="e8uOXphtzgOSmWHzG2ZV0f4gpLw="></latexit><latexit sha1_base64="e8uOXphtzgOSmWHzG2ZV0f4gpLw="></latexit><latexit sha1_base64="e8uOXphtzgOSmWHzG2ZV0f4gpLw="></latexit>



Time Evolution 
•<latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit>

The densities •<latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit>

Asymptotic dynamics for the repulsive case 

Normalized  noise function  

Corrections larger thab Lieb-Liniger gases                              indicating stronger interaction effects O(exp(�|c|a))
<latexit sha1_base64="14pnO7m8MaJgB9SGJu1DJxU8ueU=">AAAB9HicbVBNT8JAEJ36ifiFevTSSEzgIGmNiR6JXryJiXwk0JDtMoUN223d3RIJ8Du8eNAYr/4Yb/4bF+hBwZdM8vLeTGbm+TFnSjvOt7Wyura+sZnZym7v7O7t5w4OaypKJMUqjXgkGz5RyJnAqmaaYyOWSEKfY93v30z9+gClYpF40MMYvZB0BQsYJdpI3l0Bn+LC2ZiOSbHYzuWdkjODvUzclOQhRaWd+2p1IpqEKDTlRKmm68TaGxGpGeU4ybYShTGhfdLFpqGChKi80ezoiX1qlI4dRNKU0PZM/T0xIqFSw9A3nSHRPbXoTcX/vGaigytvxEScaBR0vihIuK0je5qA3WESqeZDQwiVzNxq0x6RhGqTU9aE4C6+vExq5yXXKbn3F/nydRpHBo7hBArgwiWU4RYqUAUKj/AMr/BmDawX6936mLeuWOnMEfyB9fkDULSRIw==</latexit><latexit sha1_base64="14pnO7m8MaJgB9SGJu1DJxU8ueU=">AAAB9HicbVBNT8JAEJ36ifiFevTSSEzgIGmNiR6JXryJiXwk0JDtMoUN223d3RIJ8Du8eNAYr/4Yb/4bF+hBwZdM8vLeTGbm+TFnSjvOt7Wyura+sZnZym7v7O7t5w4OaypKJMUqjXgkGz5RyJnAqmaaYyOWSEKfY93v30z9+gClYpF40MMYvZB0BQsYJdpI3l0Bn+LC2ZiOSbHYzuWdkjODvUzclOQhRaWd+2p1IpqEKDTlRKmm68TaGxGpGeU4ybYShTGhfdLFpqGChKi80ezoiX1qlI4dRNKU0PZM/T0xIqFSw9A3nSHRPbXoTcX/vGaigytvxEScaBR0vihIuK0je5qA3WESqeZDQwiVzNxq0x6RhGqTU9aE4C6+vExq5yXXKbn3F/nydRpHBo7hBArgwiWU4RYqUAUKj/AMr/BmDawX6936mLeuWOnMEfyB9fkDULSRIw==</latexit><latexit sha1_base64="14pnO7m8MaJgB9SGJu1DJxU8ueU=">AAAB9HicbVBNT8JAEJ36ifiFevTSSEzgIGmNiR6JXryJiXwk0JDtMoUN223d3RIJ8Du8eNAYr/4Yb/4bF+hBwZdM8vLeTGbm+TFnSjvOt7Wyura+sZnZym7v7O7t5w4OaypKJMUqjXgkGz5RyJnAqmaaYyOWSEKfY93v30z9+gClYpF40MMYvZB0BQsYJdpI3l0Bn+LC2ZiOSbHYzuWdkjODvUzclOQhRaWd+2p1IpqEKDTlRKmm68TaGxGpGeU4ybYShTGhfdLFpqGChKi80ezoiX1qlI4dRNKU0PZM/T0xIqFSw9A3nSHRPbXoTcX/vGaigytvxEScaBR0vihIuK0je5qA3WESqeZDQwiVzNxq0x6RhGqTU9aE4C6+vExq5yXXKbn3F/nydRpHBo7hBArgwiWU4RYqUAUKj/AMr/BmDawX6936mLeuWOnMEfyB9fkDULSRIw==</latexit><latexit sha1_base64="14pnO7m8MaJgB9SGJu1DJxU8ueU=">AAAB9HicbVBNT8JAEJ36ifiFevTSSEzgIGmNiR6JXryJiXwk0JDtMoUN223d3RIJ8Du8eNAYr/4Yb/4bF+hBwZdM8vLeTGbm+TFnSjvOt7Wyura+sZnZym7v7O7t5w4OaypKJMUqjXgkGz5RyJnAqmaaYyOWSEKfY93v30z9+gClYpF40MMYvZB0BQsYJdpI3l0Bn+LC2ZiOSbHYzuWdkjODvUzclOQhRaWd+2p1IpqEKDTlRKmm68TaGxGpGeU4ybYShTGhfdLFpqGChKi80ezoiX1qlI4dRNKU0PZM/T0xIqFSw9A3nSHRPbXoTcX/vGaigytvxEScaBR0vihIuK0je5qA3WESqeZDQwiVzNxq0x6RhGqTU9aE4C6+vExq5yXXKbn3F/nydRpHBo7hBArgwiWU4RYqUAUKj/AMr/BmDawX6936mLeuWOnMEfyB9fkDULSRIw==</latexit>

•<latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit>

C(z,�z, t = 10)
<latexit sha1_base64="XI4OFBDtsudRp6NBIKE+s1LBohs=">AAAB83icbVDLSgNBEOyNrxhfUY9eFoMQIYZdEfQiBHPxGME8IFnC7GQ2GTI7u8z0CsmS3/DiQRGv/ow3/8bJ46CJBQ1FVTfdXX4suEbH+bYya+sbm1vZ7dzO7t7+Qf7wqKGjRFFWp5GIVMsnmgkuWR05CtaKFSOhL1jTH1anfvOJKc0j+YijmHkh6UsecErQSJ1qcVy6GJfw1nXOu/mCU3ZmsFeJuyAFWKDWzX91ehFNQiaRCqJ123Vi9FKikFPBJrlOollM6JD0WdtQSUKmvXR288Q+M0rPDiJlSqI9U39PpCTUehT6pjMkONDL3lT8z2snGNx4KZdxgkzS+aIgETZG9jQAu8cVoyhGhhCquLnVpgOiCEUTU86E4C6/vEoal2XXKbsPV4XK3SKOLJzAKRTBhWuowD3UoA4UYniGV3izEuvFerc+5q0ZazFzDH9gff4AlBCQEQ==</latexit><latexit sha1_base64="XI4OFBDtsudRp6NBIKE+s1LBohs=">AAAB83icbVDLSgNBEOyNrxhfUY9eFoMQIYZdEfQiBHPxGME8IFnC7GQ2GTI7u8z0CsmS3/DiQRGv/ow3/8bJ46CJBQ1FVTfdXX4suEbH+bYya+sbm1vZ7dzO7t7+Qf7wqKGjRFFWp5GIVMsnmgkuWR05CtaKFSOhL1jTH1anfvOJKc0j+YijmHkh6UsecErQSJ1qcVy6GJfw1nXOu/mCU3ZmsFeJuyAFWKDWzX91ehFNQiaRCqJ123Vi9FKikFPBJrlOollM6JD0WdtQSUKmvXR288Q+M0rPDiJlSqI9U39PpCTUehT6pjMkONDL3lT8z2snGNx4KZdxgkzS+aIgETZG9jQAu8cVoyhGhhCquLnVpgOiCEUTU86E4C6/vEoal2XXKbsPV4XK3SKOLJzAKRTBhWuowD3UoA4UYniGV3izEuvFerc+5q0ZazFzDH9gff4AlBCQEQ==</latexit><latexit sha1_base64="XI4OFBDtsudRp6NBIKE+s1LBohs=">AAAB83icbVDLSgNBEOyNrxhfUY9eFoMQIYZdEfQiBHPxGME8IFnC7GQ2GTI7u8z0CsmS3/DiQRGv/ow3/8bJ46CJBQ1FVTfdXX4suEbH+bYya+sbm1vZ7dzO7t7+Qf7wqKGjRFFWp5GIVMsnmgkuWR05CtaKFSOhL1jTH1anfvOJKc0j+YijmHkh6UsecErQSJ1qcVy6GJfw1nXOu/mCU3ZmsFeJuyAFWKDWzX91ehFNQiaRCqJ123Vi9FKikFPBJrlOollM6JD0WdtQSUKmvXR288Q+M0rPDiJlSqI9U39PpCTUehT6pjMkONDL3lT8z2snGNx4KZdxgkzS+aIgETZG9jQAu8cVoyhGhhCquLnVpgOiCEUTU86E4C6/vEoal2XXKbsPV4XK3SKOLJzAKRTBhWuowD3UoA4UYniGV3izEuvFerc+5q0ZazFzDH9gff4AlBCQEQ==</latexit><latexit sha1_base64="XI4OFBDtsudRp6NBIKE+s1LBohs=">AAAB83icbVDLSgNBEOyNrxhfUY9eFoMQIYZdEfQiBHPxGME8IFnC7GQ2GTI7u8z0CsmS3/DiQRGv/ow3/8bJ46CJBQ1FVTfdXX4suEbH+bYya+sbm1vZ7dzO7t7+Qf7wqKGjRFFWp5GIVMsnmgkuWR05CtaKFSOhL1jTH1anfvOJKc0j+YijmHkh6UsecErQSJ1qcVy6GJfw1nXOu/mCU3ZmsFeJuyAFWKDWzX91ehFNQiaRCqJ123Vi9FKikFPBJrlOollM6JD0WdtQSUKmvXR288Q+M0rPDiJlSqI9U39PpCTUehT6pjMkONDL3lT8z2snGNx4KZdxgkzS+aIgETZG9jQAu8cVoyhGhhCquLnVpgOiCEUTU86E4C6/vEoal2XXKbsPV4XK3SKOLJzAKRTBhWuowD3UoA4UYniGV3izEuvFerc+5q0ZazFzDH9gff4AlBCQEQ==</latexit>
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R(⇠o + ic/2)✓(⇠1 < . . . ⇠N )
<latexit sha1_base64="j9vrS8qVBvI+Pf+0lZgFtaGoxZg="></latexit><latexit sha1_base64="j9vrS8qVBvI+Pf+0lZgFtaGoxZg="></latexit><latexit sha1_base64="j9vrS8qVBvI+Pf+0lZgFtaGoxZg="></latexit><latexit sha1_base64="j9vrS8qVBvI+Pf+0lZgFtaGoxZg="></latexit>

⇠i = yi/t
<latexit sha1_base64="F31mYsf2zUZOS2fTP6KxQ6uP+9Q=">AAAB8nicdVDLSgNBEJz1GeMr6tHLYBA8xdm4JPEgBL14jGAesFnC7GSSDJl9MNMrhiWf4cWDIl79Gm/+jbNJBBUtaCiquunu8mMpNBDyYS0tr6yurec28ptb2zu7hb39lo4SxXiTRTJSHZ9qLkXImyBA8k6sOA18ydv++Crz23dcaRGFtzCJuRfQYSgGglEwktu9Fz1xMemJU+gViqR0XquUnQomJUKqdtnOSLnqnDnYNkqGIlqg0Su8d/sRSwIeApNUa9cmMXgpVSCY5NN8N9E8pmxMh9w1NKQB1146O3mKj43Sx4NImQoBz9TvEykNtJ4EvukMKIz0by8T//LcBAY1LxVhnAAP2XzRIJEYIpz9j/tCcQZyYghlSphbMRtRRRmYlPImhK9P8f+kVS7ZpGTfOMX65SKOHDpER+gE2aiK6ugaNVATMRShB/SEni2wHq0X63XeumQtZg7QD1hvn2EUkVA=</latexit><latexit sha1_base64="F31mYsf2zUZOS2fTP6KxQ6uP+9Q=">AAAB8nicdVDLSgNBEJz1GeMr6tHLYBA8xdm4JPEgBL14jGAesFnC7GSSDJl9MNMrhiWf4cWDIl79Gm/+jbNJBBUtaCiquunu8mMpNBDyYS0tr6yurec28ptb2zu7hb39lo4SxXiTRTJSHZ9qLkXImyBA8k6sOA18ydv++Crz23dcaRGFtzCJuRfQYSgGglEwktu9Fz1xMemJU+gViqR0XquUnQomJUKqdtnOSLnqnDnYNkqGIlqg0Su8d/sRSwIeApNUa9cmMXgpVSCY5NN8N9E8pmxMh9w1NKQB1146O3mKj43Sx4NImQoBz9TvEykNtJ4EvukMKIz0by8T//LcBAY1LxVhnAAP2XzRIJEYIpz9j/tCcQZyYghlSphbMRtRRRmYlPImhK9P8f+kVS7ZpGTfOMX65SKOHDpER+gE2aiK6ugaNVATMRShB/SEni2wHq0X63XeumQtZg7QD1hvn2EUkVA=</latexit><latexit sha1_base64="F31mYsf2zUZOS2fTP6KxQ6uP+9Q=">AAAB8nicdVDLSgNBEJz1GeMr6tHLYBA8xdm4JPEgBL14jGAesFnC7GSSDJl9MNMrhiWf4cWDIl79Gm/+jbNJBBUtaCiquunu8mMpNBDyYS0tr6yurec28ptb2zu7hb39lo4SxXiTRTJSHZ9qLkXImyBA8k6sOA18ydv++Crz23dcaRGFtzCJuRfQYSgGglEwktu9Fz1xMemJU+gViqR0XquUnQomJUKqdtnOSLnqnDnYNkqGIlqg0Su8d/sRSwIeApNUa9cmMXgpVSCY5NN8N9E8pmxMh9w1NKQB1146O3mKj43Sx4NImQoBz9TvEykNtJ4EvukMKIz0by8T//LcBAY1LxVhnAAP2XzRIJEYIpz9j/tCcQZyYghlSphbMRtRRRmYlPImhK9P8f+kVS7ZpGTfOMX65SKOHDpER+gE2aiK6ugaNVATMRShB/SEni2wHq0X63XeumQtZg7QD1hvn2EUkVA=</latexit><latexit sha1_base64="F31mYsf2zUZOS2fTP6KxQ6uP+9Q=">AAAB8nicdVDLSgNBEJz1GeMr6tHLYBA8xdm4JPEgBL14jGAesFnC7GSSDJl9MNMrhiWf4cWDIl79Gm/+jbNJBBUtaCiquunu8mMpNBDyYS0tr6yurec28ptb2zu7hb39lo4SxXiTRTJSHZ9qLkXImyBA8k6sOA18ydv++Crz23dcaRGFtzCJuRfQYSgGglEwktu9Fz1xMemJU+gViqR0XquUnQomJUKqdtnOSLnqnDnYNkqGIlqg0Su8d/sRSwIeApNUa9cmMXgpVSCY5NN8N9E8pmxMh9w1NKQB1146O3mKj43Sx4NImQoBz9TvEykNtJ4EvukMKIz0by8T//LcBAY1LxVhnAAP2XzRIJEYIpz9j/tCcQZyYghlSphbMRtRRRmYlPImhK9P8f+kVS7ZpGTfOMX65SKOHDpER+gE2aiK6ugaNVATMRShB/SEni2wHq0X63XeumQtZg7QD1hvn2EUkVA=</latexit>



Time evolution 
•<latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit>

•<latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit>



Time evolution 

•<latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTV IonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTV IonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTV IonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTV IonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit>

•<latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTV IonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTV IonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTV IonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTV IonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit>
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C(z/t,�z/t, t) =
h⇢"(z/t)⇢#(�z/t)i
h⇢"(z/t)ih⇢#(�z/t)i � 1 = h �⇢"(z/t)�⇢#(�z/t)i

h⇢"(z/t)ih⇢#(�z/t)i
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Time evolution 
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To be continued 

Many questions remain: 

- Study multi impurity problems to see effects of longer strings  

- Study dynamics of condensates to see stronger interaction effects 

-  Quantum Brownian motion 

- Dynamics of bosons systems 

- Dynamics of FFLO  states 

- Beyond the saddle point approximation 



Concluions and Outlook 

Big Questions:  
•  What drives thermalization of pure states?  Canonical typicality,  entanglement entropy  
 (Lebowitz, Tasaki, Short…) 

•  General principles, variational?  F-D theorem out-of-equilibrium? Heating? Entanglement? 

•  What is universal?  RG Classification? 

To do list: 
•   Quench  dynamics in other integrable models:                                                                                   
Anderson Dynamics,  Kondo dynamics, Hubbard Dynamics 

•   Floquet dynamics in Lieb-Liniger model                                  

•   nonequilibrium transport across quantum dots – quench to steady state  
•  Scattering cross sections of an electron off a Kondo system  

Conclusions: 
•  Evolution calculable for all coupling regimes – in thermodynamic regime (or non-therm) 
•  Evolution for all initial states (asymptotic equilibrium or not) 



Central  theorem II 

•  Single impurity (one down spin)   c > 0 , explicitly: 

•  Properties of          : 

for large  

= 2⇡c
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