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  The environment -  Luttinger Liquid 
•  The	Luttinger	Hamiltonian	is	the	low-energy	fixed	point		of	many	1-d		interacting	

gapless	systems:		XXZ	Heisenberg	model,	Hubbard	model,	Lieb-Liniger	model..		

ii.	Short	cut:	linearization	

•  In	1-d	weak	interactions	change	the	nature	of	the	system:				
fermions	disappear	from	spectrum,	collective	excitations	-	bosons	

•  Realized	in	many	experimental	systems:	spin	chains,	carbon	nano-tubes,	
quantum	wires,	Quantum	Hall	edges	
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Local Scattering Center in a Luttinger Liquid 

•  A	local	impurity		
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1-d	coherent	conductor	with	
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QHE	edges		
Wen,	Chang	‘93..	Saleur	and	Safi	‘93	

•  Examples:	

i.	Spin	chain	

ii.	 iv.	iii.	

V (x) = U�(x)

 (x) ⇡  R(x)e
ikF x +  L(x)e

�ikF x



Quantum dot  + Luttinger Liquid   
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Dot	at	the	edge	
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BC	at	the	edge	

Embedded	dot	

•  In	the	wire	the	electrons	are	dissolved	and	
excitations	are	bosonic	density	fluctuations		

•  On	the	dot	the	degrees	of	freedom	are	electronic	

				Interplay	between	tunneling	and	interaction	



Quantum dot + Luttinger Liquid   
Experimental	realization:	Embedded	dot	

G.	Finkelstein	Group		2012			 Maasilta	and	Goldman	1997	

Resonant	tunneling	between	
fractional	quantum	Hall	edges	

Current	work:	

The		Y-	problem		 Spin	impurity	in	a	TI	 Luttinger	Kondo	

RL-Short	carbon	nanotube	



Outline  

-	The	excitation	spectrum	of	the	Luttinger	consists	of	bosons	
Fermions	are		coherent		collective	excitations	

-	Tunneling	to	dot	proceeds	via	fermions:	Competition	–	interactions	vs	tunneling		

-		Requires	a	new	type	of	Bethe	Ansatz,	generalization	of	Yang-Baxter	

-	Derive	the	Bethe	Ansatz	equations	due	to	imposition	of	Periodic	
Boundary	Conditions	

-	Derive	spectrum,	identify	the	ground	state,	the	excitations	

-	Calculate	the	dot	occupation,	the	critical	exponents,		the	
thermodynamics,	the	RG	flow	

Why?	

How?	

bosons	
fermions	



Local scattering in LL: The Kane-Fisher model     
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The	Hamiltonian																																																			consists	of:	
	
-		Luttinger	liquid		in	the	bulk:	left	(-)	and	right	(+)	moving	fermions	coupled	via	density-density		

-		localized	impurity	(low	energy	approx:																																																															,		then															)																											 (x) ⇡  R(x)e
ikF x +  L(x)e

�ikF x U = U 0
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-	Related	to	Boundary	Sine-Gordon	(Zamolodchikov	‘95)		by	bosonization	and	folding		(Saleur		et	al	’97)		



 The RG flow  (Kane and Fisher ‘92)     
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•  	RG	analysis			(weak	coupling)			

The	impurity	coupling	is	relevant			for	repulsive		interaction	in	the	liquid		

•  Does	it	flow	to	strong	coupling,		i.e.	cut	the	wire?			

-	The	strong	coupling	regime	is	described	by	the		Weak	Tunneling	Hamiltonian	

>
U(D)

?	

grows	for	weak	coupling,	but	where	does	it	flow?		
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Tunneling	is	irrelevant	

•  								-		flows	from	weak	to	strong	coupling	HKF

H
bulk,↵ = �i

Z 1

0
dx( †

+,↵@x +,↵ �  
†
�,↵@x �,↵) + 4g

Z 1

0
dx ⇢+,↵(x)⇢�,↵(x) ↵ = r, lwith	

K < 1



 The  Bethe Ansatz - I     
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•  Eigenstate	of	a	single	particle:	

The	S-matrix	relates			
(in)-		to		(out)-		regions	
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•  	Eigenstate	of	two	fermions,	L	and	R,		crossing	away	from	the	impurity:	
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Solve	the	model:																																													by	the	Bethe	Ansatz	
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 The  Bethe Ansatz - II     

For	consistency		need	Yang-Baxter	relation	(braiding)	
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But		it	is	violated..?	
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Write	a	Bethe	Ansatz	wave	function:		

Is	it	an	eigenstate?	



 The  Bethe Ansatz - III     
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-		Choice	of	S-matrix	corresponds	to	choice	of	basis	in	degenerate	subspace.		
It	is	determined	by	consistency.				

	The	Hamiltonian	determines	the	scattering	of	particles	off	the	impurity	and		the	local	scattering	of	L-R	
when	they	cross.		Other	scattering	relations	remain	undetermined:	e.g.		L-R		on	opposite	sides	

±i(@1 � @2) ±i(@1 + @2)
-		When	particles	are	on	opposite	sides	of	impurity	the	Hamiltonian		acts	as:	

or																												depending	if	they	are	of	opposite	or	same	chirality.														
Allows	introduction	of	arbitrary	functions	of																				for	opposite	or	same		chiralities.	
So	we	can	introduce		S-matrices	relating	regions	weighted	by:																																													
for																									or			weighted	by																															for																						.								

x1 ± x2

✓(±(x1 � x2))
�1 = �2 �1 = ��2✓(±(x1 + x2))

A	simpler	example:	The	Kondo	model	
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>	 >	>	
Right	moving	spinful	
electrons	xj ,�j

Localized	
impurity	�0

The	Hamiltonian	determined	the	S-matrix	
for	electron-j	scattering	off	the	impurity	

Sj0 ⇠ 1 + iJ(1 + ~�j · ~�0)

> >



 The  Bethe Ansatz - IV     
-	The	S-matrices	do	not	commute:																																																(it	is	a	quantum	impurity)	Si0Sj0 6= Sj0Si0

	Electrons	away	from	impurity	are	free	so	a	naïve	choice																						leads	to			
violation	of	YBE																																																					.	

Sij = I
SijSi0Sj0 = Sj0Si0Sij

	The		linear	spectrum																																																																											is	infinitely	degenerate.	

-	Claim:	the	free	Hamiltonian																																							has	eigenstates		of	the	form																							

-	The	choice			defines	the	Bethe	basis,	the	correct		basis	to	turn	on	
interaction	from	a	degenerate	level			

levels	split	by	
perturbation	

	Raleigh-Schrodinger	perturbation	theory:	To	perturb	a	degenerate	level		need	
choose	a	basis		isn	the	degenerate	subspace	that	diagonalizes	perturbation		

-	The	Bethe	basis	(unlike	Fock	basis																			)	separates	charge	
and	spin	since		the	Kondo	interaction	is	in	the	spin	channel	only	

h = �i(@x1 + @x2)

e(ik1x1+ik2x2)F (x1 � x2) with																										and																										arbitrary.	E = k1 + k2 F (x1 � x2)

-	Choose	eigenstates:	 e(ik1x1+ik2x2)[✓(x1 � x2) + S ✓(x2 � x1)]A
1, 2
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2
(1 + ~�i · ~�j)where																																									and	then	YBE	is	satisfied.	

Sij = Iij

-	What	did	we	actually	do?			Chose	a	basis	in	a	degenerate	subspace.	
E = k1 + k2 = (k1 + q) + (k2 � q)



 The  Bethe Ansatz - V     
•  The	full	two	fermion	eigenstate:		
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Q-							Labels	8	regions		(												for								particles),		depending	on	the	ordering	of	the	
particles	and	impurity,	and	relative	closeness	to	impurity.						
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2	moves	to	
impurity,	1	
moves	away		
but	1	is	closer	

2	moves	to	
impurity,	1	
moves	away		
but	2	is	closer	

Both	particles	
move	away	
from	impurity,	
2	is	closer	

Both	particles	
move	away	
from	impurity,	
1	is	closer	

1	moves	to	
impurity,	2	
moves	away		
but	1	is	closer	

~A8 = S20 ~A1, ~A3 = S10 ~A2

~A5 = S20 ~A4, ~A6 = S10 ~A7

~A7 = S12 ~A8, ~A4 = S12 ~A3

The	Hamiltonian		determines:													and		 S12 =
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 The  Bethe Ansatz - VI     

We	choose:	 ~A2 = W 12 ~A1, ~A6 = W 12 ~A5 W 12 =

0
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1

CCA .with	

Choice	dictated	by	consistency		requirement:	

S20S12S10W 12 = W 12S10S12S20

Extra	regions	modify	consistency	condition			
from	YBE		to	a		reflection		equation	

	Bethe	Basis:		The	partition	to	extra	regions	is	dictated	by		linear	derivative	and	the	
degeneracies	associated	with	it		require	choice	of		correct	basis	in	the	degenerate	subspace.		



 The  Bethe Ansatz - VII     
Generalization	to	N-particles:	
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where		the	amplitudes									are	related	by:	AQ
~�

,	,	

Sk0SjkSj0W jk = W jkSj0SjkSk0

W jkW jlW kl = W klW jlW jk

W jkSjlSkl = SklSjlW jk

Satisfying	the	YBE	and	reflection	equations	

•  The	eigenstate,	

•  The	energy	eigenvalue,	 E =
X

j

kj



 Periodic boundary conditions and spectrum 

e�ikjLA�1...�N = (Zj)
�0
1...�

0
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Zj = W j�1j ..W 1jS1j ..SjNSj0W jN ..W jj+1

•  			PBC			imply:	

with	transfer	matrix	for	particle	-				:	

-	All								are	equivalent		(no	dimensionful	paramenter	in	Hamiltonian)		Zj

j

•  Diagonalization	of	the	transfer	matrix		Z1

R(u) =

0
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.	-	Introduce	XXZ		R-matrix	

e�⌘ = ei� =
1� ig

1 + ig
with	crossing	parameter	

	To	bring	our	problem	into	the	QIS	form	

R(u ! 0) = W ij R(u ! 1) = Sij

i.	We	need	to	find		R-matrix		such	that:	

ii.	We	need	to	find																	(boundary)	matrices		such	that:	K±(u)

K�(u) ! S10

K+(u) chosen	to	impose	BC																	



 Periodic boundary conditions and spectrum 

-	Introduce	reflection	(or	boundary)	matrices		K±(u) H.	De	Vega	and	A.	Gonzalez	Ruiz	‘93	

c = log
�
(1� U2/4)/U

�K�(u) =

✓
2i cosh (c+ ✓/2) coshu sinh(2u)

sinh(2u) 2i cosh (c+ ✓/2) coshu

◆
.

K+(u) =

✓
2 sinh (�✓) cosh (u+ ⌘) � sinh (2u+ 2⌘)

� sinh (2u+ 2⌘) 2 sinh (�✓) cosh (u+ ⌘)

◆
with:																																																			
and					an	inhomogeneity	parameter			✓

⌅0(u) = CK+(u)R01(u+ ✓/2) . . .R0N (u+ ✓/2)K�(u)R0N (u� ✓/2) . . .R01(u� ✓/2)

-	Introduce		Monodromy	matrix				(similar	to	XXZ	with	two	boundaries)		

C =
��e�⌘

sinh ✓ sinh 3✓
2

0-	auxiliary	space,		and	

-	Define	Transfer	matrix	 t(u) = Tr0 ⌅(u)
[t(u), t(v)] = 0

Transfer	matrix	satisfies:	

Sklyanin	‘88	

K�(u) ! S10 u = ✓/2 ! 1then																										as																																	reproduces		impurity	scattering	
K+(u) can	be	used	to	impose	twisted	boundary	conditions	

Z = lim
✓!1

t(✓/2)-	Claim:	



 Periodic boundary conditions and spectrum 

-	To	diagonalize																																																					use	ODBA	

⇤(✓/2) = �4i�ei�
sinh (✓ � 2i�) cosh (c) cosh2 (✓/2)

sinh (✓ � i�) sinh ✓

NY

j

sinh (✓/2� µj + i�)

sinh (✓/2 + µj � i�)

for					even	N

We	find	-	Eigenvalues:	

with	parameters																																		satisfying			the	BAE:														{µj , j = 1...N}
h
cosh

⇣
i(N + 1)�+ c+ i⇡/2� ✓/2 + 2

PN
j=1 µj

⌘
� 1

i
sinh (2µj � i�) sinh (2µj � 2i�)

2i cosh (µj + c+ ✓/2� i�)2 sinh (µj � ✓ � i�)

=
NY

l=1

sinh (µj + µl � i�) sinh (µj + µl � 2i�)

sinh (µj + ✓/2� i�) sinh (µj � ✓/2� i�)

µj 6= µk, µk + i�	selection	rule:	

Y.	Wang,	W.-L.	Yang,	J.	Cao,	and	K.	Shi	 ‘15	
J.	Cao,	W.-L.	Yang,	K.	Shi,	and	Y.	Wang	‘13	

(off	diagonal	Bethe	Ansatz)	

Unlike	QIS,	ODBA	does	not	require	reference	state	

Z(u) = t(u = ✓/2)



 The BAE     
e�ikL = lim

✓!1
⇤(✓/2)Recall	

-	To	take	the	limit		introduce	two	sets	of	Bethe	parameters:	 {�j , ⌫j}

µj =
�⌫j�N/2 + i�/2� ✓/2 if j >

N

2
.
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2

e�ikL = � 1
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e��j+⌫j+i�

-	We	find	in	the	limit:	

sinhN (⌫j + i�/2) =
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e⌫j�c+i�/2
e2

P
k �k

N/2Y

k

sinh (⌫j � �k) sinh (⌫j � �k + i�)
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P

k(2�k�⌫k)
N/2Y

k

sinh (�j � ⌫k) sinh (�j � ⌫k � i�)

with	the	parameters	satisfying	the	BAE	

Note:	We	embedded	our	problem	in	a	boundary	
problem.	The	limit	restores	the	impurity	nature.			



 The Luttinger limit  (impurity decoupled)     

	Check:	in	the	limit														(i.e.																		)		need	to	reproduce	the	Luttinger	liquid	spectrum	U ! 0

BAE	imply:																												
namely	pairs,	

�j = ⌫j or �j = ⌫j + i�
µj+N/2 = �µj + i� or µj+N/2 = �µj + 2i� µj , j  N/2

	Take						pairs																																															and																		pairs					M µj+N/2 = �µj + i� N/2�M µj+N/2 = �µj + 2i�

,	

	-	The	latter	decouple	in	the	limit	and	we	find:	

e�ikL = eMi�
MY

j=1

sinh (�j � i�/2)

sinh (�j + i�/2)

sinhN (�j � i�/2)

sinhN (�j + i�/2)
= ei(N�2M)�

MY

k 6=j

sinh (�j � �k � i�)

sinh (�j � �k + i�)
.

E =
2⇡

L

NX

k

nk � 2⇡

L

MX

j

Ij �
2M(N �M)

L
�

And	we	obtain	the	Luttinger	spectrum		

nk Ijwith									and								being	the	charge	and	chirality	quantum	numbers	

XXZ-like	equations,		
chirality		analogous	to	spin	
-	but	different	dynamics	

	undetermined	

c ! 1



 The Luttinger limit and the string hypothesis 
•  The									solutions	in	the	Luttinger	limit,																									:	{�j}

-	XXZ	is	a	well	studied	problem:		the		solutions	fall	into	strings	

	For	simplicity	choose																								with				|�| = ⇡/⌫ ⌫ > 2

j = 1, . . . , ⌫ � 1

i.		We	have	positive	parity	j-string		solutions		(centered	around	zero):														

ii.	We	have		negative	parity	strings	centered	around													and	for	our	choice	
only	1-strings	allowed:	

�(j,l) = �j + i(j + 1� 2l)�/2

i⇡/2
�⌫
↵ + i⇡/2.

•  	When	the	impurity	is	coupled,	for	large	but	finite						(i.e.																),	the	
corrections	are	of	order										.		So	assume	the	string	hypothesis,	

c U ⌧ 1
1/N

Im{�(j,l)} = Im{⌫(j,l)} = (2j + 1� l)�/2

Im{�j} = Im{⌫j} = ⇡/2

�� real

Im{�j � ⌫j} = �

Bulk	
excitations	

c ! 1



 Thermodynamics I 
•  Constructing	Free	Energy																																with																																																				

and	Yang-Yang	entropy,																																			
F = E � TS

S =
X

j

Z ⇥
(⇢j + ⇢hj ) log (⇢j + ⇢hj )� ⇢j log (⇢j)� ⇢hj log (⇢

h
j )
⇤

Minimize	w.r.t.	densities	solution	of	the	BAE	to	obtain	the	TBA	eqns:	

log ⌘j(x) = ��j,1
2D

T
arctan e⇡x +G ⇤ log (1 + ⌘j+1(x))(1 + ⌘j�1(x)) + �j,⌫�2G ⇤ log (1 + ⌘�1

⌫ (x))

log ⌘⌫�1(x) = G ⇤ log (1 + ⌘⌫�2(x)) = � log ⌘⌫(x)

With																																										and																																						.	The	density															plays	
		
the	role	of	the	cut-off		since	we	set							

⌘j(x) = ⇢hj (x)/⇢j(x) G(x) =
1

2 cosh⇡x
D =

N

L

kF = 0

•  Scaling	limit:		remove	cut-off	dependence																			D ! 1 RL

D
		Linearized	the	spectrum	-	valid	as	long	as	

Band	
width	

T, p... ⌧ D

kF�kF
D

T
Region	of	validity	

|�| = ⇡/⌫ ⌫ > 2

For	convenience	

E{⇢j} =
X

j

Z
dk ⇢j(k)k



 Thermodynamics II 

•  Scaling	limit:		remove	cut-off	dependence																					without		changing	the	physics						D ! 1

TKF = De⇡c/�

'j(x) =
1

T
log

�
⌘j(x+

1

⇡
log

T

D
)
�

Define:	

•  The	universal	form	of	the	TBA:	

�2D

T
arctan exp⇡(x+

1

⇡
log

T

D
) ' �2e⇡x

'j(x) = ��j,12e
⇡x +G ⇤ log (1 + e'j�1(x))(1 + e'j+1(x)), j < ⌫ � 2

'⌫�2(x) = G ⇤ log(1 + e'⌫�1(x))(1 + e'⌫�3(x))(1 + e�'⌫(x))

'⌫�1(x) = G ⇤ log (1 + e'⌫�2(x)) = �'⌫(x)

•  The	free	energy																																				consists	of:	F = FLL + F i

FLL = E0 � TN

Z
G(x) log (1 + exp'1(x)) The	bulk	contribution	

The	impurity	contribution	F i = �T

Z
dxG(x+

1

⇡
log

T

TKF
) log (1 + e'⌫�1(x))

Approximate	driving	term	

•  A	scale	emerges:	

|�| = ⇡/⌫

⌫ > 2



Thermodynamics – RG and universality     
•  The	dynamically	generated	scale:	

TKF = De⇡c/� = D

✓
U

1� U2/4

◆ ⇡
2 arctan g

RG	flow:	
for	
repulsive	
interaction		

as	 Wire	is	cut	in	IR		
Kane-Fisher	‘92	

RL
•  Two	equivalent		languages:	

D

1.  Universality:		Increase	band	width																											
--	Linearized	the	spectrum,	valid	as	long	as,	

Band	
width	

T, p... ⌧ DTKF

D
T

kF�kF

Region	of	validity	

-	High	and	low	temperature	regimes	defined	w.r.t										,		always		small	compared	to			TKF D
-	Equivalently		send																holding										,	then	all	results	universal.		D ! 1 TKF

2.	Renormalization	Group:		Reduce	band	width	while	adjusting	the	coupling							so	that	
the	the	low	energy	physics	remains	invariant,	i.e.		holding											fixed.	

U
TKF

c = log
�
(1� U2/4)/U

�
Recall:	

U(D) ⇠ (TKF /D)
2 arctan g

⇡ ! 1 D ! 0



 Thermodynamics and RG fixed points 
•  The		impurity	free	energy	-		high	and	low	temperature	behavior	

Need	to	solve	TBA	eqns	for																									corresponding		to																			.																																								x ! ±1

��
j = (j + 1)2 � 1, ��

⌫�1 = ⌫ � 1 = 1/��
⌫

e'j(±1) = �±Denoting:																																					we	find:	

	Free	energy		at	strong	(IR													)	and	weak	(UV															)		coupling	limits	T ! 0 T ! 1

Si
UV � Si

IR =
1

2
log

⌫

⌫ � 1

	Entropy	decreases	as	system	flows	to	IR	 Zamolodchikov,	Affleck	Ludwig,	Saleur		

Flow of U(D) as D ! 0

U(D0)

UV	fixed	
point	

Weak	
coupling	

IR	fixed	
point	

Strong	
coupling	

Si
UV = log ⌫ Si

IR = log(⌫ � 1)

T ! 0T ! 1

Conductance	of	a	LL	wire	
(without	impurity)		GUV

0 = ((⌫ � 1)/⌫)e2/h GIR
0 = 0 The	wire	is	cut		by	impurity	

The	
fixed	
points	

•  	The	fixed	points:	

�+
j = j2 � 1, �+

⌫�1 = ⌫ � 2 = 1/�+
⌫

G(x+
1

⇡
log

T

TKF
)

T ! 0,1

Recall		kernel:	

F i
UV =

T

2
log (⌫), F i

IR =
T

2
log (⌫ � 1)



 Thermodynamics and transport 

	The	corrections	to	the	asymptotic	values					cf.			de	Sa	and	Tsvelik		’95		for		XXZ		

Specific	heat:																																																		,	

Conductance:																																																		

Affleck	and	Ludwig	‘92	

Vanishes	in	IR		K&F	‘92		

G(T ⌧ TKF ) ⇠ (T/TKF )
2

⌫�1

C(T ⌧ TKF ) ⇠ (T/TKF )
2

⌫�1 C(T � TKF ) ⇠ (TKF /T )
2
⌫

-	UV	fixed	point	conductance	G0 = ((⌫ � 1)/⌫)e2/h

Flow of U(D) as D ! 0U(D0)

UV	fixed	
point	

Weak	
coupling	

IR	fixed	
point	

Strong	
coupling	

Now	study	neighborhood	of	fixed	points	

Neighborhood	of	
strong	coupling	

Neighborhood	of	
weak	coupling	

T ⇠ 0T � TKF

-		Same	irrelevant	operator	controls	conductance	

-	Leading	irrelevant	operators	determine	approach	to	fixed	points	

G(T � TKF )�G0 ⇠ (TKF /T )
2
⌫

Approach	to	
fixed	points	



 Excitation Spectrum and Scattering 

Naj(x) + bj(x) = ⇢j(x) + ⇢hj (x) +
⌫X

k

Ajk ⇤ ⇢k(x)

•  Ground	state	configuration-			solution	of		BAE:	

with	no	holes	or	strings		 ⇢h1 (x) = ⇢j(x) = 0, j > 1

•  	Fundamental	excitations-		chiron:		a	hole	at								in	the	distribution		xh

" = 2D arctan e⇡x
h

Sc,i(") = ei�
c,i( 1

⇡ log ("/TKF ))

It	scatters	off	the	impurity,		(S-matrix	obtained	by	studying	1/L	corrections	to	momentum)	

�c,i(x) =

Z
d!

8⇡i!

tanh (!/2)

sinh ((⇡/�� 1)!/2)
ei!xwith	

			chiron-chiron	scattering			

Sc,c("1, "2) = ei�
c,c("1�"2) �c,c(x) =

Z
d!

4⇡i!

sinh ((⇡/�� 2)!/2)ei!x

cosh (!/2) sinh ((⇡/�� 1)!/2)
with	

•  Other	approach:	Bosonization		and	relation	to	Boundary	Sine-Gordon	
Zamolodchikov		’93		Saleur	‘94			

Solitons,	anti-solitons	and	breathers	postulated	with	their		on-shell		S-matrices	

⇢1



 Quantum dot at the edge  – the Bethe Ansatz 

H = HLL +
t

2
(( †

+(0)�  
†
�(0))d+ h.c) + ✏0d

†
d+

U

2
d
†
d

X

�=±
 
†
�(0) �(0)

where	amplitudes	are	related	by:			

S12 =
k1 + k2 � 2✏̄0 � iU

0

2 (k1 � k2)

k1 + k2 � 2✏̄0 + iU
0

2 (k1 � k2)

arctan (U 0/2) = arctan (U/2)� arctan (g) ✏̄0 = ✏0 � �U 0/2

e�ikjL = ei(N�1)� kj � ✏0 � i�

kj � ✏0 + i�

NY

l

kj + kl � 2✏̄0 � iU
0

2 (kj � kl)

kj + kl � 2✏̄0 + iU
0

2 (kj � kl)
.

	Solve		for								
and	fill	from	
cut-off											
upwards,	as	
determined	by	
minimizing	E																

kj

�D

0

�D

with																																														and	

Imposing	periodic	boundary	conditions	leads	to	BAE:		

The	wave	functions	consist	of	parts	with	the	dot	occupied	or	unoccupied,	
the	latter	takes	the	Bethe	Ansatz	form:	 |~ki =

X

Q

Z
AQ✓(~xQ)e

PN
j kjxj

NY

j=1

 †(xj)|0i

S10 =
k1 � ✏0 � i�

k1 � ✏0 + i�

� = t2/2
where	

 �(0) = � +(0)
Boundary	condition	at	the	edge	

For K = 1 we have HLL ! H0 Resonance	level	model,		Filyov	and	Wiegmann	‘81	



 Quantum dot at the edge – the Bethe Ansatz 

kj = Dexj + ✏̄0

e�iDexjL = ei(N�1)�+i✏̄0L
cosh 1

2 (xj � c+ i�)

cosh 1
2 (xj � c� i�)

NY

l

sinh 1
2 (xj � xl � 2i�)

sinh 1
2 (xj � xl + 2i�)

ec = �
�

D

� =
⇡

2

✓
2� 1

K

◆
+ arctan (

U

2
)

It	is	convenient	to	rewrite	in	terms	of	rapidities	

The	BAE	take	the	form	

with	

� = 1/
p

1 + (U 0/2)2

Need	solve	for									compute	the	energy																						and	identify	the	ground	state,	
the	excitations,	compute	the	free	energy	

kj E =
X

j

kj

IR	catastrophe	index	 Recall:	
K > 1/2



 Quantum dot at the edge – the Bethe Ansatz 

The	rapidities		form	strings:	

⇡
⌫ � 1

⌫
< �  ⇡

⌫

⌫ + 1For																																											we	have																																																																with	xl = x+ i(⇡ ��)(n� 1� 2l) 0  n  ⌫
⇡

⌫ + 1
 � <

⇡

⌫For																																											we	have																																																																	with	xl = x+ i⇡ + i�(n� 1� 2l) 0  n  ⌫

Claim:		For																									the	ground	state	consists	of	1-strings	� > ⇡/3

For																																							the	ground		state	consists	of	1-	and	2-strings																																																									⇡/3 > � � ⇡/4

And	so	on	



 Quantum dot at the edge – the  occupation 
T=0		properties:			The	dot	occupation			nd = hd†di
-	For																				system	properties	are	universal	as																											while			� > 0 D ! 1
holding																																							fixed.	TK = D

✓
�
�

D

◆ ⇡
2�

-		The	functional	form	of																														depends	on	the	parameter	regime:	nd(
✏̄0
TK

,�)

n<>
d (✏̄0,�) =

1

2
� 1p

⇡

1X

n=0

(�1)n

n!

e
⇡
2� (2n+1)a

2n+ 1

✓
✏̄0
TK

◆2n+1 �(1 + ⇡
2� (2n+ 1))

�(1 + ⇡��
2� (2n+ 1))

n>>
d (✏̄0,�) =

1

2
p
⇡

1X

n=1

(�1)n+1

n!
e�na �( 12 + �

⇡ n)

�(1� ⇡��
⇡ n)

✓
TK

✏̄0

◆ 2�
⇡ n

✏̄0/TK TK/✏̄0

Universal	flow	to	
strong	coupling	

Nonuniversal	flow	
to	weak	coupling	

� = ⇡/3

� = 3⇡/4
� = ⇡/2

red	
black	
blue	

� > ⇡/3

We	
consider	

K = 2

K = 1/2

K = 3/4



 Quantum dot at the edge  – the RG flow 

The	RG	flow		for																		is	universal,	from	weak	to	strong	coupling	� > 0

WC SC> > †(0)d

dim = 2dim = 1� 2�/⇡

					Dot		
delocalized	

		Dot	
localized	

�(D) D ! 1Flow	of													as		

Neighborhood	of	Neighborhood	of	

✏̄0 � TK ✏̄0 ⌧ TK

Similar	picture	at	T>0		:		Compute	free		energy				F = T f(T/TK , ✏̄0/TK)

S : log 2 ! 0-	The	entropy	flow		as	a	function	of	the	temperature	

with	

-		Fixed	point:	Fermi		liquid	like			

Cv ⇠ T/TK

Identify	impurity	spin	and	dot	occupation		-																															.		
-	Screened	Kondo	spin	corresponds	to	a	fully	hybridized	dot	with		occupation,																				.		
-	Unscreened	spin	corresponds	to	decoupled		dot:		either	full	or	empty,																				.		
-	The	role	of	an	external	magnetic	field	in	the	Kondo	model	is	played	by	the	dot	energy	

Sz = nd � 1/2
nd = 1/2

nd = 0, 1
✏̄0

Tµ,⌫
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Side coupled and embedded Quantum Dot 

The	dot	can	be	coupled	in	various	ways:	

The	Hamiltonians:	

+
t

2
( †

+(0) +  †
�(0))d+ h.c

<latexit sha1_base64="NST1ymHLh5JBbrVZeXIDLeeUvYQ="></latexit><latexit sha1_base64="NST1ymHLh5JBbrVZeXIDLeeUvYQ="></latexit><latexit sha1_base64="NST1ymHLh5JBbrVZeXIDLeeUvYQ="></latexit><latexit sha1_base64="NST1ymHLh5JBbrVZeXIDLeeUvYQ="></latexit>

+✏0d
†d

<latexit sha1_base64="J822B1nVat/K158ICyrTSUB+qFI=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0UQhDKJoa27ohuXFewDmlomk0k7dPJgZiLUUPwVNy4Ucet/uPNvnLQVVPTAhcM593LvPV7CmVQIfRgLi0vLK6uFteL6xubWtrmz25JxKghtkpjHouNhSTmLaFMxxWknERSHHqdtb3SR++1bKiSLo2s1TmgvxIOIBYxgpaW+uX/i0kQyrjnyb1wfD6Bf7JslVD6rVWynAlEZoaplWzmxq86pAy2t5CiBORp98931Y5KGNFKEYym7FkpUL8NCMcLppOimkiaYjPCAdjWNcEhlL5teP4FHWvFhEAtdkYJT9ftEhkMpx6GnO0OshvK3l4t/ed1UBbVexqIkVTQis0VByqGKYR4F9JmgRPGxJpgIpm+FZIgFJkoHlofw9Sn8n7TssoXK1pVTqp/P4yiAA3AIjoEFqqAOLkEDNAEBd+ABPIFn4954NF6M11nrgjGf2QM/YLx9AoVAlJ0=</latexit><latexit sha1_base64="J822B1nVat/K158ICyrTSUB+qFI=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0UQhDKJoa27ohuXFewDmlomk0k7dPJgZiLUUPwVNy4Ucet/uPNvnLQVVPTAhcM593LvPV7CmVQIfRgLi0vLK6uFteL6xubWtrmz25JxKghtkpjHouNhSTmLaFMxxWknERSHHqdtb3SR++1bKiSLo2s1TmgvxIOIBYxgpaW+uX/i0kQyrjnyb1wfD6Bf7JslVD6rVWynAlEZoaplWzmxq86pAy2t5CiBORp98931Y5KGNFKEYym7FkpUL8NCMcLppOimkiaYjPCAdjWNcEhlL5teP4FHWvFhEAtdkYJT9ftEhkMpx6GnO0OshvK3l4t/ed1UBbVexqIkVTQis0VByqGKYR4F9JmgRPGxJpgIpm+FZIgFJkoHlofw9Sn8n7TssoXK1pVTqp/P4yiAA3AIjoEFqqAOLkEDNAEBd+ABPIFn4954NF6M11nrgjGf2QM/YLx9AoVAlJ0=</latexit><latexit sha1_base64="J822B1nVat/K158ICyrTSUB+qFI=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0UQhDKJoa27ohuXFewDmlomk0k7dPJgZiLUUPwVNy4Ucet/uPNvnLQVVPTAhcM593LvPV7CmVQIfRgLi0vLK6uFteL6xubWtrmz25JxKghtkpjHouNhSTmLaFMxxWknERSHHqdtb3SR++1bKiSLo2s1TmgvxIOIBYxgpaW+uX/i0kQyrjnyb1wfD6Bf7JslVD6rVWynAlEZoaplWzmxq86pAy2t5CiBORp98931Y5KGNFKEYym7FkpUL8NCMcLppOimkiaYjPCAdjWNcEhlL5teP4FHWvFhEAtdkYJT9ftEhkMpx6GnO0OshvK3l4t/ed1UBbVexqIkVTQis0VByqGKYR4F9JmgRPGxJpgIpm+FZIgFJkoHlofw9Sn8n7TssoXK1pVTqp/P4yiAA3AIjoEFqqAOLkEDNAEBd+ABPIFn4954NF6M11nrgjGf2QM/YLx9AoVAlJ0=</latexit><latexit sha1_base64="J822B1nVat/K158ICyrTSUB+qFI=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0UQhDKJoa27ohuXFewDmlomk0k7dPJgZiLUUPwVNy4Ucet/uPNvnLQVVPTAhcM593LvPV7CmVQIfRgLi0vLK6uFteL6xubWtrmz25JxKghtkpjHouNhSTmLaFMxxWknERSHHqdtb3SR++1bKiSLo2s1TmgvxIOIBYxgpaW+uX/i0kQyrjnyb1wfD6Bf7JslVD6rVWynAlEZoaplWzmxq86pAy2t5CiBORp98931Y5KGNFKEYym7FkpUL8NCMcLppOimkiaYjPCAdjWNcEhlL5teP4FHWvFhEAtdkYJT9ftEhkMpx6GnO0OshvK3l4t/ed1UBbVexqIkVTQis0VByqGKYR4F9JmgRPGxJpgIpm+FZIgFJkoHlofw9Sn8n7TssoXK1pVTqp/P4yiAA3AIjoEFqqAOLkEDNAEBd+ABPIFn4954NF6M11nrgjGf2QM/YLx9AoVAlJ0=</latexit>
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<latexit sha1_base64="J822B1nVat/K158ICyrTSUB+qFI=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0UQhDKJoa27ohuXFewDmlomk0k7dPJgZiLUUPwVNy4Ucet/uPNvnLQVVPTAhcM593LvPV7CmVQIfRgLi0vLK6uFteL6xubWtrmz25JxKghtkpjHouNhSTmLaFMxxWknERSHHqdtb3SR++1bKiSLo2s1TmgvxIOIBYxgpaW+uX/i0kQyrjnyb1wfD6Bf7JslVD6rVWynAlEZoaplWzmxq86pAy2t5CiBORp98931Y5KGNFKEYym7FkpUL8NCMcLppOimkiaYjPCAdjWNcEhlL5teP4FHWvFhEAtdkYJT9ftEhkMpx6GnO0OshvK3l4t/ed1UBbVexqIkVTQis0VByqGKYR4F9JmgRPGxJpgIpm+FZIgFJkoHlofw9Sn8n7TssoXK1pVTqp/P4yiAA3AIjoEFqqAOLkEDNAEBd+ABPIFn4954NF6M11nrgjGf2QM/YLx9AoVAlJ0=</latexit><latexit sha1_base64="J822B1nVat/K158ICyrTSUB+qFI=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0UQhDKJoa27ohuXFewDmlomk0k7dPJgZiLUUPwVNy4Ucet/uPNvnLQVVPTAhcM593LvPV7CmVQIfRgLi0vLK6uFteL6xubWtrmz25JxKghtkpjHouNhSTmLaFMxxWknERSHHqdtb3SR++1bKiSLo2s1TmgvxIOIBYxgpaW+uX/i0kQyrjnyb1wfD6Bf7JslVD6rVWynAlEZoaplWzmxq86pAy2t5CiBORp98931Y5KGNFKEYym7FkpUL8NCMcLppOimkiaYjPCAdjWNcEhlL5teP4FHWvFhEAtdkYJT9ftEhkMpx6GnO0OshvK3l4t/ed1UBbVexqIkVTQis0VByqGKYR4F9JmgRPGxJpgIpm+FZIgFJkoHlofw9Sn8n7TssoXK1pVTqp/P4yiAA3AIjoEFqqAOLkEDNAEBd+ABPIFn4954NF6M11nrgjGf2QM/YLx9AoVAlJ0=</latexit><latexit sha1_base64="J822B1nVat/K158ICyrTSUB+qFI=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0UQhDKJoa27ohuXFewDmlomk0k7dPJgZiLUUPwVNy4Ucet/uPNvnLQVVPTAhcM593LvPV7CmVQIfRgLi0vLK6uFteL6xubWtrmz25JxKghtkpjHouNhSTmLaFMxxWknERSHHqdtb3SR++1bKiSLo2s1TmgvxIOIBYxgpaW+uX/i0kQyrjnyb1wfD6Bf7JslVD6rVWynAlEZoaplWzmxq86pAy2t5CiBORp98931Y5KGNFKEYym7FkpUL8NCMcLppOimkiaYjPCAdjWNcEhlL5teP4FHWvFhEAtdkYJT9ftEhkMpx6GnO0OshvK3l4t/ed1UBbVexqIkVTQis0VByqGKYR4F9JmgRPGxJpgIpm+FZIgFJkoHlofw9Sn8n7TssoXK1pVTqp/P4yiAA3AIjoEFqqAOLkEDNAEBd+ABPIFn4954NF6M11nrgjGf2QM/YLx9AoVAlJ0=</latexit><latexit sha1_base64="J822B1nVat/K158ICyrTSUB+qFI=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0UQhDKJoa27ohuXFewDmlomk0k7dPJgZiLUUPwVNy4Ucet/uPNvnLQVVPTAhcM593LvPV7CmVQIfRgLi0vLK6uFteL6xubWtrmz25JxKghtkpjHouNhSTmLaFMxxWknERSHHqdtb3SR++1bKiSLo2s1TmgvxIOIBYxgpaW+uX/i0kQyrjnyb1wfD6Bf7JslVD6rVWynAlEZoaplWzmxq86pAy2t5CiBORp98931Y5KGNFKEYym7FkpUL8NCMcLppOimkiaYjPCAdjWNcEhlL5teP4FHWvFhEAtdkYJT9ftEhkMpx6GnO0OshvK3l4t/ed1UBbVexqIkVTQis0VByqGKYR4F9JmgRPGxJpgIpm+FZIgFJkoHlofw9Sn8n7TssoXK1pVTqp/P4yiAA3AIjoEFqqAOLkEDNAEBd+ABPIFn4954NF6M11nrgjGf2QM/YLx9AoVAlJ0=</latexit>

Boundary	conditions	 ±(0) = 0
<latexit sha1_base64="n7QatwiL8mS8aUs041spw9h3nM4=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyxC3ZSMCLoRim5cVrAP6AxDJs20oclMSDJCHfolblwo4tZPceffmLaz0NYDFw7n3Mu990SSM20Q+nZKa+sbm1vl7crO7t5+1T047Og0U4S2ScpT1YuwppwltG2Y4bQnFcUi4rQbjW9nfveRKs3S5MFMJA0EHiYsZgQbK4Vu1ZeahbkvxbSOzq5R6NZQA80BV4lXkBoo0ArdL3+QkkzQxBCOte57SJogx8owwum04meaSkzGeEj7liZYUB3k88On8NQqAxinylZi4Fz9PZFjofVERLZTYDPSy95M/M/rZya+CnKWyMzQhCwWxRmHJoWzFOCAKUoMn1iCiWL2VkhGWGFibFYVG4K3/PIq6Zw3PNTw7i9qzZsijjI4BiegDjxwCZrgDrRAGxCQgWfwCt6cJ+fFeXc+Fq0lp5g5An/gfP4ApMCSZw==</latexit><latexit sha1_base64="n7QatwiL8mS8aUs041spw9h3nM4=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyxC3ZSMCLoRim5cVrAP6AxDJs20oclMSDJCHfolblwo4tZPceffmLaz0NYDFw7n3Mu990SSM20Q+nZKa+sbm1vl7crO7t5+1T047Og0U4S2ScpT1YuwppwltG2Y4bQnFcUi4rQbjW9nfveRKs3S5MFMJA0EHiYsZgQbK4Vu1ZeahbkvxbSOzq5R6NZQA80BV4lXkBoo0ArdL3+QkkzQxBCOte57SJogx8owwum04meaSkzGeEj7liZYUB3k88On8NQqAxinylZi4Fz9PZFjofVERLZTYDPSy95M/M/rZya+CnKWyMzQhCwWxRmHJoWzFOCAKUoMn1iCiWL2VkhGWGFibFYVG4K3/PIq6Zw3PNTw7i9qzZsijjI4BiegDjxwCZrgDrRAGxCQgWfwCt6cJ+fFeXc+Fq0lp5g5An/gfP4ApMCSZw==</latexit><latexit sha1_base64="n7QatwiL8mS8aUs041spw9h3nM4=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyxC3ZSMCLoRim5cVrAP6AxDJs20oclMSDJCHfolblwo4tZPceffmLaz0NYDFw7n3Mu990SSM20Q+nZKa+sbm1vl7crO7t5+1T047Og0U4S2ScpT1YuwppwltG2Y4bQnFcUi4rQbjW9nfveRKs3S5MFMJA0EHiYsZgQbK4Vu1ZeahbkvxbSOzq5R6NZQA80BV4lXkBoo0ArdL3+QkkzQxBCOte57SJogx8owwum04meaSkzGeEj7liZYUB3k88On8NQqAxinylZi4Fz9PZFjofVERLZTYDPSy95M/M/rZya+CnKWyMzQhCwWxRmHJoWzFOCAKUoMn1iCiWL2VkhGWGFibFYVG4K3/PIq6Zw3PNTw7i9qzZsijjI4BiegDjxwCZrgDrRAGxCQgWfwCt6cJ+fFeXc+Fq0lp5g5An/gfP4ApMCSZw==</latexit><latexit sha1_base64="n7QatwiL8mS8aUs041spw9h3nM4=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyxC3ZSMCLoRim5cVrAP6AxDJs20oclMSDJCHfolblwo4tZPceffmLaz0NYDFw7n3Mu990SSM20Q+nZKa+sbm1vl7crO7t5+1T047Og0U4S2ScpT1YuwppwltG2Y4bQnFcUi4rQbjW9nfveRKs3S5MFMJA0EHiYsZgQbK4Vu1ZeahbkvxbSOzq5R6NZQA80BV4lXkBoo0ArdL3+QkkzQxBCOte57SJogx8owwum04meaSkzGeEj7liZYUB3k88On8NQqAxinylZi4Fz9PZFjofVERLZTYDPSy95M/M/rZya+CnKWyMzQhCwWxRmHJoWzFOCAKUoMn1iCiWL2VkhGWGFibFYVG4K3/PIq6Zw3PNTw7i9qzZsijjI4BiegDjxwCZrgDrRAGxCQgWfwCt6cJ+fFeXc+Fq0lp5g5An/gfP4ApMCSZw==</latexit>
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Side coupled quantum Dot 
Concentrate	on	the	side	coupled	Hamiltonian	

N-particle	eigenstate:	

|ki =
X

Q

X

~�

Z
✓(xQ)A

Q
~�

NY

j

ei�jkjxj †
�j
(xj)|0i+

0X

P

0X

~�

Z
✓(xP )B

P
~�

0Y

j

ei�jkjxj †
�j
(xj)d

†|0i
<latexit sha1_base64="o4CXBn8o3vo7vYeqp7eLD+w9yck="></latexit><latexit sha1_base64="o4CXBn8o3vo7vYeqp7eLD+w9yck="></latexit><latexit sha1_base64="o4CXBn8o3vo7vYeqp7eLD+w9yck="></latexit><latexit sha1_base64="o4CXBn8o3vo7vYeqp7eLD+w9yck="></latexit>

2NN !<latexit sha1_base64="lXeN41A3m3qa4AywGeM084GBc5Y=">AAAB7HicdVBNS8NAEN3Ur1q/qh69rBbBU0hiaOut6MVTqWDaQhvLZrtpl242YXcjlNDf4MWDIl79Qd78N27aCir6YODx3gwz84KEUaks68MorKyurW8UN0tb2zu7e+X9g7aMU4GJh2MWi26AJGGUE09RxUg3EQRFASOdYHKV+517IiSN+a2aJsSP0IjTkGKktOQ5d83m8aBcscyLetVxq9AyLatmO3ZOnJp77kJbKzkqYInWoPzeH8Y4jQhXmCEpe7aVKD9DQlHMyKzUTyVJEJ6gEelpylFEpJ/Nj53BU60MYRgLXVzBufp9IkORlNMo0J0RUmP528vFv7xeqsK6n1GepIpwvFgUpgyqGOafwyEVBCs21QRhQfWtEI+RQFjpfEo6hK9P4f+k7Zi2Zdo3bqVxuYyjCI7ACTgDNqiBBrgGLeABDCh4AE/g2eDGo/FivC5aC8Zy5hD8gPH2CR+xjjs=</latexit><latexit sha1_base64="lXeN41A3m3qa4AywGeM084GBc5Y=">AAAB7HicdVBNS8NAEN3Ur1q/qh69rBbBU0hiaOut6MVTqWDaQhvLZrtpl242YXcjlNDf4MWDIl79Qd78N27aCir6YODx3gwz84KEUaks68MorKyurW8UN0tb2zu7e+X9g7aMU4GJh2MWi26AJGGUE09RxUg3EQRFASOdYHKV+517IiSN+a2aJsSP0IjTkGKktOQ5d83m8aBcscyLetVxq9AyLatmO3ZOnJp77kJbKzkqYInWoPzeH8Y4jQhXmCEpe7aVKD9DQlHMyKzUTyVJEJ6gEelpylFEpJ/Nj53BU60MYRgLXVzBufp9IkORlNMo0J0RUmP528vFv7xeqsK6n1GepIpwvFgUpgyqGOafwyEVBCs21QRhQfWtEI+RQFjpfEo6hK9P4f+k7Zi2Zdo3bqVxuYyjCI7ACTgDNqiBBrgGLeABDCh4AE/g2eDGo/FivC5aC8Zy5hD8gPH2CR+xjjs=</latexit><latexit sha1_base64="lXeN41A3m3qa4AywGeM084GBc5Y=">AAAB7HicdVBNS8NAEN3Ur1q/qh69rBbBU0hiaOut6MVTqWDaQhvLZrtpl242YXcjlNDf4MWDIl79Qd78N27aCir6YODx3gwz84KEUaks68MorKyurW8UN0tb2zu7e+X9g7aMU4GJh2MWi26AJGGUE09RxUg3EQRFASOdYHKV+517IiSN+a2aJsSP0IjTkGKktOQ5d83m8aBcscyLetVxq9AyLatmO3ZOnJp77kJbKzkqYInWoPzeH8Y4jQhXmCEpe7aVKD9DQlHMyKzUTyVJEJ6gEelpylFEpJ/Nj53BU60MYRgLXVzBufp9IkORlNMo0J0RUmP528vFv7xeqsK6n1GepIpwvFgUpgyqGOafwyEVBCs21QRhQfWtEI+RQFjpfEo6hK9P4f+k7Zi2Zdo3bqVxuYyjCI7ACTgDNqiBBrgGLeABDCh4AE/g2eDGo/FivC5aC8Zy5hD8gPH2CR+xjjs=</latexit><latexit sha1_base64="lXeN41A3m3qa4AywGeM084GBc5Y=">AAAB7HicdVBNS8NAEN3Ur1q/qh69rBbBU0hiaOut6MVTqWDaQhvLZrtpl242YXcjlNDf4MWDIl79Qd78N27aCir6YODx3gwz84KEUaks68MorKyurW8UN0tb2zu7e+X9g7aMU4GJh2MWi26AJGGUE09RxUg3EQRFASOdYHKV+517IiSN+a2aJsSP0IjTkGKktOQ5d83m8aBcscyLetVxq9AyLatmO3ZOnJp77kJbKzkqYInWoPzeH8Y4jQhXmCEpe7aVKD9DQlHMyKzUTyVJEJ6gEelpylFEpJ/Nj53BU60MYRgLXVzBufp9IkORlNMo0J0RUmP528vFv7xeqsK6n1GepIpwvFgUpgyqGOafwyEVBCs21QRhQfWtEI+RQFjpfEo6hK9P4f+k7Zi2Zdo3bqVxuYyjCI7ACTgDNqiBBrgGLeABDCh4AE/g2eDGo/FivC5aC8Zy5hD8gPH2CR+xjjs=</latexit>
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labels																regions,																				�j = ±
<latexit sha1_base64="zM2JwVa2cJ/xWxIJeHddA/RHcQs=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwFZIY2roQim5cVrAPaEKZTCft2JlJmJkIpfQ33LhQxK0/486/cdJWUNEDFw7n3Mu990Qpo0o7zodVWFldW98obpa2tnd298r7B22VZBKTFk5YIrsRUoRRQVqaaka6qSSIR4x0ovFV7nfuiVQ0Ebd6kpKQo6GgMcVIGykIFB1y1L+7CFLeL1cc+7xe9fwqdGzHqbmemxOv5p/50DVKjgpYotkvvweDBGecCI0ZUqrnOqkOp0hqihmZlYJMkRThMRqSnqECcaLC6fzmGTwxygDGiTQlNJyr3yemiCs14ZHp5EiP1G8vF//yepmO6+GUijTTRODFojhjUCcwDwAOqCRYs4khCEtqboV4hCTC2sRUMiF8fQr/J23Pdh3bvfErjctlHEVwBI7BKXBBDTTANWiCFsAgBQ/gCTxbmfVovVivi9aCtZw5BD9gvX0CVdeR4A==</latexit><latexit sha1_base64="zM2JwVa2cJ/xWxIJeHddA/RHcQs=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwFZIY2roQim5cVrAPaEKZTCft2JlJmJkIpfQ33LhQxK0/486/cdJWUNEDFw7n3Mu990Qpo0o7zodVWFldW98obpa2tnd298r7B22VZBKTFk5YIrsRUoRRQVqaaka6qSSIR4x0ovFV7nfuiVQ0Ebd6kpKQo6GgMcVIGykIFB1y1L+7CFLeL1cc+7xe9fwqdGzHqbmemxOv5p/50DVKjgpYotkvvweDBGecCI0ZUqrnOqkOp0hqihmZlYJMkRThMRqSnqECcaLC6fzmGTwxygDGiTQlNJyr3yemiCs14ZHp5EiP1G8vF//yepmO6+GUijTTRODFojhjUCcwDwAOqCRYs4khCEtqboV4hCTC2sRUMiF8fQr/J23Pdh3bvfErjctlHEVwBI7BKXBBDTTANWiCFsAgBQ/gCTxbmfVovVivi9aCtZw5BD9gvX0CVdeR4A==</latexit><latexit sha1_base64="zM2JwVa2cJ/xWxIJeHddA/RHcQs=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwFZIY2roQim5cVrAPaEKZTCft2JlJmJkIpfQ33LhQxK0/486/cdJWUNEDFw7n3Mu990Qpo0o7zodVWFldW98obpa2tnd298r7B22VZBKTFk5YIrsRUoRRQVqaaka6qSSIR4x0ovFV7nfuiVQ0Ebd6kpKQo6GgMcVIGykIFB1y1L+7CFLeL1cc+7xe9fwqdGzHqbmemxOv5p/50DVKjgpYotkvvweDBGecCI0ZUqrnOqkOp0hqihmZlYJMkRThMRqSnqECcaLC6fzmGTwxygDGiTQlNJyr3yemiCs14ZHp5EiP1G8vF//yepmO6+GUijTTRODFojhjUCcwDwAOqCRYs4khCEtqboV4hCTC2sRUMiF8fQr/J23Pdh3bvfErjctlHEVwBI7BKXBBDTTANWiCFsAgBQ/gCTxbmfVovVivi9aCtZw5BD9gvX0CVdeR4A==</latexit><latexit sha1_base64="zM2JwVa2cJ/xWxIJeHddA/RHcQs=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwFZIY2roQim5cVrAPaEKZTCft2JlJmJkIpfQ33LhQxK0/486/cdJWUNEDFw7n3Mu990Qpo0o7zodVWFldW98obpa2tnd298r7B22VZBKTFk5YIrsRUoRRQVqaaka6qSSIR4x0ovFV7nfuiVQ0Ebd6kpKQo6GgMcVIGykIFB1y1L+7CFLeL1cc+7xe9fwqdGzHqbmemxOv5p/50DVKjgpYotkvvweDBGecCI0ZUqrnOqkOp0hqihmZlYJMkRThMRqSnqECcaLC6fzmGTwxygDGiTQlNJyr3yemiCs14ZHp5EiP1G8vF//yepmO6+GUijTTRODFojhjUCcwDwAOqCRYs4khCEtqboV4hCTC2sRUMiF8fQr/J23Pdh3bvfErjctlHEVwBI7BKXBBDTTANWiCFsAgBQ/gCTxbmfVovVivi9aCtZw5BD9gvX0CVdeR4A==</latexit>

In	the	incoming-outgoing	basis	the	amplitudes		are	related	by	S-matrices:	

Sj0(zj) =

0

@
ezj/2

ezj/2+iec
�iec

ezj/2+iec

�iec

ezj/2+iec
ezj/2

ezj/2+iec

1

A

<latexit sha1_base64="Z41QkVgSsShb1eiWc3euu8WbozM="></latexit><latexit sha1_base64="Z41QkVgSsShb1eiWc3euu8WbozM="></latexit><latexit sha1_base64="Z41QkVgSsShb1eiWc3euu8WbozM="></latexit><latexit sha1_base64="Z41QkVgSsShb1eiWc3euu8WbozM="></latexit>
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CCCCA
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<latexit sha1_base64="eMuoTa1pBV5jNUjq7kRxTA2MtCw="></latexit><latexit sha1_base64="eMuoTa1pBV5jNUjq7kRxTA2MtCw="></latexit><latexit sha1_base64="eMuoTa1pBV5jNUjq7kRxTA2MtCw="></latexit><latexit sha1_base64="eMuoTa1pBV5jNUjq7kRxTA2MtCw="></latexit>

with	

ec = �/D
<latexit sha1_base64="b+mgkK9E6LG2CnNVePswR6arQHY=">AAAB/3icdVDLSgMxFM3UV62vUcGNm2ARXNUZUXQjFBV0WcE+oFPLnTRtQ5OZIckIZezCX3HjQhG3/oY7/8ZMOwUVPRA4nHMv9+T4EWdKO86nlZuZnZtfyC8WlpZXVtfs9Y2aCmNJaJWEPJQNHxTlLKBVzTSnjUhSED6ndX9wnvr1OyoVC4MbPYxoS0AvYF1GQBupbW/RW3LqXYIQsO8J0H0CPLkYte2iUzpyUmCn5ExJpriZUkQZKm37w+uEJBY00ISDUk3XiXQrAakZ4XRU8GJFIyAD6NGmoQEIqlrJOP8I7xqlg7uhNC/QeKx+30hAKDUUvplMI6rfXir+5TVj3T1pJSyIYk0DMjnUjTnWIU7LwB0mKdF8aAgQyUxWTPoggWhTWcGUMP0p/p/UDkquU3KvD4vls6yOPNpGO2gPuegYldEVqqAqIugePaJn9GI9WE/Wq/U2Gc1Z2c4m+gHr/QuZ3pXU</latexit><latexit sha1_base64="b+mgkK9E6LG2CnNVePswR6arQHY=">AAAB/3icdVDLSgMxFM3UV62vUcGNm2ARXNUZUXQjFBV0WcE+oFPLnTRtQ5OZIckIZezCX3HjQhG3/oY7/8ZMOwUVPRA4nHMv9+T4EWdKO86nlZuZnZtfyC8WlpZXVtfs9Y2aCmNJaJWEPJQNHxTlLKBVzTSnjUhSED6ndX9wnvr1OyoVC4MbPYxoS0AvYF1GQBupbW/RW3LqXYIQsO8J0H0CPLkYte2iUzpyUmCn5ExJpriZUkQZKm37w+uEJBY00ISDUk3XiXQrAakZ4XRU8GJFIyAD6NGmoQEIqlrJOP8I7xqlg7uhNC/QeKx+30hAKDUUvplMI6rfXir+5TVj3T1pJSyIYk0DMjnUjTnWIU7LwB0mKdF8aAgQyUxWTPoggWhTWcGUMP0p/p/UDkquU3KvD4vls6yOPNpGO2gPuegYldEVqqAqIugePaJn9GI9WE/Wq/U2Gc1Z2c4m+gHr/QuZ3pXU</latexit><latexit sha1_base64="b+mgkK9E6LG2CnNVePswR6arQHY=">AAAB/3icdVDLSgMxFM3UV62vUcGNm2ARXNUZUXQjFBV0WcE+oFPLnTRtQ5OZIckIZezCX3HjQhG3/oY7/8ZMOwUVPRA4nHMv9+T4EWdKO86nlZuZnZtfyC8WlpZXVtfs9Y2aCmNJaJWEPJQNHxTlLKBVzTSnjUhSED6ndX9wnvr1OyoVC4MbPYxoS0AvYF1GQBupbW/RW3LqXYIQsO8J0H0CPLkYte2iUzpyUmCn5ExJpriZUkQZKm37w+uEJBY00ISDUk3XiXQrAakZ4XRU8GJFIyAD6NGmoQEIqlrJOP8I7xqlg7uhNC/QeKx+30hAKDUUvplMI6rfXir+5TVj3T1pJSyIYk0DMjnUjTnWIU7LwB0mKdF8aAgQyUxWTPoggWhTWcGUMP0p/p/UDkquU3KvD4vls6yOPNpGO2gPuegYldEVqqAqIugePaJn9GI9WE/Wq/U2Gc1Z2c4m+gHr/QuZ3pXU</latexit><latexit sha1_base64="b+mgkK9E6LG2CnNVePswR6arQHY=">AAAB/3icdVDLSgMxFM3UV62vUcGNm2ARXNUZUXQjFBV0WcE+oFPLnTRtQ5OZIckIZezCX3HjQhG3/oY7/8ZMOwUVPRA4nHMv9+T4EWdKO86nlZuZnZtfyC8WlpZXVtfs9Y2aCmNJaJWEPJQNHxTlLKBVzTSnjUhSED6ndX9wnvr1OyoVC4MbPYxoS0AvYF1GQBupbW/RW3LqXYIQsO8J0H0CPLkYte2iUzpyUmCn5ExJpriZUkQZKm37w+uEJBY00ISDUk3XiXQrAakZ4XRU8GJFIyAD6NGmoQEIqlrJOP8I7xqlg7uhNC/QeKx+30hAKDUUvplMI6rfXir+5TVj3T1pJSyIYk0DMjnUjTnWIU7LwB0mKdF8aAgQyUxWTPoggWhTWcGUMP0p/p/UDkquU3KvD4vls6yOPNpGO2gPuegYldEVqqAqIugePaJn9GI9WE/Wq/U2Gc1Z2c4m+gHr/QuZ3pXU</latexit>

kj � ✏0 = Dezj/2
<latexit sha1_base64="DKiNbGHlTewW63OF/WiwkPmMcOY=">AAACDHicdVDLSgMxFM34rPVVdekmWAQ31kxRdCMUdeGygn1AW0smvW3TZh4kGaEO8wFu/BU3LhRx6we482/MtFNQ0QOBk3Pu5d57nEBwpQn5tGZm5+YXFjNL2eWV1bX13MZmVfmhZFBhvvBl3aEKBPegorkWUA8kUNcRUHOG54lfuwWpuO9d61EALZf2PN7ljGojtXP5YXuw34RAcWG+5LTpUt1nVEQXMdxEd+3BQTE2VaRwRBJgUiBTkip2quRRinI799Hs+Cx0wdNMUKUaNgl0K6JScyYgzjZDBQFlQ9qDhqEedUG1ovExMd41Sgd3fWmep/FY/d4RUVepkeuYymRX9dtLxL+8Rqi7J62Ie0GowWOTQd1QYO3jJBnc4RKYFiNDKJPc7IpZn0rKtMkva0KYXor/J9ViwSYF++owXzpL48igbbSD9pCNjlEJXaIyqiCG7tEjekYv1oP1ZL1ab5PSGSvt2UI/YL1/Abr4m2c=</latexit><latexit sha1_base64="DKiNbGHlTewW63OF/WiwkPmMcOY=">AAACDHicdVDLSgMxFM34rPVVdekmWAQ31kxRdCMUdeGygn1AW0smvW3TZh4kGaEO8wFu/BU3LhRx6we482/MtFNQ0QOBk3Pu5d57nEBwpQn5tGZm5+YXFjNL2eWV1bX13MZmVfmhZFBhvvBl3aEKBPegorkWUA8kUNcRUHOG54lfuwWpuO9d61EALZf2PN7ljGojtXP5YXuw34RAcWG+5LTpUt1nVEQXMdxEd+3BQTE2VaRwRBJgUiBTkip2quRRinI799Hs+Cx0wdNMUKUaNgl0K6JScyYgzjZDBQFlQ9qDhqEedUG1ovExMd41Sgd3fWmep/FY/d4RUVepkeuYymRX9dtLxL+8Rqi7J62Ie0GowWOTQd1QYO3jJBnc4RKYFiNDKJPc7IpZn0rKtMkva0KYXor/J9ViwSYF++owXzpL48igbbSD9pCNjlEJXaIyqiCG7tEjekYv1oP1ZL1ab5PSGSvt2UI/YL1/Abr4m2c=</latexit><latexit sha1_base64="DKiNbGHlTewW63OF/WiwkPmMcOY=">AAACDHicdVDLSgMxFM34rPVVdekmWAQ31kxRdCMUdeGygn1AW0smvW3TZh4kGaEO8wFu/BU3LhRx6we482/MtFNQ0QOBk3Pu5d57nEBwpQn5tGZm5+YXFjNL2eWV1bX13MZmVfmhZFBhvvBl3aEKBPegorkWUA8kUNcRUHOG54lfuwWpuO9d61EALZf2PN7ljGojtXP5YXuw34RAcWG+5LTpUt1nVEQXMdxEd+3BQTE2VaRwRBJgUiBTkip2quRRinI799Hs+Cx0wdNMUKUaNgl0K6JScyYgzjZDBQFlQ9qDhqEedUG1ovExMd41Sgd3fWmep/FY/d4RUVepkeuYymRX9dtLxL+8Rqi7J62Ie0GowWOTQd1QYO3jJBnc4RKYFiNDKJPc7IpZn0rKtMkva0KYXor/J9ViwSYF++owXzpL48igbbSD9pCNjlEJXaIyqiCG7tEjekYv1oP1ZL1ab5PSGSvt2UI/YL1/Abr4m2c=</latexit><latexit sha1_base64="DKiNbGHlTewW63OF/WiwkPmMcOY=">AAACDHicdVDLSgMxFM34rPVVdekmWAQ31kxRdCMUdeGygn1AW0smvW3TZh4kGaEO8wFu/BU3LhRx6we482/MtFNQ0QOBk3Pu5d57nEBwpQn5tGZm5+YXFjNL2eWV1bX13MZmVfmhZFBhvvBl3aEKBPegorkWUA8kUNcRUHOG54lfuwWpuO9d61EALZf2PN7ljGojtXP5YXuw34RAcWG+5LTpUt1nVEQXMdxEd+3BQTE2VaRwRBJgUiBTkip2quRRinI799Hs+Cx0wdNMUKUaNgl0K6JScyYgzjZDBQFlQ9qDhqEedUG1ovExMd41Sgd3fWmep/FY/d4RUVepkeuYymRX9dtLxL+8Rqi7J62Ie0GowWOTQd1QYO3jJBnc4RKYFiNDKJPc7IpZn0rKtMkva0KYXor/J9ViwSYF++owXzpL48igbbSD9pCNjlEJXaIyqiCG7tEjekYv1oP1ZL1ab5PSGSvt2UI/YL1/Abr4m2c=</latexit>

and	
� = �2 arctan (g)

<latexit sha1_base64="MTzcXibMwAVVWM2TOnEC/5gWaxc=">AAAB/XicdZDLSgMxFIYz9Vbrbbzs3ASLUBeWTFF0IxTduKxgL9AZSibNtKGZzJBkhDoUX8WNC0Xc+h7ufBsz7RRU9IfAz3fO4Zz8fsyZ0gh9WoWFxaXlleJqaW19Y3PL3t5pqSiRhDZJxCPZ8bGinAna1Exz2oklxaHPadsfXWX19h2VikXiVo9j6oV4IFjACNYG9ew96MZDdnFcc7EkGou0Mjia9Owyqp6iTBBV0dzkxMlJGeRq9OwPtx+RJKRCE46V6joo1l6KpWaE00nJTRSNMRnhAe0aK3BIlZdOr5/AQ0P6MIikeULDKf0+keJQqXHom84Q66H6XcvgX7VuooNzL2UiTjQVZLYoSDjUEcyigH0mKdF8bAwmkplbIRliiYk2gZVMCPOfwv9Nq1Z1UNW5OSnXL/M4imAfHIAKcMAZqINr0ABNQMA9eATP4MV6sJ6sV+tt1lqw8pld8EPW+xcdeJRb</latexit><latexit sha1_base64="MTzcXibMwAVVWM2TOnEC/5gWaxc=">AAAB/XicdZDLSgMxFIYz9Vbrbbzs3ASLUBeWTFF0IxTduKxgL9AZSibNtKGZzJBkhDoUX8WNC0Xc+h7ufBsz7RRU9IfAz3fO4Zz8fsyZ0gh9WoWFxaXlleJqaW19Y3PL3t5pqSiRhDZJxCPZ8bGinAna1Exz2oklxaHPadsfXWX19h2VikXiVo9j6oV4IFjACNYG9ew96MZDdnFcc7EkGou0Mjia9Owyqp6iTBBV0dzkxMlJGeRq9OwPtx+RJKRCE46V6joo1l6KpWaE00nJTRSNMRnhAe0aK3BIlZdOr5/AQ0P6MIikeULDKf0+keJQqXHom84Q66H6XcvgX7VuooNzL2UiTjQVZLYoSDjUEcyigH0mKdF8bAwmkplbIRliiYk2gZVMCPOfwv9Nq1Z1UNW5OSnXL/M4imAfHIAKcMAZqINr0ABNQMA9eATP4MV6sJ6sV+tt1lqw8pld8EPW+xcdeJRb</latexit><latexit sha1_base64="MTzcXibMwAVVWM2TOnEC/5gWaxc=">AAAB/XicdZDLSgMxFIYz9Vbrbbzs3ASLUBeWTFF0IxTduKxgL9AZSibNtKGZzJBkhDoUX8WNC0Xc+h7ufBsz7RRU9IfAz3fO4Zz8fsyZ0gh9WoWFxaXlleJqaW19Y3PL3t5pqSiRhDZJxCPZ8bGinAna1Exz2oklxaHPadsfXWX19h2VikXiVo9j6oV4IFjACNYG9ew96MZDdnFcc7EkGou0Mjia9Owyqp6iTBBV0dzkxMlJGeRq9OwPtx+RJKRCE46V6joo1l6KpWaE00nJTRSNMRnhAe0aK3BIlZdOr5/AQ0P6MIikeULDKf0+keJQqXHom84Q66H6XcvgX7VuooNzL2UiTjQVZLYoSDjUEcyigH0mKdF8bAwmkplbIRliiYk2gZVMCPOfwv9Nq1Z1UNW5OSnXL/M4imAfHIAKcMAZqINr0ABNQMA9eATP4MV6sJ6sV+tt1lqw8pld8EPW+xcdeJRb</latexit><latexit sha1_base64="MTzcXibMwAVVWM2TOnEC/5gWaxc=">AAAB/XicdZDLSgMxFIYz9Vbrbbzs3ASLUBeWTFF0IxTduKxgL9AZSibNtKGZzJBkhDoUX8WNC0Xc+h7ufBsz7RRU9IfAz3fO4Zz8fsyZ0gh9WoWFxaXlleJqaW19Y3PL3t5pqSiRhDZJxCPZ8bGinAna1Exz2oklxaHPadsfXWX19h2VikXiVo9j6oV4IFjACNYG9ew96MZDdnFcc7EkGou0Mjia9Owyqp6iTBBV0dzkxMlJGeRq9OwPtx+RJKRCE46V6joo1l6KpWaE00nJTRSNMRnhAe0aK3BIlZdOr5/AQ0P6MIikeULDKf0+keJQqXHom84Q66H6XcvgX7VuooNzL2UiTjQVZLYoSDjUEcyigH0mKdF8bAwmkplbIRliiYk2gZVMCPOfwv9Nq1Z1UNW5OSnXL/M4imAfHIAKcMAZqINr0ABNQMA9eATP4MV6sJ6sV+tt1lqw8pld8EPW+xcdeJRb</latexit>

Sij = lim
z!1

Rij(z)
<latexit sha1_base64="3N0dyJYSce8ipg/MWQEgICMehTY="></latexit><latexit sha1_base64="3N0dyJYSce8ipg/MWQEgICMehTY="></latexit><latexit sha1_base64="3N0dyJYSce8ipg/MWQEgICMehTY="></latexit><latexit sha1_base64="3N0dyJYSce8ipg/MWQEgICMehTY="></latexit>

W ij = Rij(zj � zi)
<latexit sha1_base64="WEB2B2JgSYpZeBhO4w6kNMiaYNs="></latexit><latexit sha1_base64="WEB2B2JgSYpZeBhO4w6kNMiaYNs="></latexit><latexit sha1_base64="WEB2B2JgSYpZeBhO4w6kNMiaYNs="></latexit><latexit sha1_base64="WEB2B2JgSYpZeBhO4w6kNMiaYNs="></latexit>

K = 1 +
�

⇡
<latexit sha1_base64="ahBAlQSa7c1yKBwqfplF2VweRNA=">AAAB/3icdZBNS8MwGMfT+TbrW1Xw4iU4BEEorSh6EYZeBC8T3AusZaRZuoWlaUlSYdQe/CpePCji1a/hzW9junWgog8k/Pn9n4c8+QcJo1I5zqdRmZtfWFyqLpsrq2vrG9bmVkvGqcCkiWMWi06AJGGUk6aiipFOIgiKAkbaweiy8Nt3REga81s1TogfoQGnIcVIadSzdq7PTffQCwXCmZcMaa5vmsOeVXPsE6co6NjOTJTELUkNlNXoWR9eP8ZpRLjCDEnZdZ1E+RkSimJGctNLJUkQHqEB6WrJUUSkn032z+G+Jn0YxkIfruCEfp/IUCTlOAp0Z4TUUP72CviX101VeOZnlCepIhxPHwpTBlUMizBgnwqCFRtrgbCgeleIh0hnoXRkpg5h9lP4v2gd2a5juzfHtfpFGUcV7II9cABccArq4Ao0QBNgcA8ewTN4MR6MJ+PVeJu2VoxyZhv8KOP9C9WjlVk=</latexit><latexit sha1_base64="ahBAlQSa7c1yKBwqfplF2VweRNA=">AAAB/3icdZBNS8MwGMfT+TbrW1Xw4iU4BEEorSh6EYZeBC8T3AusZaRZuoWlaUlSYdQe/CpePCji1a/hzW9junWgog8k/Pn9n4c8+QcJo1I5zqdRmZtfWFyqLpsrq2vrG9bmVkvGqcCkiWMWi06AJGGUk6aiipFOIgiKAkbaweiy8Nt3REga81s1TogfoQGnIcVIadSzdq7PTffQCwXCmZcMaa5vmsOeVXPsE6co6NjOTJTELUkNlNXoWR9eP8ZpRLjCDEnZdZ1E+RkSimJGctNLJUkQHqEB6WrJUUSkn032z+G+Jn0YxkIfruCEfp/IUCTlOAp0Z4TUUP72CviX101VeOZnlCepIhxPHwpTBlUMizBgnwqCFRtrgbCgeleIh0hnoXRkpg5h9lP4v2gd2a5juzfHtfpFGUcV7II9cABccArq4Ao0QBNgcA8ewTN4MR6MJ+PVeJu2VoxyZhv8KOP9C9WjlVk=</latexit><latexit sha1_base64="ahBAlQSa7c1yKBwqfplF2VweRNA=">AAAB/3icdZBNS8MwGMfT+TbrW1Xw4iU4BEEorSh6EYZeBC8T3AusZaRZuoWlaUlSYdQe/CpePCji1a/hzW9junWgog8k/Pn9n4c8+QcJo1I5zqdRmZtfWFyqLpsrq2vrG9bmVkvGqcCkiWMWi06AJGGUk6aiipFOIgiKAkbaweiy8Nt3REga81s1TogfoQGnIcVIadSzdq7PTffQCwXCmZcMaa5vmsOeVXPsE6co6NjOTJTELUkNlNXoWR9eP8ZpRLjCDEnZdZ1E+RkSimJGctNLJUkQHqEB6WrJUUSkn032z+G+Jn0YxkIfruCEfp/IUCTlOAp0Z4TUUP72CviX101VeOZnlCepIhxPHwpTBlUMizBgnwqCFRtrgbCgeleIh0hnoXRkpg5h9lP4v2gd2a5juzfHtfpFGUcV7II9cABccArq4Ao0QBNgcA8ewTN4MR6MJ+PVeJu2VoxyZhv8KOP9C9WjlVk=</latexit><latexit sha1_base64="ahBAlQSa7c1yKBwqfplF2VweRNA=">AAAB/3icdZBNS8MwGMfT+TbrW1Xw4iU4BEEorSh6EYZeBC8T3AusZaRZuoWlaUlSYdQe/CpePCji1a/hzW9junWgog8k/Pn9n4c8+QcJo1I5zqdRmZtfWFyqLpsrq2vrG9bmVkvGqcCkiWMWi06AJGGUk6aiipFOIgiKAkbaweiy8Nt3REga81s1TogfoQGnIcVIadSzdq7PTffQCwXCmZcMaa5vmsOeVXPsE6co6NjOTJTELUkNlNXoWR9eP8ZpRLjCDEnZdZ1E+RkSimJGctNLJUkQHqEB6WrJUUSkn032z+G+Jn0YxkIfruCEfp/IUCTlOAp0Z4TUUP72CviX101VeOZnlCepIhxPHwpTBlUMizBgnwqCFRtrgbCgeleIh0hnoXRkpg5h9lP4v2gd2a5juzfHtfpFGUcV7II9cABccArq4Ao0QBNgcA8ewTN4MR6MJ+PVeJu2VoxyZhv8KOP9C9WjlVk=</latexit>

side	coupled	

K 2 [0, 2]
<latexit sha1_base64="HqD7TKKNr2emLQRJVTZ9dP8KFIw=">AAAB8nicdZDLSgMxFIbPeK31VnXpJlgEFzJkiqLLohvBTQV7gelQMmmmDc1khiQjlNLHcONCEbc+jTvfxkw7BRX9IfDznXPIOX+YCq4Nxp/O0vLK6tp6aaO8ubW9s1vZ22/pJFOUNWkiEtUJiWaCS9Y03AjWSRUjcShYOxxd5/X2A1OaJ/LejFMWxGQgecQpMRb5t10ukY9PawHqVarYPce5EHbxwhTEK0gVCjV6lY9uP6FZzKShgmjtezg1wYQow6lg03I30ywldEQGzLdWkpjpYDJbeYqOLemjKFH2SYNm9PvEhMRaj+PQdsbEDPXvWg7/qvmZiS6DCZdpZpik84+iTCCToPx+1OeKUSPG1hCquN0V0SFRhBqbUtmGsLgU/W9aNdfDrnd3Vq1fFXGU4BCO4AQ8uIA63EADmkAhgUd4hhfHOE/Oq/M2b11yipkD+CHn/QtTl4/2</latexit><latexit sha1_base64="HqD7TKKNr2emLQRJVTZ9dP8KFIw=">AAAB8nicdZDLSgMxFIbPeK31VnXpJlgEFzJkiqLLohvBTQV7gelQMmmmDc1khiQjlNLHcONCEbc+jTvfxkw7BRX9IfDznXPIOX+YCq4Nxp/O0vLK6tp6aaO8ubW9s1vZ22/pJFOUNWkiEtUJiWaCS9Y03AjWSRUjcShYOxxd5/X2A1OaJ/LejFMWxGQgecQpMRb5t10ukY9PawHqVarYPce5EHbxwhTEK0gVCjV6lY9uP6FZzKShgmjtezg1wYQow6lg03I30ywldEQGzLdWkpjpYDJbeYqOLemjKFH2SYNm9PvEhMRaj+PQdsbEDPXvWg7/qvmZiS6DCZdpZpik84+iTCCToPx+1OeKUSPG1hCquN0V0SFRhBqbUtmGsLgU/W9aNdfDrnd3Vq1fFXGU4BCO4AQ8uIA63EADmkAhgUd4hhfHOE/Oq/M2b11yipkD+CHn/QtTl4/2</latexit><latexit sha1_base64="HqD7TKKNr2emLQRJVTZ9dP8KFIw=">AAAB8nicdZDLSgMxFIbPeK31VnXpJlgEFzJkiqLLohvBTQV7gelQMmmmDc1khiQjlNLHcONCEbc+jTvfxkw7BRX9IfDznXPIOX+YCq4Nxp/O0vLK6tp6aaO8ubW9s1vZ22/pJFOUNWkiEtUJiWaCS9Y03AjWSRUjcShYOxxd5/X2A1OaJ/LejFMWxGQgecQpMRb5t10ukY9PawHqVarYPce5EHbxwhTEK0gVCjV6lY9uP6FZzKShgmjtezg1wYQow6lg03I30ywldEQGzLdWkpjpYDJbeYqOLemjKFH2SYNm9PvEhMRaj+PQdsbEDPXvWg7/qvmZiS6DCZdpZpik84+iTCCToPx+1OeKUSPG1hCquN0V0SFRhBqbUtmGsLgU/W9aNdfDrnd3Vq1fFXGU4BCO4AQ8uIA63EADmkAhgUd4hhfHOE/Oq/M2b11yipkD+CHn/QtTl4/2</latexit><latexit sha1_base64="HqD7TKKNr2emLQRJVTZ9dP8KFIw=">AAAB8nicdZDLSgMxFIbPeK31VnXpJlgEFzJkiqLLohvBTQV7gelQMmmmDc1khiQjlNLHcONCEbc+jTvfxkw7BRX9IfDznXPIOX+YCq4Nxp/O0vLK6tp6aaO8ubW9s1vZ22/pJFOUNWkiEtUJiWaCS9Y03AjWSRUjcShYOxxd5/X2A1OaJ/LejFMWxGQgecQpMRb5t10ukY9PawHqVarYPce5EHbxwhTEK0gVCjV6lY9uP6FZzKShgmjtezg1wYQow6lg03I30ywldEQGzLdWkpjpYDJbeYqOLemjKFH2SYNm9PvEhMRaj+PQdsbEDPXvWg7/qvmZiS6DCZdpZpik84+iTCCToPx+1OeKUSPG1hCquN0V0SFRhBqbUtmGsLgU/W9aNdfDrnd3Vq1fFXGU4BCO4AQ8uIA63EADmkAhgUd4hhfHOE/Oq/M2b11yipkD+CHn/QtTl4/2</latexit>



Side coupled quantum Dot 
Consistency:	

Sk0SjkSj0W jk = W jkSj0SjkSk0

W jkW jlW kl = W klW jlW jk

W jkSjlSkl = SklSjlW jk
<latexit sha1_base64="yzN6WIZZxv4hXcA9UF14bATbT5M="></latexit><latexit sha1_base64="yzN6WIZZxv4hXcA9UF14bATbT5M="></latexit><latexit sha1_base64="yzN6WIZZxv4hXcA9UF14bATbT5M="></latexit><latexit sha1_base64="yzN6WIZZxv4hXcA9UF14bATbT5M="></latexit>

e�ikjLA�1...�N = (Zj)
�0
1...�

0
N

�1...�N
A�0

1...�
0
N

<latexit sha1_base64="0ekU//vzjrv6okv31JQNgxNRhuQ="></latexit><latexit sha1_base64="0ekU//vzjrv6okv31JQNgxNRhuQ="></latexit><latexit sha1_base64="0ekU//vzjrv6okv31JQNgxNRhuQ="></latexit><latexit sha1_base64="0ekU//vzjrv6okv31JQNgxNRhuQ="></latexit>

Zj = W j�1j ...W 1jS1j ...SjNSj0W jN ...W jj+1
<latexit sha1_base64="qqxVPSHvA9IW6sNo1/pH3nyanRc="></latexit><latexit sha1_base64="qqxVPSHvA9IW6sNo1/pH3nyanRc="></latexit><latexit sha1_base64="qqxVPSHvA9IW6sNo1/pH3nyanRc="></latexit><latexit sha1_base64="qqxVPSHvA9IW6sNo1/pH3nyanRc="></latexit>

Periodic	boundary	conditions:	

with	

Diagonalize	via	ODBA	

e�iDez↵/2L = eiN�/2


ez↵/2 � iec

ez↵/2 + iec

� 1
2 N/2Y

k

sinh ( 12 (z↵ � �k � i�))

sinh ( 12 (z↵ � �k + i�))

NY

↵

sinh ( 12 (�j � z↵ + i�))

sinh ( 12 (�j � z↵ � i�))
= �


cosh ( 12 (�j � 2c+ i�))

cosh ( 12 (�j � 2c� i�))

� 1
2 N/2Y

k

sinh ( 12 (�j � �k + 2i�))

sinh ( 12 (�j � �k � 2i�))
<latexit sha1_base64="uCRaDbLl+BF9OqDn0IIn7bz3D/o="></latexit><latexit sha1_base64="uCRaDbLl+BF9OqDn0IIn7bz3D/o="></latexit><latexit sha1_base64="uCRaDbLl+BF9OqDn0IIn7bz3D/o="></latexit><latexit sha1_base64="uCRaDbLl+BF9OqDn0IIn7bz3D/o="></latexit>



Side coupled quantum Dot 

•  Obtain	Free	energy		universal	regime																												held	fixed	(Kondo	temperature)	D � � = t2
<latexit sha1_base64="6RbhNM2JkFQY0K7ncipkd7Zb45w=">AAACAHicdVBNS8NAEN34WetX1YMHL4tF8BSSWGw9CEUFPVawKjSxTLbbdnE3CbsboYRe/CtePCji1Z/hzX/jpq2gog8GHu/NMDMvTDhT2nE+rKnpmdm5+cJCcXFpeWW1tLZ+qeJUEtokMY/ldQiKchbRpmaa0+tEUhAhp1fh7XHuX91RqVgcXehBQgMBvYh1GQFtpHZpM/MJcHwyxH6vh/1TEAIO9Y3XLpUd+6C271X2sWM7TtX13Jx41cpeBbtGyVFGEzTapXe/E5NU0EgTDkq1XCfRQQZSM8LpsOiniiZAbqFHW4ZGIKgKstEDQ7xjlA7uxtJUpPFI/T6RgVBqIELTKUD31W8vF//yWqnu1oKMRUmqaUTGi7opxzrGeRq4wyQlmg8MASKZuRWTPkgg2mRWNCF8fYr/J5ee7Tq2e14p148mcRTQFtpGu8hFVVRHZ6iBmoigIXpAT+jZurcerRfrddw6ZU1mNtAPWG+faUOVpQ==</latexit><latexit sha1_base64="6RbhNM2JkFQY0K7ncipkd7Zb45w=">AAACAHicdVBNS8NAEN34WetX1YMHL4tF8BSSWGw9CEUFPVawKjSxTLbbdnE3CbsboYRe/CtePCji1Z/hzX/jpq2gog8GHu/NMDMvTDhT2nE+rKnpmdm5+cJCcXFpeWW1tLZ+qeJUEtokMY/ldQiKchbRpmaa0+tEUhAhp1fh7XHuX91RqVgcXehBQgMBvYh1GQFtpHZpM/MJcHwyxH6vh/1TEAIO9Y3XLpUd+6C271X2sWM7TtX13Jx41cpeBbtGyVFGEzTapXe/E5NU0EgTDkq1XCfRQQZSM8LpsOiniiZAbqFHW4ZGIKgKstEDQ7xjlA7uxtJUpPFI/T6RgVBqIELTKUD31W8vF//yWqnu1oKMRUmqaUTGi7opxzrGeRq4wyQlmg8MASKZuRWTPkgg2mRWNCF8fYr/J5ee7Tq2e14p148mcRTQFtpGu8hFVVRHZ6iBmoigIXpAT+jZurcerRfrddw6ZU1mNtAPWG+faUOVpQ==</latexit><latexit sha1_base64="6RbhNM2JkFQY0K7ncipkd7Zb45w=">AAACAHicdVBNS8NAEN34WetX1YMHL4tF8BSSWGw9CEUFPVawKjSxTLbbdnE3CbsboYRe/CtePCji1Z/hzX/jpq2gog8GHu/NMDMvTDhT2nE+rKnpmdm5+cJCcXFpeWW1tLZ+qeJUEtokMY/ldQiKchbRpmaa0+tEUhAhp1fh7XHuX91RqVgcXehBQgMBvYh1GQFtpHZpM/MJcHwyxH6vh/1TEAIO9Y3XLpUd+6C271X2sWM7TtX13Jx41cpeBbtGyVFGEzTapXe/E5NU0EgTDkq1XCfRQQZSM8LpsOiniiZAbqFHW4ZGIKgKstEDQ7xjlA7uxtJUpPFI/T6RgVBqIELTKUD31W8vF//yWqnu1oKMRUmqaUTGi7opxzrGeRq4wyQlmg8MASKZuRWTPkgg2mRWNCF8fYr/J5ee7Tq2e14p148mcRTQFtpGu8hFVVRHZ6iBmoigIXpAT+jZurcerRfrddw6ZU1mNtAPWG+faUOVpQ==</latexit><latexit sha1_base64="6RbhNM2JkFQY0K7ncipkd7Zb45w=">AAACAHicdVBNS8NAEN34WetX1YMHL4tF8BSSWGw9CEUFPVawKjSxTLbbdnE3CbsboYRe/CtePCji1Z/hzX/jpq2gog8GHu/NMDMvTDhT2nE+rKnpmdm5+cJCcXFpeWW1tLZ+qeJUEtokMY/ldQiKchbRpmaa0+tEUhAhp1fh7XHuX91RqVgcXehBQgMBvYh1GQFtpHZpM/MJcHwyxH6vh/1TEAIO9Y3XLpUd+6C271X2sWM7TtX13Jx41cpeBbtGyVFGEzTapXe/E5NU0EgTDkq1XCfRQQZSM8LpsOiniiZAbqFHW4ZGIKgKstEDQ7xjlA7uxtJUpPFI/T6RgVBqIELTKUD31W8vF//yWqnu1oKMRUmqaUTGi7opxzrGeRq4wyQlmg8MASKZuRWTPkgg2mRWNCF8fYr/J5ee7Tq2e14p148mcRTQFtpGu8hFVVRHZ6iBmoigIXpAT+jZurcerRfrddw6ZU1mNtAPWG+faUOVpQ==</latexit>

g ⌘ SUV � SIR = log (2) +
1

2
log

✓
1

K

◆

<latexit sha1_base64="d/z4rAQ6h+Ma2Eudpc1Md0vYLes="></latexit><latexit sha1_base64="d/z4rAQ6h+Ma2Eudpc1Md0vYLes="></latexit><latexit sha1_base64="d/z4rAQ6h+Ma2Eudpc1Md0vYLes="></latexit><latexit sha1_base64="d/z4rAQ6h+Ma2Eudpc1Md0vYLes="></latexit>

•  Flow	of	entropy	

•  C-theorem	g > 0
<latexit sha1_base64="6YM9xH2WiY/cbMXDwjzj07zF6Lw=">AAAB83icdVDLSgMxFM34rPVVdekmWARXQ2Ysbd1I0Y3LCvYB7VAyaaYNzTxI7ghl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z4cP5FCAyEf1srq2vrGZmGruL2zu7dfOjhs6zhVjLdYLGPV9anmUkS8BQIk7yaK09CXvONPrnO/c8+VFnF0B9OEeyEdRSIQjIKR+v2QwhggG80uyaBUJvZFvepWqpjYhNQc18mJW6ucV7BjlBxltERzUHrvD2OWhjwCJqnWPYck4GVUgWCSz4r9VPOEsgkd8Z6hEQ259rJ55hk+NcoQB7EyLwI8V79vZDTUehr6ZjLPqH97ufiX10shqHuZiJIUeMQWh4JUYohxXgAeCsUZyKkhlClhsmI2pooyMDUVTQlfP8X/k7ZrO8R2bivlxtWyjgI6RifoDDmohhroBjVRCzGUoAf0hJ6t1Hq0XqzXxeiKtdw5Qj9gvX0CbgGR7w==</latexit><latexit sha1_base64="6YM9xH2WiY/cbMXDwjzj07zF6Lw=">AAAB83icdVDLSgMxFM34rPVVdekmWARXQ2Ysbd1I0Y3LCvYB7VAyaaYNzTxI7ghl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z4cP5FCAyEf1srq2vrGZmGruL2zu7dfOjhs6zhVjLdYLGPV9anmUkS8BQIk7yaK09CXvONPrnO/c8+VFnF0B9OEeyEdRSIQjIKR+v2QwhggG80uyaBUJvZFvepWqpjYhNQc18mJW6ucV7BjlBxltERzUHrvD2OWhjwCJqnWPYck4GVUgWCSz4r9VPOEsgkd8Z6hEQ259rJ55hk+NcoQB7EyLwI8V79vZDTUehr6ZjLPqH97ufiX10shqHuZiJIUeMQWh4JUYohxXgAeCsUZyKkhlClhsmI2pooyMDUVTQlfP8X/k7ZrO8R2bivlxtWyjgI6RifoDDmohhroBjVRCzGUoAf0hJ6t1Hq0XqzXxeiKtdw5Qj9gvX0CbgGR7w==</latexit><latexit sha1_base64="6YM9xH2WiY/cbMXDwjzj07zF6Lw=">AAAB83icdVDLSgMxFM34rPVVdekmWARXQ2Ysbd1I0Y3LCvYB7VAyaaYNzTxI7ghl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z4cP5FCAyEf1srq2vrGZmGruL2zu7dfOjhs6zhVjLdYLGPV9anmUkS8BQIk7yaK09CXvONPrnO/c8+VFnF0B9OEeyEdRSIQjIKR+v2QwhggG80uyaBUJvZFvepWqpjYhNQc18mJW6ucV7BjlBxltERzUHrvD2OWhjwCJqnWPYck4GVUgWCSz4r9VPOEsgkd8Z6hEQ259rJ55hk+NcoQB7EyLwI8V79vZDTUehr6ZjLPqH97ufiX10shqHuZiJIUeMQWh4JUYohxXgAeCsUZyKkhlClhsmI2pooyMDUVTQlfP8X/k7ZrO8R2bivlxtWyjgI6RifoDDmohhroBjVRCzGUoAf0hJ6t1Hq0XqzXxeiKtdw5Qj9gvX0CbgGR7w==</latexit><latexit sha1_base64="6YM9xH2WiY/cbMXDwjzj07zF6Lw=">AAAB83icdVDLSgMxFM34rPVVdekmWARXQ2Ysbd1I0Y3LCvYB7VAyaaYNzTxI7ghl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z4cP5FCAyEf1srq2vrGZmGruL2zu7dfOjhs6zhVjLdYLGPV9anmUkS8BQIk7yaK09CXvONPrnO/c8+VFnF0B9OEeyEdRSIQjIKR+v2QwhggG80uyaBUJvZFvepWqpjYhNQc18mJW6ucV7BjlBxltERzUHrvD2OWhjwCJqnWPYck4GVUgWCSz4r9VPOEsgkd8Z6hEQ259rJ55hk+NcoQB7EyLwI8V79vZDTUehr6ZjLPqH97ufiX10shqHuZiJIUeMQWh4JUYohxXgAeCsUZyKkhlClhsmI2pooyMDUVTQlfP8X/k7ZrO8R2bivlxtWyjgI6RifoDDmohhroBjVRCzGUoAf0hJ6t1Hq0XqzXxeiKtdw5Qj9gvX0CbgGR7w==</latexit>

Charge	degrees	of	
freedom,	free	in	UV	+	

Chiral	degrees	
of	freedom	

system	flows	from	week	to	strong	coupling	

chiral	part	becomes	negative	for																																																	
-	competition	between	the	tunneling		(always	relevant)	
and		backscattering	which	becomes	irrelevant		

K > 1
<latexit sha1_base64="FDAKelbfEUb0hkFQNtyrDrA0T3M=">AAAB6nicdVDLSsNAFJ34rPVVdelmsAiuQiaGtm6k6EZwU9E+oA1lMp20QyeTMDMRSugnuHGhiFu/yJ1/46StoKIHLhzOuZd77wkSzpR2nA9raXlldW29sFHc3Nre2S3t7bdUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYwvc799T6VisbjTk4T6ER4KFjKCtZFur89Rv1R27LNaxfUq0LEdp4pclBO36p16EBklRxks0OiX3nuDmKQRFZpwrFQXOYn2Myw1I5xOi71U0QSTMR7SrqECR1T52ezUKTw2ygCGsTQlNJyp3ycyHCk1iQLTGWE9Ur+9XPzL66Y6rPkZE0mqqSDzRWHKoY5h/jccMEmJ5hNDMJHM3ArJCEtMtEmnaEL4+hT+T1qujRwb3Xjl+sUijgI4BEfgBCBQBXVwBRqgCQgYggfwBJ4tbj1aL9brvHXJWswcgB+w3j4B9P2NlA==</latexit><latexit sha1_base64="FDAKelbfEUb0hkFQNtyrDrA0T3M=">AAAB6nicdVDLSsNAFJ34rPVVdelmsAiuQiaGtm6k6EZwU9E+oA1lMp20QyeTMDMRSugnuHGhiFu/yJ1/46StoKIHLhzOuZd77wkSzpR2nA9raXlldW29sFHc3Nre2S3t7bdUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYwvc799T6VisbjTk4T6ER4KFjKCtZFur89Rv1R27LNaxfUq0LEdp4pclBO36p16EBklRxks0OiX3nuDmKQRFZpwrFQXOYn2Myw1I5xOi71U0QSTMR7SrqECR1T52ezUKTw2ygCGsTQlNJyp3ycyHCk1iQLTGWE9Ur+9XPzL66Y6rPkZE0mqqSDzRWHKoY5h/jccMEmJ5hNDMJHM3ArJCEtMtEmnaEL4+hT+T1qujRwb3Xjl+sUijgI4BEfgBCBQBXVwBRqgCQgYggfwBJ4tbj1aL9brvHXJWswcgB+w3j4B9P2NlA==</latexit><latexit sha1_base64="FDAKelbfEUb0hkFQNtyrDrA0T3M=">AAAB6nicdVDLSsNAFJ34rPVVdelmsAiuQiaGtm6k6EZwU9E+oA1lMp20QyeTMDMRSugnuHGhiFu/yJ1/46StoKIHLhzOuZd77wkSzpR2nA9raXlldW29sFHc3Nre2S3t7bdUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYwvc799T6VisbjTk4T6ER4KFjKCtZFur89Rv1R27LNaxfUq0LEdp4pclBO36p16EBklRxks0OiX3nuDmKQRFZpwrFQXOYn2Myw1I5xOi71U0QSTMR7SrqECR1T52ezUKTw2ygCGsTQlNJyp3ycyHCk1iQLTGWE9Ur+9XPzL66Y6rPkZE0mqqSDzRWHKoY5h/jccMEmJ5hNDMJHM3ArJCEtMtEmnaEL4+hT+T1qujRwb3Xjl+sUijgI4BEfgBCBQBXVwBRqgCQgYggfwBJ4tbj1aL9brvHXJWswcgB+w3j4B9P2NlA==</latexit><latexit sha1_base64="FDAKelbfEUb0hkFQNtyrDrA0T3M=">AAAB6nicdVDLSsNAFJ34rPVVdelmsAiuQiaGtm6k6EZwU9E+oA1lMp20QyeTMDMRSugnuHGhiFu/yJ1/46StoKIHLhzOuZd77wkSzpR2nA9raXlldW29sFHc3Nre2S3t7bdUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYwvc799T6VisbjTk4T6ER4KFjKCtZFur89Rv1R27LNaxfUq0LEdp4pclBO36p16EBklRxks0OiX3nuDmKQRFZpwrFQXOYn2Myw1I5xOi71U0QSTMR7SrqECR1T52ezUKTw2ygCGsTQlNJyp3ycyHCk1iQLTGWE9Ur+9XPzL66Y6rPkZE0mqqSDzRWHKoY5h/jccMEmJ5hNDMJHM3ArJCEtMtEmnaEL4+hT+T1qujRwb3Xjl+sUijgI4BEfgBCBQBXVwBRqgCQgYggfwBJ4tbj1aL9brvHXJWswcgB+w3j4B9P2NlA==</latexit>
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✓
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�
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.
<latexit sha1_base64="r46D6GQ4JrBnSnSsafhC+Oso2OU="></latexit><latexit sha1_base64="r46D6GQ4JrBnSnSsafhC+Oso2OU="></latexit><latexit sha1_base64="r46D6GQ4JrBnSnSsafhC+Oso2OU="></latexit><latexit sha1_base64="r46D6GQ4JrBnSnSsafhC+Oso2OU="></latexit>

•  The	low-T	Free	energy	

•  Leading	irrelevant	operator	(K<2)	has	dimension=2	(energy	momentum	tensor),		but	
changes	for		K<1/2-	subleading	operators		have	fractional	dimensions,	non	FL	

Cv ⇠ T 2/K , � ⇠ T 2/K�1 for K > 2
<latexit sha1_base64="+6wzZI+E/H4JvNq3gnB1ah8uXqs="></latexit><latexit sha1_base64="+6wzZI+E/H4JvNq3gnB1ah8uXqs="></latexit><latexit sha1_base64="+6wzZI+E/H4JvNq3gnB1ah8uXqs="></latexit><latexit sha1_base64="+6wzZI+E/H4JvNq3gnB1ah8uXqs="></latexit>

Cv ⇠ T, � ⇠ 1

�
for K < 2.

<latexit sha1_base64="rxan+9ASR7QCNrM29jyfZXKfK6w="></latexit><latexit sha1_base64="rxan+9ASR7QCNrM29jyfZXKfK6w="></latexit><latexit sha1_base64="rxan+9ASR7QCNrM29jyfZXKfK6w="></latexit><latexit sha1_base64="rxan+9ASR7QCNrM29jyfZXKfK6w="></latexit>

NFL	



Side coupled quantum Dot 
•  Dot	occupation	in	the	ground	state:	

Attractive	case:	
K > 1

<latexit sha1_base64="FDAKelbfEUb0hkFQNtyrDrA0T3M=">AAAB6nicdVDLSsNAFJ34rPVVdelmsAiuQiaGtm6k6EZwU9E+oA1lMp20QyeTMDMRSugnuHGhiFu/yJ1/46StoKIHLhzOuZd77wkSzpR2nA9raXlldW29sFHc3Nre2S3t7bdUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYwvc799T6VisbjTk4T6ER4KFjKCtZFur89Rv1R27LNaxfUq0LEdp4pclBO36p16EBklRxks0OiX3nuDmKQRFZpwrFQXOYn2Myw1I5xOi71U0QSTMR7SrqECR1T52ezUKTw2ygCGsTQlNJyp3ycyHCk1iQLTGWE9Ur+9XPzL66Y6rPkZE0mqqSDzRWHKoY5h/jccMEmJ5hNDMJHM3ArJCEtMtEmnaEL4+hT+T1qujRwb3Xjl+sUijgI4BEfgBCBQBXVwBRqgCQgYggfwBJ4tbj1aL9brvHXJWswcgB+w3j4B9P2NlA==</latexit><latexit sha1_base64="FDAKelbfEUb0hkFQNtyrDrA0T3M=">AAAB6nicdVDLSsNAFJ34rPVVdelmsAiuQiaGtm6k6EZwU9E+oA1lMp20QyeTMDMRSugnuHGhiFu/yJ1/46StoKIHLhzOuZd77wkSzpR2nA9raXlldW29sFHc3Nre2S3t7bdUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYwvc799T6VisbjTk4T6ER4KFjKCtZFur89Rv1R27LNaxfUq0LEdp4pclBO36p16EBklRxks0OiX3nuDmKQRFZpwrFQXOYn2Myw1I5xOi71U0QSTMR7SrqECR1T52ezUKTw2ygCGsTQlNJyp3ycyHCk1iQLTGWE9Ur+9XPzL66Y6rPkZE0mqqSDzRWHKoY5h/jccMEmJ5hNDMJHM3ArJCEtMtEmnaEL4+hT+T1qujRwb3Xjl+sUijgI4BEfgBCBQBXVwBRqgCQgYggfwBJ4tbj1aL9brvHXJWswcgB+w3j4B9P2NlA==</latexit><latexit sha1_base64="FDAKelbfEUb0hkFQNtyrDrA0T3M=">AAAB6nicdVDLSsNAFJ34rPVVdelmsAiuQiaGtm6k6EZwU9E+oA1lMp20QyeTMDMRSugnuHGhiFu/yJ1/46StoKIHLhzOuZd77wkSzpR2nA9raXlldW29sFHc3Nre2S3t7bdUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYwvc799T6VisbjTk4T6ER4KFjKCtZFur89Rv1R27LNaxfUq0LEdp4pclBO36p16EBklRxks0OiX3nuDmKQRFZpwrFQXOYn2Myw1I5xOi71U0QSTMR7SrqECR1T52ezUKTw2ygCGsTQlNJyp3ycyHCk1iQLTGWE9Ur+9XPzL66Y6rPkZE0mqqSDzRWHKoY5h/jccMEmJ5hNDMJHM3ArJCEtMtEmnaEL4+hT+T1qujRwb3Xjl+sUijgI4BEfgBCBQBXVwBRqgCQgYggfwBJ4tbj1aL9brvHXJWswcgB+w3j4B9P2NlA==</latexit><latexit sha1_base64="FDAKelbfEUb0hkFQNtyrDrA0T3M=">AAAB6nicdVDLSsNAFJ34rPVVdelmsAiuQiaGtm6k6EZwU9E+oA1lMp20QyeTMDMRSugnuHGhiFu/yJ1/46StoKIHLhzOuZd77wkSzpR2nA9raXlldW29sFHc3Nre2S3t7bdUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYwvc799T6VisbjTk4T6ER4KFjKCtZFur89Rv1R27LNaxfUq0LEdp4pclBO36p16EBklRxks0OiX3nuDmKQRFZpwrFQXOYn2Myw1I5xOi71U0QSTMR7SrqECR1T52ezUKTw2ygCGsTQlNJyp3ycyHCk1iQLTGWE9Ur+9XPzL66Y6rPkZE0mqqSDzRWHKoY5h/jccMEmJ5hNDMJHM3ArJCEtMtEmnaEL4+hT+T1qujRwb3Xjl+sUijgI4BEfgBCBQBXVwBRqgCQgYggfwBJ4tbj1aL9brvHXJWswcgB+w3j4B9P2NlA==</latexit>
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<latexit sha1_base64="ZihSFhvv9pxnGVjybiEffrUk99c="></latexit><latexit sha1_base64="ZihSFhvv9pxnGVjybiEffrUk99c="></latexit><latexit sha1_base64="ZihSFhvv9pxnGVjybiEffrUk99c="></latexit><latexit sha1_base64="ZihSFhvv9pxnGVjybiEffrUk99c="></latexit>

nd =
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<latexit sha1_base64="v3CtxXWiNa0iy0nSswzHWaN0+0I="></latexit><latexit sha1_base64="v3CtxXWiNa0iy0nSswzHWaN0+0I="></latexit><latexit sha1_base64="v3CtxXWiNa0iy0nSswzHWaN0+0I="></latexit><latexit sha1_base64="v3CtxXWiNa0iy0nSswzHWaN0+0I="></latexit>

Repulsive	case:	

K < 1
<latexit sha1_base64="ra7q7vVgzhmO8QEITT1s62mwlKg=">AAAB6nicdVDLSsNAFJ34rPVVdelmsAiuQiaGtoKLohvBTUX7gDaUyXTSDp1MwsxEKKGf4MaFIm79Inf+jZO2gooeuHA4517uvSdIOFPacT6speWV1bX1wkZxc2t7Z7e0t99ScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjC+zP32PZWKxeJOTxLqR3goWMgI1ka6vT5H/VLZsc9qFderQMd2nCpyUU7cqnfqQWSUHGWwQKNfeu8NYpJGVGjCsVJd5CTaz7DUjHA6LfZSRRNMxnhIu4YKHFHlZ7NTp/DYKAMYxtKU0HCmfp/IcKTUJApMZ4T1SP32cvEvr5vqsOZnTCSppoLMF4UphzqG+d9wwCQlmk8MwUQycyskIywx0Sadognh61P4P2m5NnJsdOOV6xeLOArgEByBE4BAFdTBFWiAJiBgCB7AE3i2uPVovViv89YlazFzAH7AevsE8fONkg==</latexit><latexit sha1_base64="ra7q7vVgzhmO8QEITT1s62mwlKg=">AAAB6nicdVDLSsNAFJ34rPVVdelmsAiuQiaGtoKLohvBTUX7gDaUyXTSDp1MwsxEKKGf4MaFIm79Inf+jZO2gooeuHA4517uvSdIOFPacT6speWV1bX1wkZxc2t7Z7e0t99ScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjC+zP32PZWKxeJOTxLqR3goWMgI1ka6vT5H/VLZsc9qFderQMd2nCpyUU7cqnfqQWSUHGWwQKNfeu8NYpJGVGjCsVJd5CTaz7DUjHA6LfZSRRNMxnhIu4YKHFHlZ7NTp/DYKAMYxtKU0HCmfp/IcKTUJApMZ4T1SP32cvEvr5vqsOZnTCSppoLMF4UphzqG+d9wwCQlmk8MwUQycyskIywx0Sadognh61P4P2m5NnJsdOOV6xeLOArgEByBE4BAFdTBFWiAJiBgCB7AE3i2uPVovViv89YlazFzAH7AevsE8fONkg==</latexit><latexit sha1_base64="ra7q7vVgzhmO8QEITT1s62mwlKg=">AAAB6nicdVDLSsNAFJ34rPVVdelmsAiuQiaGtoKLohvBTUX7gDaUyXTSDp1MwsxEKKGf4MaFIm79Inf+jZO2gooeuHA4517uvSdIOFPacT6speWV1bX1wkZxc2t7Z7e0t99ScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjC+zP32PZWKxeJOTxLqR3goWMgI1ka6vT5H/VLZsc9qFderQMd2nCpyUU7cqnfqQWSUHGWwQKNfeu8NYpJGVGjCsVJd5CTaz7DUjHA6LfZSRRNMxnhIu4YKHFHlZ7NTp/DYKAMYxtKU0HCmfp/IcKTUJApMZ4T1SP32cvEvr5vqsOZnTCSppoLMF4UphzqG+d9wwCQlmk8MwUQycyskIywx0Sadognh61P4P2m5NnJsdOOV6xeLOArgEByBE4BAFdTBFWiAJiBgCB7AE3i2uPVovViv89YlazFzAH7AevsE8fONkg==</latexit><latexit sha1_base64="ra7q7vVgzhmO8QEITT1s62mwlKg=">AAAB6nicdVDLSsNAFJ34rPVVdelmsAiuQiaGtoKLohvBTUX7gDaUyXTSDp1MwsxEKKGf4MaFIm79Inf+jZO2gooeuHA4517uvSdIOFPacT6speWV1bX1wkZxc2t7Z7e0t99ScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjC+zP32PZWKxeJOTxLqR3goWMgI1ka6vT5H/VLZsc9qFderQMd2nCpyUU7cqnfqQWSUHGWwQKNfeu8NYpJGVGjCsVJd5CTaz7DUjHA6LfZSRRNMxnhIu4YKHFHlZ7NTp/DYKAMYxtKU0HCmfp/IcKTUJApMZ4T1SP32cvEvr5vqsOZnTCSppoLMF4UphzqG+d9wwCQlmk8MwUQycyskIywx0Sadognh61P4P2m5NnJsdOOV6xeLOArgEByBE4BAFdTBFWiAJiBgCB7AE3i2uPVovViv89YlazFzAH7AevsE8fONkg==</latexit>

✏0 < �
<latexit sha1_base64="3Oqf8+VPYJlzAknjLvcy+j+x6rI=">AAAB+nicdVDLSgMxFM34rPXV6tJNsAiuhkwd2gouii50WcE+oB1KJk3b0CQzJBml1H6KGxeKuPVL3Pk3ZtoKKnrgwuGce7n3njDmTBuEPpyl5ZXVtfXMRnZza3tnN5ffa+goUYTWScQj1QqxppxJWjfMcNqKFcUi5LQZji5Sv3lLlWaRvDHjmAYCDyTrM4KNlbq5fIfGmnFL0VnnEguBu7kCck8rpaJfgshFqOwVvZQUy/6JDz2rpCiABWrd3HunF5FEUGkIx1q3PRSbYIKVYYTTabaTaBpjMsID2rZUYkF1MJmdPoVHVunBfqRsSQNn6veJCRZaj0VoOwU2Q/3bS8W/vHZi+pVgwmScGCrJfFE/4dBEMM0B9piixPCxJZgoZm+FZIgVJsamlbUhfH0K/yeNoush17v2C9XzRRwZcAAOwTHwQBlUwRWogTog4A48gCfw7Nw7j86L8zpvXXIWM/vgB5y3TzY2k/c=</latexit><latexit sha1_base64="3Oqf8+VPYJlzAknjLvcy+j+x6rI=">AAAB+nicdVDLSgMxFM34rPXV6tJNsAiuhkwd2gouii50WcE+oB1KJk3b0CQzJBml1H6KGxeKuPVL3Pk3ZtoKKnrgwuGce7n3njDmTBuEPpyl5ZXVtfXMRnZza3tnN5ffa+goUYTWScQj1QqxppxJWjfMcNqKFcUi5LQZji5Sv3lLlWaRvDHjmAYCDyTrM4KNlbq5fIfGmnFL0VnnEguBu7kCck8rpaJfgshFqOwVvZQUy/6JDz2rpCiABWrd3HunF5FEUGkIx1q3PRSbYIKVYYTTabaTaBpjMsID2rZUYkF1MJmdPoVHVunBfqRsSQNn6veJCRZaj0VoOwU2Q/3bS8W/vHZi+pVgwmScGCrJfFE/4dBEMM0B9piixPCxJZgoZm+FZIgVJsamlbUhfH0K/yeNoush17v2C9XzRRwZcAAOwTHwQBlUwRWogTog4A48gCfw7Nw7j86L8zpvXXIWM/vgB5y3TzY2k/c=</latexit><latexit sha1_base64="3Oqf8+VPYJlzAknjLvcy+j+x6rI=">AAAB+nicdVDLSgMxFM34rPXV6tJNsAiuhkwd2gouii50WcE+oB1KJk3b0CQzJBml1H6KGxeKuPVL3Pk3ZtoKKnrgwuGce7n3njDmTBuEPpyl5ZXVtfXMRnZza3tnN5ffa+goUYTWScQj1QqxppxJWjfMcNqKFcUi5LQZji5Sv3lLlWaRvDHjmAYCDyTrM4KNlbq5fIfGmnFL0VnnEguBu7kCck8rpaJfgshFqOwVvZQUy/6JDz2rpCiABWrd3HunF5FEUGkIx1q3PRSbYIKVYYTTabaTaBpjMsID2rZUYkF1MJmdPoVHVunBfqRsSQNn6veJCRZaj0VoOwU2Q/3bS8W/vHZi+pVgwmScGCrJfFE/4dBEMM0B9piixPCxJZgoZm+FZIgVJsamlbUhfH0K/yeNoush17v2C9XzRRwZcAAOwTHwQBlUwRWogTog4A48gCfw7Nw7j86L8zpvXXIWM/vgB5y3TzY2k/c=</latexit><latexit sha1_base64="3Oqf8+VPYJlzAknjLvcy+j+x6rI=">AAAB+nicdVDLSgMxFM34rPXV6tJNsAiuhkwd2gouii50WcE+oB1KJk3b0CQzJBml1H6KGxeKuPVL3Pk3ZtoKKnrgwuGce7n3njDmTBuEPpyl5ZXVtfXMRnZza3tnN5ffa+goUYTWScQj1QqxppxJWjfMcNqKFcUi5LQZji5Sv3lLlWaRvDHjmAYCDyTrM4KNlbq5fIfGmnFL0VnnEguBu7kCck8rpaJfgshFqOwVvZQUy/6JDz2rpCiABWrd3HunF5FEUGkIx1q3PRSbYIKVYYTTabaTaBpjMsID2rZUYkF1MJmdPoVHVunBfqRsSQNn6veJCRZaj0VoOwU2Q/3bS8W/vHZi+pVgwmScGCrJfFE/4dBEMM0B9piixPCxJZgoZm+FZIgVJsamlbUhfH0K/yeNoush17v2C9XzRRwZcAAOwTHwQBlUwRWogTog4A48gCfw7Nw7j86L8zpvXXIWM/vgB5y3TzY2k/c=</latexit>

✏0 < �
<latexit sha1_base64="3Oqf8+VPYJlzAknjLvcy+j+x6rI=">AAAB+nicdVDLSgMxFM34rPXV6tJNsAiuhkwd2gouii50WcE+oB1KJk3b0CQzJBml1H6KGxeKuPVL3Pk3ZtoKKnrgwuGce7n3njDmTBuEPpyl5ZXVtfXMRnZza3tnN5ffa+goUYTWScQj1QqxppxJWjfMcNqKFcUi5LQZji5Sv3lLlWaRvDHjmAYCDyTrM4KNlbq5fIfGmnFL0VnnEguBu7kCck8rpaJfgshFqOwVvZQUy/6JDz2rpCiABWrd3HunF5FEUGkIx1q3PRSbYIKVYYTTabaTaBpjMsID2rZUYkF1MJmdPoVHVunBfqRsSQNn6veJCRZaj0VoOwU2Q/3bS8W/vHZi+pVgwmScGCrJfFE/4dBEMM0B9piixPCxJZgoZm+FZIgVJsamlbUhfH0K/yeNoush17v2C9XzRRwZcAAOwTHwQBlUwRWogTog4A48gCfw7Nw7j86L8zpvXXIWM/vgB5y3TzY2k/c=</latexit><latexit sha1_base64="3Oqf8+VPYJlzAknjLvcy+j+x6rI=">AAAB+nicdVDLSgMxFM34rPXV6tJNsAiuhkwd2gouii50WcE+oB1KJk3b0CQzJBml1H6KGxeKuPVL3Pk3ZtoKKnrgwuGce7n3njDmTBuEPpyl5ZXVtfXMRnZza3tnN5ffa+goUYTWScQj1QqxppxJWjfMcNqKFcUi5LQZji5Sv3lLlWaRvDHjmAYCDyTrM4KNlbq5fIfGmnFL0VnnEguBu7kCck8rpaJfgshFqOwVvZQUy/6JDz2rpCiABWrd3HunF5FEUGkIx1q3PRSbYIKVYYTTabaTaBpjMsID2rZUYkF1MJmdPoVHVunBfqRsSQNn6veJCRZaj0VoOwU2Q/3bS8W/vHZi+pVgwmScGCrJfFE/4dBEMM0B9piixPCxJZgoZm+FZIgVJsamlbUhfH0K/yeNoush17v2C9XzRRwZcAAOwTHwQBlUwRWogTog4A48gCfw7Nw7j86L8zpvXXIWM/vgB5y3TzY2k/c=</latexit><latexit sha1_base64="3Oqf8+VPYJlzAknjLvcy+j+x6rI=">AAAB+nicdVDLSgMxFM34rPXV6tJNsAiuhkwd2gouii50WcE+oB1KJk3b0CQzJBml1H6KGxeKuPVL3Pk3ZtoKKnrgwuGce7n3njDmTBuEPpyl5ZXVtfXMRnZza3tnN5ffa+goUYTWScQj1QqxppxJWjfMcNqKFcUi5LQZji5Sv3lLlWaRvDHjmAYCDyTrM4KNlbq5fIfGmnFL0VnnEguBu7kCck8rpaJfgshFqOwVvZQUy/6JDz2rpCiABWrd3HunF5FEUGkIx1q3PRSbYIKVYYTTabaTaBpjMsID2rZUYkF1MJmdPoVHVunBfqRsSQNn6veJCRZaj0VoOwU2Q/3bS8W/vHZi+pVgwmScGCrJfFE/4dBEMM0B9piixPCxJZgoZm+FZIgVJsamlbUhfH0K/yeNoush17v2C9XzRRwZcAAOwTHwQBlUwRWogTog4A48gCfw7Nw7j86L8zpvXXIWM/vgB5y3TzY2k/c=</latexit><latexit sha1_base64="3Oqf8+VPYJlzAknjLvcy+j+x6rI=">AAAB+nicdVDLSgMxFM34rPXV6tJNsAiuhkwd2gouii50WcE+oB1KJk3b0CQzJBml1H6KGxeKuPVL3Pk3ZtoKKnrgwuGce7n3njDmTBuEPpyl5ZXVtfXMRnZza3tnN5ffa+goUYTWScQj1QqxppxJWjfMcNqKFcUi5LQZji5Sv3lLlWaRvDHjmAYCDyTrM4KNlbq5fIfGmnFL0VnnEguBu7kCck8rpaJfgshFqOwVvZQUy/6JDz2rpCiABWrd3HunF5FEUGkIx1q3PRSbYIKVYYTTabaTaBpjMsID2rZUYkF1MJmdPoVHVunBfqRsSQNn6veJCRZaj0VoOwU2Q/3bS8W/vHZi+pVgwmScGCrJfFE/4dBEMM0B9piixPCxJZgoZm+FZIgVJsamlbUhfH0K/yeNoush17v2C9XzRRwZcAAOwTHwQBlUwRWogTog4A48gCfw7Nw7j86L8zpvXXIWM/vgB5y3TzY2k/c=</latexit>

✏0 > �
<latexit sha1_base64="52/GQOlh8pTrR0JGOtBalWMeOJw=">AAAB+nicdVDLSgMxFM34rPXV6tJNsAiuhkwd2rqRogtdVrAPaIeSSdM2NMkMSUYptZ/ixoUibv0Sd/6NmbaCih64cDjnXu69J4w50wahD2dpeWV1bT2zkd3c2t7ZzeX3GjpKFKF1EvFItUKsKWeS1g0znLZiRbEIOW2Go4vUb95SpVkkb8w4poHAA8n6jGBjpW4u36GxZtxSdNa5xELgbq6A3NNKqeiXIHIRKntFLyXFsn/iQ88qKQpggVo3997pRSQRVBrCsdZtD8UmmGBlGOF0mu0kmsaYjPCAti2VWFAdTGanT+GRVXqwHylb0sCZ+n1igoXWYxHaToHNUP/2UvEvr52YfiWYMBknhkoyX9RPODQRTHOAPaYoMXxsCSaK2VshGWKFibFpZW0IX5/C/0mj6HrI9a79QvV8EUcGHIBDcAw8UAZVcAVqoA4IuAMP4Ak8O/fOo/PivM5bl5zFzD74AeftEzlKk/k=</latexit><latexit sha1_base64="52/GQOlh8pTrR0JGOtBalWMeOJw=">AAAB+nicdVDLSgMxFM34rPXV6tJNsAiuhkwd2rqRogtdVrAPaIeSSdM2NMkMSUYptZ/ixoUibv0Sd/6NmbaCih64cDjnXu69J4w50wahD2dpeWV1bT2zkd3c2t7ZzeX3GjpKFKF1EvFItUKsKWeS1g0znLZiRbEIOW2Go4vUb95SpVkkb8w4poHAA8n6jGBjpW4u36GxZtxSdNa5xELgbq6A3NNKqeiXIHIRKntFLyXFsn/iQ88qKQpggVo3997pRSQRVBrCsdZtD8UmmGBlGOF0mu0kmsaYjPCAti2VWFAdTGanT+GRVXqwHylb0sCZ+n1igoXWYxHaToHNUP/2UvEvr52YfiWYMBknhkoyX9RPODQRTHOAPaYoMXxsCSaK2VshGWKFibFpZW0IX5/C/0mj6HrI9a79QvV8EUcGHIBDcAw8UAZVcAVqoA4IuAMP4Ak8O/fOo/PivM5bl5zFzD74AeftEzlKk/k=</latexit><latexit sha1_base64="52/GQOlh8pTrR0JGOtBalWMeOJw=">AAAB+nicdVDLSgMxFM34rPXV6tJNsAiuhkwd2rqRogtdVrAPaIeSSdM2NMkMSUYptZ/ixoUibv0Sd/6NmbaCih64cDjnXu69J4w50wahD2dpeWV1bT2zkd3c2t7ZzeX3GjpKFKF1EvFItUKsKWeS1g0znLZiRbEIOW2Go4vUb95SpVkkb8w4poHAA8n6jGBjpW4u36GxZtxSdNa5xELgbq6A3NNKqeiXIHIRKntFLyXFsn/iQ88qKQpggVo3997pRSQRVBrCsdZtD8UmmGBlGOF0mu0kmsaYjPCAti2VWFAdTGanT+GRVXqwHylb0sCZ+n1igoXWYxHaToHNUP/2UvEvr52YfiWYMBknhkoyX9RPODQRTHOAPaYoMXxsCSaK2VshGWKFibFpZW0IX5/C/0mj6HrI9a79QvV8EUcGHIBDcAw8UAZVcAVqoA4IuAMP4Ak8O/fOo/PivM5bl5zFzD74AeftEzlKk/k=</latexit><latexit sha1_base64="52/GQOlh8pTrR0JGOtBalWMeOJw=">AAAB+nicdVDLSgMxFM34rPXV6tJNsAiuhkwd2rqRogtdVrAPaIeSSdM2NMkMSUYptZ/ixoUibv0Sd/6NmbaCih64cDjnXu69J4w50wahD2dpeWV1bT2zkd3c2t7ZzeX3GjpKFKF1EvFItUKsKWeS1g0znLZiRbEIOW2Go4vUb95SpVkkb8w4poHAA8n6jGBjpW4u36GxZtxSdNa5xELgbq6A3NNKqeiXIHIRKntFLyXFsn/iQ88qKQpggVo3997pRSQRVBrCsdZtD8UmmGBlGOF0mu0kmsaYjPCAti2VWFAdTGanT+GRVXqwHylb0sCZ+n1igoXWYxHaToHNUP/2UvEvr52YfiWYMBknhkoyX9RPODQRTHOAPaYoMXxsCSaK2VshGWKFibFpZW0IX5/C/0mj6HrI9a79QvV8EUcGHIBDcAw8UAZVcAVqoA4IuAMP4Ak8O/fOo/PivM5bl5zFzD74AeftEzlKk/k=</latexit>

✏0 > �
<latexit sha1_base64="52/GQOlh8pTrR0JGOtBalWMeOJw=">AAAB+nicdVDLSgMxFM34rPXV6tJNsAiuhkwd2rqRogtdVrAPaIeSSdM2NMkMSUYptZ/ixoUibv0Sd/6NmbaCih64cDjnXu69J4w50wahD2dpeWV1bT2zkd3c2t7ZzeX3GjpKFKF1EvFItUKsKWeS1g0znLZiRbEIOW2Go4vUb95SpVkkb8w4poHAA8n6jGBjpW4u36GxZtxSdNa5xELgbq6A3NNKqeiXIHIRKntFLyXFsn/iQ88qKQpggVo3997pRSQRVBrCsdZtD8UmmGBlGOF0mu0kmsaYjPCAti2VWFAdTGanT+GRVXqwHylb0sCZ+n1igoXWYxHaToHNUP/2UvEvr52YfiWYMBknhkoyX9RPODQRTHOAPaYoMXxsCSaK2VshGWKFibFpZW0IX5/C/0mj6HrI9a79QvV8EUcGHIBDcAw8UAZVcAVqoA4IuAMP4Ak8O/fOo/PivM5bl5zFzD74AeftEzlKk/k=</latexit><latexit sha1_base64="52/GQOlh8pTrR0JGOtBalWMeOJw=">AAAB+nicdVDLSgMxFM34rPXV6tJNsAiuhkwd2rqRogtdVrAPaIeSSdM2NMkMSUYptZ/ixoUibv0Sd/6NmbaCih64cDjnXu69J4w50wahD2dpeWV1bT2zkd3c2t7ZzeX3GjpKFKF1EvFItUKsKWeS1g0znLZiRbEIOW2Go4vUb95SpVkkb8w4poHAA8n6jGBjpW4u36GxZtxSdNa5xELgbq6A3NNKqeiXIHIRKntFLyXFsn/iQ88qKQpggVo3997pRSQRVBrCsdZtD8UmmGBlGOF0mu0kmsaYjPCAti2VWFAdTGanT+GRVXqwHylb0sCZ+n1igoXWYxHaToHNUP/2UvEvr52YfiWYMBknhkoyX9RPODQRTHOAPaYoMXxsCSaK2VshGWKFibFpZW0IX5/C/0mj6HrI9a79QvV8EUcGHIBDcAw8UAZVcAVqoA4IuAMP4Ak8O/fOo/PivM5bl5zFzD74AeftEzlKk/k=</latexit><latexit sha1_base64="52/GQOlh8pTrR0JGOtBalWMeOJw=">AAAB+nicdVDLSgMxFM34rPXV6tJNsAiuhkwd2rqRogtdVrAPaIeSSdM2NMkMSUYptZ/ixoUibv0Sd/6NmbaCih64cDjnXu69J4w50wahD2dpeWV1bT2zkd3c2t7ZzeX3GjpKFKF1EvFItUKsKWeS1g0znLZiRbEIOW2Go4vUb95SpVkkb8w4poHAA8n6jGBjpW4u36GxZtxSdNa5xELgbq6A3NNKqeiXIHIRKntFLyXFsn/iQ88qKQpggVo3997pRSQRVBrCsdZtD8UmmGBlGOF0mu0kmsaYjPCAti2VWFAdTGanT+GRVXqwHylb0sCZ+n1igoXWYxHaToHNUP/2UvEvr52YfiWYMBknhkoyX9RPODQRTHOAPaYoMXxsCSaK2VshGWKFibFpZW0IX5/C/0mj6HrI9a79QvV8EUcGHIBDcAw8UAZVcAVqoA4IuAMP4Ak8O/fOo/PivM5bl5zFzD74AeftEzlKk/k=</latexit><latexit sha1_base64="52/GQOlh8pTrR0JGOtBalWMeOJw=">AAAB+nicdVDLSgMxFM34rPXV6tJNsAiuhkwd2rqRogtdVrAPaIeSSdM2NMkMSUYptZ/ixoUibv0Sd/6NmbaCih64cDjnXu69J4w50wahD2dpeWV1bT2zkd3c2t7ZzeX3GjpKFKF1EvFItUKsKWeS1g0znLZiRbEIOW2Go4vUb95SpVkkb8w4poHAA8n6jGBjpW4u36GxZtxSdNa5xELgbq6A3NNKqeiXIHIRKntFLyXFsn/iQ88qKQpggVo3997pRSQRVBrCsdZtD8UmmGBlGOF0mu0kmsaYjPCAti2VWFAdTGanT+GRVXqwHylb0sCZ+n1igoXWYxHaToHNUP/2UvEvr52YfiWYMBknhkoyX9RPODQRTHOAPaYoMXxsCSaK2VshGWKFibFpZW0IX5/C/0mj6HrI9a79QvV8EUcGHIBDcAw8UAZVcAVqoA4IuAMP4Ak8O/fOo/PivM5bl5zFzD74AeftEzlKk/k=</latexit>

Attractive	interaction	
suppresses	dot	occupation	

Repulsive	interaction	
enhances	dot	occupation	



Side coupled quantum Dot 
•  Dot	occupation	at	finite	T	

K = 4/3
<latexit sha1_base64="WRcTO6cEFcwraEfw7kIB6ymf7NY=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU0zS0NaDUPQieKlg2kIbyma7aZduNmF3I5TQ3+DFgyJe/UHe/Ddu2goq+mDg8d4MM/OChFGpLOvDKKysrq1vFDdLW9s7u3vl/YO2jFOBiYdjFotugCRhlBNPUcVINxEERQEjnWBylfudeyIkjfmdmibEj9CI05BipLTk3Vy4Z9VBuWKZ542a49agZVpW3XbsnDh1t+pCWys5KmCJ1qD83h/GOI0IV5ghKXu2lSg/Q0JRzMis1E8lSRCeoBHpacpRRKSfzY+dwROtDGEYC11cwbn6fSJDkZTTKNCdEVJj+dvLxb+8XqrChp9RnqSKcLxYFKYMqhjmn8MhFQQrNtUEYUH1rRCPkUBY6XxKOoSvT+H/pO2YtmXat26lebmMowiOwDE4BTaogya4Bi3gAQwoeABP4NngxqPxYrwuWgvGcuYQ/IDx9gnYFI4M</latexit><latexit sha1_base64="WRcTO6cEFcwraEfw7kIB6ymf7NY=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU0zS0NaDUPQieKlg2kIbyma7aZduNmF3I5TQ3+DFgyJe/UHe/Ddu2goq+mDg8d4MM/OChFGpLOvDKKysrq1vFDdLW9s7u3vl/YO2jFOBiYdjFotugCRhlBNPUcVINxEERQEjnWBylfudeyIkjfmdmibEj9CI05BipLTk3Vy4Z9VBuWKZ542a49agZVpW3XbsnDh1t+pCWys5KmCJ1qD83h/GOI0IV5ghKXu2lSg/Q0JRzMis1E8lSRCeoBHpacpRRKSfzY+dwROtDGEYC11cwbn6fSJDkZTTKNCdEVJj+dvLxb+8XqrChp9RnqSKcLxYFKYMqhjmn8MhFQQrNtUEYUH1rRCPkUBY6XxKOoSvT+H/pO2YtmXat26lebmMowiOwDE4BTaogya4Bi3gAQwoeABP4NngxqPxYrwuWgvGcuYQ/IDx9gnYFI4M</latexit><latexit sha1_base64="WRcTO6cEFcwraEfw7kIB6ymf7NY=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU0zS0NaDUPQieKlg2kIbyma7aZduNmF3I5TQ3+DFgyJe/UHe/Ddu2goq+mDg8d4MM/OChFGpLOvDKKysrq1vFDdLW9s7u3vl/YO2jFOBiYdjFotugCRhlBNPUcVINxEERQEjnWBylfudeyIkjfmdmibEj9CI05BipLTk3Vy4Z9VBuWKZ542a49agZVpW3XbsnDh1t+pCWys5KmCJ1qD83h/GOI0IV5ghKXu2lSg/Q0JRzMis1E8lSRCeoBHpacpRRKSfzY+dwROtDGEYC11cwbn6fSJDkZTTKNCdEVJj+dvLxb+8XqrChp9RnqSKcLxYFKYMqhjmn8MhFQQrNtUEYUH1rRCPkUBY6XxKOoSvT+H/pO2YtmXat26lebmMowiOwDE4BTaogya4Bi3gAQwoeABP4NngxqPxYrwuWgvGcuYQ/IDx9gnYFI4M</latexit><latexit sha1_base64="WRcTO6cEFcwraEfw7kIB6ymf7NY=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU0zS0NaDUPQieKlg2kIbyma7aZduNmF3I5TQ3+DFgyJe/UHe/Ddu2goq+mDg8d4MM/OChFGpLOvDKKysrq1vFDdLW9s7u3vl/YO2jFOBiYdjFotugCRhlBNPUcVINxEERQEjnWBylfudeyIkjfmdmibEj9CI05BipLTk3Vy4Z9VBuWKZ542a49agZVpW3XbsnDh1t+pCWys5KmCJ1qD83h/GOI0IV5ghKXu2lSg/Q0JRzMis1E8lSRCeoBHpacpRRKSfzY+dwROtDGEYC11cwbn6fSJDkZTTKNCdEVJj+dvLxb+8XqrChp9RnqSKcLxYFKYMqhjmn8MhFQQrNtUEYUH1rRCPkUBY6XxKOoSvT+H/pO2YtmXat26lebmMowiOwDE4BTaogya4Bi3gAQwoeABP4NngxqPxYrwuWgvGcuYQ/IDx9gnYFI4M</latexit>

K = 2/3
<latexit sha1_base64="cthhOTwfcVvylj1WirRftWyHTSk=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU0zS0NaDUPQieKlg2kIbyma7aZduNmF3I5TQ3+DFgyJe/UHe/Ddu2goq+mDg8d4MM/OChFGpLOvDKKysrq1vFDdLW9s7u3vl/YO2jFOBiYdjFotugCRhlBNPUcVINxEERQEjnWBylfudeyIkjfmdmibEj9CI05BipLTk3Vw4Z9VBuWKZ542a49agZVpW3XbsnDh1t+pCWys5KmCJ1qD83h/GOI0IV5ghKXu2lSg/Q0JRzMis1E8lSRCeoBHpacpRRKSfzY+dwROtDGEYC11cwbn6fSJDkZTTKNCdEVJj+dvLxb+8XqrChp9RnqSKcLxYFKYMqhjmn8MhFQQrNtUEYUH1rRCPkUBY6XxKOoSvT+H/pO2YtmXat26lebmMowiOwDE4BTaogya4Bi3gAQwoeABP4NngxqPxYrwuWgvGcuYQ/IDx9gnVCI4K</latexit><latexit sha1_base64="cthhOTwfcVvylj1WirRftWyHTSk=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU0zS0NaDUPQieKlg2kIbyma7aZduNmF3I5TQ3+DFgyJe/UHe/Ddu2goq+mDg8d4MM/OChFGpLOvDKKysrq1vFDdLW9s7u3vl/YO2jFOBiYdjFotugCRhlBNPUcVINxEERQEjnWBylfudeyIkjfmdmibEj9CI05BipLTk3Vw4Z9VBuWKZ542a49agZVpW3XbsnDh1t+pCWys5KmCJ1qD83h/GOI0IV5ghKXu2lSg/Q0JRzMis1E8lSRCeoBHpacpRRKSfzY+dwROtDGEYC11cwbn6fSJDkZTTKNCdEVJj+dvLxb+8XqrChp9RnqSKcLxYFKYMqhjmn8MhFQQrNtUEYUH1rRCPkUBY6XxKOoSvT+H/pO2YtmXat26lebmMowiOwDE4BTaogya4Bi3gAQwoeABP4NngxqPxYrwuWgvGcuYQ/IDx9gnVCI4K</latexit><latexit sha1_base64="cthhOTwfcVvylj1WirRftWyHTSk=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU0zS0NaDUPQieKlg2kIbyma7aZduNmF3I5TQ3+DFgyJe/UHe/Ddu2goq+mDg8d4MM/OChFGpLOvDKKysrq1vFDdLW9s7u3vl/YO2jFOBiYdjFotugCRhlBNPUcVINxEERQEjnWBylfudeyIkjfmdmibEj9CI05BipLTk3Vw4Z9VBuWKZ542a49agZVpW3XbsnDh1t+pCWys5KmCJ1qD83h/GOI0IV5ghKXu2lSg/Q0JRzMis1E8lSRCeoBHpacpRRKSfzY+dwROtDGEYC11cwbn6fSJDkZTTKNCdEVJj+dvLxb+8XqrChp9RnqSKcLxYFKYMqhjmn8MhFQQrNtUEYUH1rRCPkUBY6XxKOoSvT+H/pO2YtmXat26lebmMowiOwDE4BTaogya4Bi3gAQwoeABP4NngxqPxYrwuWgvGcuYQ/IDx9gnVCI4K</latexit><latexit sha1_base64="cthhOTwfcVvylj1WirRftWyHTSk=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU0zS0NaDUPQieKlg2kIbyma7aZduNmF3I5TQ3+DFgyJe/UHe/Ddu2goq+mDg8d4MM/OChFGpLOvDKKysrq1vFDdLW9s7u3vl/YO2jFOBiYdjFotugCRhlBNPUcVINxEERQEjnWBylfudeyIkjfmdmibEj9CI05BipLTk3Vw4Z9VBuWKZ542a49agZVpW3XbsnDh1t+pCWys5KmCJ1qD83h/GOI0IV5ghKXu2lSg/Q0JRzMis1E8lSRCeoBHpacpRRKSfzY+dwROtDGEYC11cwbn6fSJDkZTTKNCdEVJj+dvLxb+8XqrChp9RnqSKcLxYFKYMqhjmn8MhFQQrNtUEYUH1rRCPkUBY6XxKOoSvT+H/pO2YtmXat26lebmMowiOwDE4BTaogya4Bi3gAQwoeABP4NngxqPxYrwuWgvGcuYQ/IDx9gnVCI4K</latexit>

Dot	occupation	suppressed/enhanced		for	attractive/repulsive		interactions			

Effect	stronger	at	lower	T		(strong	coupling	regime)		weaker	at	high	T	



 Conclusions and Outlook 
Conclusions:	

-	Solved	the	Kane-Fisher	model		exactly	in	all	parameter	regimes	

-	Obtained	analytic		for	asymptotic	thermodynamic	and	transport	quantities		

To	do	list:	

•  A	dot	side	coupled		to	a	Luttinger		wire,	to	n	Luttinger	wires	

•  A	dot	edge	coupled	to	n	wires			

•  Kondo	impurity	coupled	to	a	Luttinger	liquid	

Ø  	In	equilibrium	

-	Solved	the	weak	tunneling	model		(dual	to	Kane-Fisher)	

•  Spin	anisotropic	systems	

-	Solved	the	edge	coupled	dot-wire,	studied		dot	occupation	
and	thermodynamics		



 Conclusions and Outlook 

Ø  	Out-of-	equilibrium	

i.  Quench	dynamics		of		the	systems:		

-		Coupling	the	impurity	to	the	lead	(Interacting	X-ray	edge	problem)		
-		Changing	the	interaction	strength																																																																																																									
-	The	Loschmidt	echo,	quantum	work			

ii.	Nonequilibrium		transport	at	finite	voltage	

iii.	Persistent	currents	

iv.	Periodically	driven	systems	(Floquet)	



 Bethe Ansatz eqns in the thrmodynamic limit 
•  Thermodynamic	limit																																																																																																										

Introduce	string	and	string-hole	densities:																												satisfying	the	continuous	BAE:	⇢j(x), ⇢
h
j (x)

Na⌫(x) + b⌫(x) = �⇢⌫(x)� ⇢h⌫ (x) +
⌫X

k

A⌫k ⇤ ⇢k(x)

Naj(x) + bj(x) = ⇢j(x) + ⇢hj (x) +
⌫X

k

Ajk ⇤ ⇢k(x)

aj(x) =
1

2⇡

d

dx
p(x, nj , vj)

Ajk(x) =
1

2⇡

d

dx
⇥jk(x)

bj(x) = � 1

4⇡

d

dx
p(x� c/�, nj ,�vj)

p(x, nj , vj) = 2vj arctan ((cotnj�/2)
vj tanh�x)

⇥jk(x) = p(x, |nj � nk|, vjvk) + p(x, nj + nk, vjvk) + 2
X

q

p(x, |nj � nk|+ 2q, vjvk)

where	

and						denotes		the	parity	of	string					.			vj j

•  The	corresponding	energy	is:	

Eqns	similar	to	AKM,		
	
but	impurity		appears		
with	opposite	parity	–	
It	mixes		L	&	R	

E{⇢j} = �
⌫X

j=1

D

Z
⇢j(x) (p(x, nj , vj) + ✓(vj)⇡)

N,L ! 1, D = N/L fixed

Tsvelik-Wiegmann	‘84	



 Conventions  

�/⇡ = 1� 1/K = 1/⌫ = (2/⇡) arctan g
QD	at	the	edge	


