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The environment - Luttinger Liquid

The Luttinger Hamiltonian is the low-energy fixed point of many 1-d interacting
gapless systems: XXZ Heisenberg model, Hubbard model, Lieb-Liniger model..
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* In 1-d weak interactions change the nature of the system:
fermions disappear from spectrum, collective excitations - bosons

Hip =v [ dalK TP (a) + 4 (09(x))

K ~1—2g/m  Luttinger parameter: Repulsive interaction K < 1, attractive X > 1

Realized in many experimental systems: spin chains, carbon nano-tubes,
guantum wires, Quantum Hall edges




Local Scattering Center in a Luttinger Liquid

 Alocalimpurity V(z)=Ud(z)
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Quantum dot + Luttinger Liquid

t BC at the edge
Dot attheedge @ ...... -— Yy —> @ ¥+(0) = ——(0)

H = Hyp + ((0L0) ~ 6L (0))d + h) + codld + Gtd S wf (0)6(0)
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Side-coupled dot .- -— Py  —>
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* In the wire the electrons are dissolved and
excitations are bosonic density fluctuations

* On the dot the degrees of freedom are electronic

—> Interplay between tunneling and interaction



Quantum dot + Luttinger Liquid

Experimental realization: Embedded dot

Current work:

The Y- problem
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G. Finkelstein Group 2012
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Spin impurity ina Tl

Maasilta and Goldman 1997

Resonant tunneling between
fractional quantum Hall edges

Luttinger Kondo
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Why?

- The excitation spectrum of the Luttinger consists of bosons bosons fermions
Fermions are coherent collective excitations t

N A
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- Tunneling to dot proceeds via fermions: Competition — interactions vs tunneling

How?

- Requires a new type of Bethe Ansatz, generalization of Yang-Baxter

- Derive the Bethe Ansatz equations due to imposition of Periodic
Boundary Conditions

- Derive spectrum, identify the ground state, the excitations

- Calculate the dot occupation, the critical exponents, the
thermodynamics, the RG flow



Local scattering in LL: The Kane-Fisher model

The Hamiltonian Hyr = H“* + H™P consists of:

- Luttinger liquid in the bulk: left (-) and right (+) moving fermions coupled via density-density

o==x,a=T,1
Foulk — Z/,%];,aaaxwa’a(x) € Z4g/¢1’a¢i,b¢_’b¢+’a chirality ~ spin
o,aqa a,b
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X
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preserves separately: N, N_ ol @)y (x)

- localized impurity (low energy approx: V() ~ hp(x)etr® 4oy (x)e kre, then U = U’)

H™ =3 U ] (00%-a(0) + 9! (0)84,4(0)] + U'[Y] 4 (0)1.a(0) + 0L, (01— a(0)]

preserves: NV = N, + N_

%,i’]@

- Related to Boundary Sine-Gordon (Zamolodchikov ‘95) by bosonization and folding (saleur et al’97)
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The RG flow (Kane and Fisher ‘92)

 RG analysis (weak coupling) Hyir ?
dU -
D@ ~ (1 - K)U U(D) grows for weak coupling, but where does it flow?

The impurity coupling is relevant for repulsive interaction in the liquid K < 1

* Does it flow to strong coupling, i.e. cut the wire?

- The strong coupling regime is described by the Weak Tunneling Hamiltonian

HWT _ Hbulk,r + Hbulk,l + Ht
N
N/

Fybulko _ —i/ dx(wl’aax¢+7a _ ¢T_,aax¢_,a) + 4g/ dz pi o(T)p—al(®)  withaw = 71,1
0 0

Hy = (¢} .(0) + ¢ ,(0)) (¢4.0(0) + ¥—1(0)) + hec

Hip I
* RG analysis of the WT Hamiltonian _ N wT
t . o . . s Sos S -
Dd_D ~ —(1— K)t Tunnelingis irrelevant U(D) t(D)

» Hgr- flows from weak to strong coupling relevant irrelevant



The Bethe Ansatz -1

Solve the model: /7, » = H"“* 4 H""? by the Bethe Ansatz

* Eigenstate of a single particle:

/ dz [(eikm[j(’wi(a;) + e ALY ())0(—z) + (P APVYT (2) + e F AT (2))0(2)| |0).

(n) AL cike AZTe™ T out)
—_— e =
(out) A[_m] o ikT A[Bl] o ikx (in)
) : [01] [10] 1 »
The S-matrix relatgs AHO] _ g A[%l] with S — 1 WU
(in)- to (out)- regions A A _ 14U \—U 1
- (out) - (in)
* Eigenstate of two fermions, L and R, crossing away from the impurity:
PR = [ dedy F(z, y)¢l (z)¢7 (y)]0) S
g2 _ [0 e 0 0
, — 10 0 e 0
where [—1(0: — 0y) +4g6(x — y)|F(x,y) = EF(z,y) 0 0 0 1
L : R
so  F(z,y) = Ae™ =Y [G(z — y) + "0(y — x))] with Y=




The Bethe Ansatz - 11

Write a Bethe Ansatz wave function:

‘kla ]{2> _ Z Z /9($Q)A§102601ik1$1+02ik2m2¢;1 (9[31)1?3;1 ($2)‘O>
Q

0102

Is it an eigenstate?

For consistency need Yang-Baxter relation (braiding)

512 SlO SQO _ Sl() SQO 512

But itis violated..?



The Bethe Ansatz - 111

The Hamiltonian determines the scattering of particles off the impurity and the local scattering of L-R
when they cross. Other scattering relations remain undetermined: e.g. L-R on opposite sides

L1
- AEEQB}
Example: T X9
1 [102A]
- AL

- When particles are on opposite sides of impurity the Hamiltonian acts as:

+i(01 — 0) or j;i(@l + 82) depending if they are of opposite or same chirality.
Allows introduction of arbitrary functions of Z1 == 2 for opposite or same chiralities.
So we can introduce S-matrices relating regions weighted by: 0(+(xy — 22))
for 01 = 02 or weighted by 0(+(z1 + x2)) for 01 = —02.

- Choice of S-matrix corresponds to choice of basis in degenerate subspace.
It is determined by consistency.

i N /I\\l \l \/T\ ~ /n\ %\ | ~
A simpler example: The Kondo model AT H P
— AY=J- Right moving spinful  Localized
h 1 Z aqgj + J Z 5(33J)0'j g0 electrons L, 0 impurity o
J J
The Hamiltonian determined the S-matrix SjO ~ 1+ iJ(l + 5j .5»0)

for electron-j scattering off the impurity



The Bethe Ansatz -1V

- The S-matrices do not commute: SV 7Y 7é §79.9%0 (it is a quantum impurity)
Electrons away from impurity are free so a naive choice S/ — ] leads to
violation of YBE gJ gi0 gj0 _ gJ0 g0 guJ.
- Claim: the free Hamiltonian h = —i(0,, + J,,) has eigenstates of the form
e(ik1x1+ik2x2)F(m1 — xo) with B = ky + k, and F'(xy — x2) arbitrary.

- Choose eigenstates: e(?F1o1Fikez2) g 40) 4 SLQH(xQ —x1)]A

where S = 5(1 + ;- ;) and then YBE is satisfied.

- What did we actually do? Chose a basis in a degenerate subspace.
The linear spectrum F = ki + ko = (k1 + q) + (k2 — qis infinitely degenerate.

|<’L|H1\]> |2 Raleigh-Schrodinger perturbation theory: To perturb a degenerate level need
j choose a basis isn the degenerate subspace that diagonalizes perturbation

e — - The choice defines the Bethe basis, the correct basis to turn on
{ § interaction from a degenerate level

, - The Bethe basis (unlike Fock basis g7 — jiJ ) separates charge
levels split by . . . .

. and spin since the Kondo interaction is in the spin channel only
perturbation



The Bethe Ansatz -V

* The full two fermion eigenstate:

‘klij Z Z/ Ag}ﬂm Ulik1$1+02ik2x2¢£1 (wl)@bll (ZCQ)‘O>

0102

e, Labels 8 regions (V122 for N particles), depending on the ordering of the
particles and impurity, and relative closeness to impurity.

1028
A[12OB] A[210A] A[JE(J):A] AETB] A[ﬁfB} A[i(—)—lFQA} A[igrzA} Al 2OB]
[10231 A[102A] alo124] | A [021B] A[201B] Al2014] | Al2104] | A[ ]
A = Ay Ay = += Ay = T [As = R A = += 1 = T a0 |47 = P 8 = [021B]
1= [201B] 2 412014] 3 4[2104] A[120B] 5 A[102B] 6 A[1024] Al0124] A
Ay —+ —+ = — — - P
A10215] Al0124] A1024] A[_1(l2B] 41208 4[2104] A[E(ilA] A[,Q(il ]
!3°t_h particles Both particles 2 moves to 2 moves to Both particles Both particles 1 moves to 1 moves to
incident on incident on impurity, 1 impurity, 1 move away move away impurity, 2 impurity, 2
!mpurlty but2  impurity but 1 moves away moves away from impurity, ~ from impurity, moves away moves away
is closer is closer but 1is closer ~ but2iscloser  2iscloser 1is closer but 1is closer ~ but2is closer
For example: A, o _ | N A
1 9 The Hamiltonian determines: 57 and 5 "=, o ¢ |
. 0 0 0 1
! Ag = S?%4,, A5 =514,
© S
0 As =SP4, Ag=S1PA4,
"
T A= 8124 A, = 5124,
N — —

A We have freedom to relate ffl <> XQ, A < Ag



The Bethe Ansatz - VI

We choose: A, = W'2A;, Ag=W'1?2A; with w2 =

O O O
O~ O O
OO = O
o O O

w2
Choice dictated by consistency requirement: ‘//\ A1 Q
8

320512310W12 _ W12510512320 st (/

110 12
Extra regions modify consistency condition ° k\ﬂ q/) y

from YBE to a reflection equation As

Bethe Basis: The partition to extra regions is dictated by linear derivative and the
degeneracies associated with it require choice of correct basis in the degenerate subspace.



The Bethe Ansatz - VII

Generalization to N-particles:

* The eigenstate,

S0 =8 ®pzj I 8-

Dktig L W =

CBN

&

o
—_ o oo

oo o
o
CDN
&
oo o

ij
Satisfying the YBE and reflection equations
ijwjlwkl _ Wklelek’
ijsjlskl _ Sk:lsjlek

* The energy eigenvalue, . _ Z k;
J

O = OO

o O = O

Rkij L

_ o O O

ij



Periodic boundary conditions and spectrum

. PBC imply: e LA, o= (Z)7 N A

LON o1...0n ‘Y00
with transfer matrix for particle-j : 7, = W/~ W gl GiNgiOy il yyiitl

- All Z; are equivalent (no dimensionful paramenter in Hamiltonian)

 Diagonalization of the transfer matrix 2

To bring our problem into the QIS form

i. We need to find R-matrix such that:
Ru—0)=W%9 R(u—oc0) =59
ii. We need to find K jE(u) (boundary) matrices such that:
K~ (u) — S
K" (u) chosen to impose BC

1 0 0 0
0 . sinh u . sinh n 0
- Introduce XXZ R-matrix Rlu) = | sk Gt sk e 0
sinh (u4+n) sinh (u+n)
0 0 0 1
. . _ i 1 —1g
with crossing parameter e T =¢"? =

1419



Periodic boundary conditions and spectrum

- Introduce reflection (or boundary) matrices K~ (u) H. De Vega and A. Gonzalez Ruiz ‘93
K= (u) = 2i cosh (¢ + 60/2) coshu sinh(2u)
B sinh(2u) 2i cosh (¢ +60/2) coshu ) wi':jh;e c :hlog ((1 — U2/4)/U)
. B o an an inhomogeneity parameter
K+ () = 2 sinh ( 6) cosh (u + n) | sinh (2u + 2n)
— sinh (2u + 27) 2 sinh (—0) cosh (u + 1)

then K (u) — S as u = 6//2 — 0o reproduces impurity scattering

K™ (u) can be used to impose twisted boundary conditions

- Introduce Monodromy matrix (similar to XXZ with two boundaries)
Zo(u) = CK T (u)Ro1(u+0/2) ... Ron(u+0/2) K~ (u)Ron(u—0/2) ... Ro1(u —6/2)

—Be™"

0- auxiliary space, and ¢ =
ysp ! sinh&silrlh?;—‘9

- Define Transfer matrix t(u) = Trg E(u) Transfer matrix satisfies:
. [t(u), t(v)] =0
- Claim: Z = lim t(9/2) Sklyanin ‘88
0— o0




Periodic boundary conditions and spectrum

- To diagonalize Z(u) = t(u — (9/2) use ODBA (off diagonal Bethe Ansatz)
J. Cao, W.-L. Yang, K. Shi, and Y. Wang ‘13

Unlike QIS, ODBA does not require reference state Y.Wang, W.-L. Yang, J. Cao, and K. Shi ‘15

We find - Eigenvalues:

i 8inh (0 — 2i¢) cosh (c ¢) cosh® (6/2) ﬂ sinh (/2 — p; + i¢)

sinh (0 — i¢) sinh 6 sinh (0/2 + pu; —i¢)

A(0/2) = —4iBe

J

with parameters {i;, 7 = 1...]V } satisfying the BAE: for V even

[Cosh (i(N + 1)+ ctin/2—0/2+25 Mj) - 1} sinh (241 — i) sinh (2p; — 2i))
2icosh (11 + ¢+ 0/2 — i¢)” sinh (j1; — 0 — i¢p)

: ﬂ sinh (p; + p — i¢) sinh (p; + p — 2i9)
- sinh (uj +0/2 —i¢)sinh (u; —0/2 —i¢)

selection rule: Wi 7 [k, Pk + 10



The BAE

Recall e " = lim A(0/2) Note: We embedded our problem in a boundary
f— o0 problem. The limit restores the impurity nature.

- To take the limit introduce two sets of Bethe parameters: {)\j, yj}

N +ig/24+0/2  if j<
py =

—V;_ N/2+Z§b/2—9/2 if j

wIZNIZ

- We find in the limit:

h(v; +i0/2)

with the parameters satisfying the BAE

N/2
—sz _l H Slnh >‘ o Z¢/2) —Xj+vi+io
@ J

N/2
sinhY (\j — i¢p/2) = —e 2N i0H2¢22. (A v H sinh (A\; — vg) sinh (A\; — v, — i9)

N _ 2icosh (c —vj —19/2) 55 ) e , , _
sinh™ (v; +1i¢/2) = YL e Lk Nk I | sinh (v; — A\,) sinh (v; — A + i)
BVJ—C (2




The Luttinger limit (impurity decoupled)

Check: in the limit U — 0 (i.e. ¢ — OQ) need to reproduce the Luttinger liquid spectrum

BAE imply: )\j = V; oOr )\j =V + e

namely pairs, [Lj+N/2 = —Hj + i OT fijnjo = —j + 2i¢, [tj, ] < N/2 undetermined
Take M pairs 1 /o = —fi; + 1@ and N/2 — M pairs ju; g = —p1j + 2i¢

- The latter decouple in the limit and we find:

XXZ-like equations,
chirality analogous to spin
- but different dynamics

M
i —sz Mz sinh )‘ B Zgb/2)
1;[ sinh (A; + i¢/2)

sinh™ (\; — i¢/2) _ i(N=2M)¢ H sinh (A; — A\p — i9)
sinh™ (\; + i¢/2) sinh (A\; — A\, +i¢)’

And we obtain the Luttinger spectrum

27 M(N — M)
E=— knk——ZI— b

with 711 and I; being the charge and chirality quantum numbers



The Luttinger limit and the string hypothesis

* The{\, }solutions in the Luttinger limit, ¢ — OO
- XXZ is a well studied problem: the solutions fall into strings

For simplicity choose |¢| = /v with v > 2

i. We have positive parity j-string solutions (centered around zero):

Bulk ) )\<jal>:)\j+¢(j+1_zz)¢/2 j=1,...,v—1
excitations

ii. We have negative parity strings centered around 7 /2 and for our choice
L only 1-strings allowed: \” + i /2.

* When the impurity is coupled, for large but finite ¢ (i.e.[J < 1), the
corrections are of order 1//N. So assume the string hypothesis,

A — real

Im{A\GD} = Im{pWD} = (25 +1 —1)¢/2
Im{\;} =Im{v;} =7n/2

Im{A; — v} =¢



Thermodynamics I

* Constructing Free Energy F' = I/ —T'S with E{p,} = Z/dk p;(k)k
and Yang-Yang entropy, j
S = Z/ [(Pj + /0?) log (Pj + P;L) — pj log (Pj) - P;L log (ﬂ?)} For convenience
J

| =7/v v>2
Minimize w.r.t. densities solution of the BAE to obtain the TBA egns:

2D
logn;(2) = —dj,1 - arctane™ + G * log (1 + 741 (2))(1 +n;-1(2)) + 9j,,—2G * log (1 + " (2))

logn,—1(x) = G xlog (1 +n,—2(x)) = —logn, (x)

1

N
. The density D = — plays
2 cosh mx L

With 7;(z) = pll(z)/p;(x) and  G(z) =

the role of the cut-off sinceweset kr = (

* Scaling limit: remove cut-off dependence D —

L R
. T E
Linearized the spectrum -valid aslongas 7' p... < D D ’
Band a=2kr icﬁo
\ .
v ll) -]’ width i /)\ k- k

Region of validity Y4 AN



Thermodynamics I1

e Scaling limit: remove cut-off dependence D — oo without changing the physics

T

Define: ¢;(x) = log(m(l‘+ 10g5))

: - 2D 1 T .
Approximate driving term G arctan exp m(x + - log —) ~ —2e

b || =7 /v

* The universal form of the TBA:

p;(2) = —0;12e™ + G xlog (1 4 e¥i-1 @) (1 Pt (@) 5 <2 V=2

wu—2(x) = G xlog(1 + e%—l(fc))(l + e“"”—i”(x))(l + e_w”(x))
pr—1(r) = G *log (1 + 690”_2@)) = —pu(z)

* Thefreeenergy p — pLL | i consists of:

FEl = By - TN/ z)log (1 4 exp ¢1(x)) The bulk contribution

T .
F = T/da: G(x + — 1OgT )log(1+€%_l( )) The impurity contribution

KF

A scale emerges: De™cld

Tkr =



Thermodynamics — RG and universality

* The dynamically generated scale:

U Zarciang Recall: ¢ =log ((1 - U2/4)/U>
_pere/b Y
TKF De D(l—U2/4)
* Two equivalent languages: 7 . R
1. Universality: Increase band width Band ' :
-- Linearized the spectrum, valid as long as, width q~2ki¢0
D

[IIYF T p.. <D —kp )‘\ ke ©
u —>T AR

Region of validity D

- High and low temperature regimes defined w.r.t 7, always small compared to D
- Equivalently send D — oo holding T, then all results universal.

2. Renormalization Group: Reduce band width while adjusting the coupling [/ so that
the the low energy physics remains invariant, i.e. holding T’k fixed.

for 2 arctan g

repulsive RG flow: U(D) - (TKF/D) = vooa D0 Wireis cutin IR

. ) Kane-Fisher 92
interaction




Thermodynamics and RG fixed points

Recall kernel:
* The impurity free energy - high and low temperature behavior Gz + 1 log TT )
™ KF

Need to solve TBA eqgns for £ — 00 corresponding to 7' — 0,00,

. | o =0 g ==y,
Denoting: e%7 () — At we find: 7 7, . ' .
v =371, Vo1 =v—2=1/y

* The fixed points:

Free energy atstrong (/IR 7 — 0) and weak (UV T" — oo ) coupling limits

. T : T
Fiy = alog(y), Frp = glog(z/—l)

Entropy decreases as system flows to IR Zamolodchikov, Affleck Ludwig, Saleur
: : 1 %
Sty —Sip==1lo
Uv IR = 5198 77
UV fixed IR fixed
point Flow Of U(D) as D — 0 point
T_>OOWeak’ . )'T_>0 The
coupling U(Do) Strong ]
coupling flxed
Sty = logv i B points
vy ° Conductance of a LL wire Sir =log(v —1)
GV = ((v—1)/v)e*/h (without impurity) GI" =0 The wireis cut by impurity




Thermodynamics and transport

Now study neighborhood of fixed points

UV fixed IR fixed
point __---__ N J——— point
Approach to
Weak(\' + " - )"' pp .
coupling - U (Do) Flow of U(D)as D —0  =-....3tone fixed points
coupling
Neighborhood of Neighborhood of
weak coupling strong coupling

- Leading irrelevant operators determine approach to fixed points

The corrections to the asymptotic values cf. de Sa and Tsvelik '95 for xxz

NI

Specific heat: C(7T' < Tkp) ~ (T/TKF)%, C(T > Tkr) ~ (Tkr/T)

- Same irrelevant operator controls conductance  Affleck and Ludwig ‘92

NI

Conductance: (7 < Tyxp) ~ (T/Twr)7T G(T > Txr) — Go ~ (Txr/T)

Vanishes in IR K&F ‘92 Go = ((v —1)/v)e’/h - UV fixed point conductance



Excitation Spectrum and Scattering

* Ground state configuration- solution of BAE:
Na. bilr) = p. h A
aj(z) + bj(x) = pj(@) + pl (@) + > Aje* pr()
k

with no holes or strings Pl (x) = pi(z)=0, j>1

* Fundamental excitations- chiron: a hole at xh in the distribution P21
h
e =2D arctane™

It scatters off the impurity, (S-matrix obtained by studying 1/L corrections to momentum)

/ dw tanh (w/2) i
8miw sinh ((7/¢ — 1)w/2)

chi(g) _ AT (Flog(e/Tkr))  with A (z) =

chiron-chiron scattering
dw sinh (/¢ — 2)w/2)e'“?

SO (e1,69) = "2 (G172 with A% () :/47m'w cosh (/2) sinh (7 /¢ — 1)w/2)

e Other approach: Bosonization and relation to Boundary Sine-Gordon
Zamolodchikov ‘93 Saleur ‘94

Solitons, anti-solitons and breathers postulated with their on-shell S-matrices



Quantum dot at the edge - the Bethe Ansatz

- ,——L\ Boundary condition at the edge
""" — Y (0) = =44 (0)

H=Hrpp + %((1@1(0) — 7 (0))d + h.c) + eod'd + %Cﬂd Z 1 (0)04(0)
o==

For K =1 we have H;; — Hy Resonance level model, Filyovand Wiegmann ‘81
The wave functions consist of parts with the dot occupied or unoccupied,

N
the latter takes the Bethe Ansatz form: - . N oo
B =3 [ 4%@a)e= o ] i)l
Q j=1

where amplitudes are related by:
Gz _ bt ke — 260 — i % (ky — ko)

with  gl0 _ ki —eo— 1" 3pd

k1—€0+ir _k1—|—k2—2€0—|—i%(k}1—k2)
where L3
arctan (U’/2) = arctan (U/2) — arctan (9) & = ¢y — U’ /2 [ =1t?/2 + 0
Solve for k; T
Imposing periodic boundary conditions leads to BAE: iﬂf:fl; fr_og EF
. DN _ 9z _ U (1. _ upwards, as 3
e~ thiL _ Ji(N—=1)¢ kj — €o Z.F H kj + ki — 26 — 5/ (kj — k1) . determinedby | T p
kj — €0+l l k;j + ki — 2€0 + 15 (kj — k) minimizing E .




Quantum dot at the edge — the Bethe Ansatz

It is convenient to rewrite in terms of rapidities ~ k; = De™’ + €

The BAE take the form

. N . 1 .
iDL _ i(N—1)¢+icoL cosh 3 (z; — ¢ +iA) H sinh 3 (z; — 21 — 21A)
cosh 1 (z; — ¢ —iA) l Sll’lh% —xl—l—QZA)
with - 1 U
A = B) <2 — E) + arctan (5) IR catastrophe index Recall:

K>1/2

C

T
‘=75 v =1/+y/1+ (U'/2)2

Need solve for k compute the energy £ — Z k; and identify the ground state,
the excitations, compute the free energy j



Quantum dot at the edge — the Bethe Ansatz

The rapidities form strings:

v—1 v
For 7— <A_7TV+1 wehave z' =x +i(m — A)(n—1—20) with 0 <n < v
T 7T l . . .
For o 7=2<, wehave o' =z +im+iAn—1-—20) with 0 <n <vp
(a)
7 S P SRS S asssssssssmssssnssesiasianssssmmed PSR i
b 4
I b
b 4
» 1] —% * 0
b 4
* x
x
—— r T .
1. 2& 3-strings | & 2-strings I-strings

Claim: For A > 7r/3 the ground state consists of 1-strings
For m/3 > A > w/4 theground state consists of 1- and 2-strings

And so on



Quantum dot at the edge — the occupation

T=0 properties: The dot occupation 74 = <de>
-For A > (0 system properties are universalas D) — oo while

holding Tx =D (7%) fixed.

€0 W
- The functional form of nd(T— A) depends on the parameter regime: Coisider
K
A>m/3

P 1 1 & (—1)ess@riba /g N2 (1 4 %(2n+ 1))
ni” (@A) =5 - =3
2 T n! 2n +1 Tk I'( 2 (2n + 1))

n=0
24
s

oo n 1 A
n>> (20, A) = — 3 (D" e Pt en) (Tk
d \*0 2/ n! (1 —™2n)\ &
T Nonuniversal flow Universal flow to

n=1
to weak coupling strong coupling
|

() na

.‘\'\
A=7/3 blue K- D
A =7/2 black K = "
A =3r/4 red K = a 0 -




Quantum dot at the edge - the RG flow

The RG flow for A > () is universal, from weak to strong coupling

-

o »1(0)d > ‘ T ™ Dot
DOt. [ WcC \. > : S i delocalized
localized dim =1-2A/m ¢ Ndim =2 y,

e T

Neighborhood of

Neighborhood of
€0 < Tk

€0 > Tk
Flow of T'(D) as D —

Similar picture at T>0 : Compute free energy [’ — Tf(T/TK, EO/TK)

- The entropy flow as a function of the temperature S log 2—0
- Fixed point: Fermi liquid like

Identify impurity spin and dot occupation - S* =n4 — 1/2.
- Screened Kondo spin corresponds to a fully hybridized dot with occupation,n; = 1/2.
- Unscreened spin corresponds to decoupled dot: either full or empty,,;, = 0,1 -

- The role of an external magnetic field in the Kondo model is played by the dot energy ¢



Side coupled and embedded Quantum Dot

The dot can be coupled in various ways:

t t
. — Py —>| |<— Py  — e

- Py —>

It

Boundary conditions 1/ (O) =0

0 00
Hep = —i /_ dx (Y 0ptpy — T ) —i /0 dx (Y000, — 10,0 ) +4g / da ] (2)9T (2)9— ()4 (2)

The Hamiltonians:

+eod'dio (91 (0) + 9L (0))d + he +gd'd Y- 61 (0)4(0)
o=+
and

Hyo = —i / da (W Oytbs — T 0,0 + dg / dz ()t (2)p_ (@) (2)

teod'd +%(¢1(0) + ot (0))d + hee



Side coupled quantum Dot

Concentrate on the side coupled Hamiltonian

N-particle eigenstate:

N / / /
‘k> — ZZ/@(%Q)Ag Heicrjijjwlj (ajj)‘0> + ZZ/Q(:UP)B(I;Heinijjwlj (xj)du(»
Q ¢ J P & j
@ labels 22V ! regions, 05 — +

In the incoming-outgoing basis the amplitudes are related by S-matrices:

e?i/? —3e€
* Electron- Sjo(z,) | et er/272¢ec
; : )/ —ie° e®i
Impurity o172 1 ige 073/ 1 iec
S — 1m N
electron in-out e TV
* Electron- i " e
electronin-in W = Rzy(zy Z) j — €0 €
1 0 0 0 e*=T/D
0 sinh 1 (=) _ sinhi¢ 0 ¢ = —2arctan (g)
R(Z) _ sinh %.(zh—iw)) sinh %h(zlz2)z¢) and K1 n ? .
Wlth 0 m m 0 - Slde coupled
0 0 0 1 K € [0, 2]



Side coupled quantum Dot

Consistency:
Gk0 gik qiOyyik — ik gi0 gik gko
WIkWItwwkl — wklwalyyik
WIkGIGH — M gtk

Periodic boundary conditions:

TN B 0’1...03\7
€ J AO’l...O'N o (Zj)Ul---UN A 1

with

0'1...

Z; =W~V _Wwlsh  giNgioy N yyiit!

Diagonalize via ODBA

N/2 .

. 2o /2 . ZCY/2 — 9p€ % h l o — )\ 9
p—iDe*/?L _ iNg/2 [ez . Z.ecl H s?n (%<Z k W))
eFal= + e - sinh (5 (20 — Ak +i9))
ﬂsi (RO —za +i0) lcosh(%()\j 2c+z’¢)>rflvlf
L sin h (5( )\ — 2o — i) cosh ($(\j — 2¢ — ig)) ;

sinh (

sinh (2(\; — A\ + 2i¢))
1
2

(Aj — Ak — 2i9))



Side coupled quantum Dot

 Obtain Free energy universal regime D >> I" — ¢ held fixed (Kondo temperature)

* Flow of entropy

1 1
g = Syv — Srr =1log (2) + 5 log (?>

Charge degrees of Chiral degrees
freedom, free in UV of freedom

e (C-theorem g > 0 system flows from week to strong coupling

chiral part becomes negative for A > 1
- competition between the tunneling (always relevant)
and backscattering which becomes irrelevant

00 T 2n ) T 2n/K+1
e Thelow-T Free energy F = Z Cn (f) + Z d, (f) .
n=0 n=1

* Leadingirrelevant operator (K<2) has dimension=2 (energy momentum tensor), but
changes for K<1/2- subleading operators have fractional dimensions, non FL

1
Cy ~ T, X~ T for K < 2.

C, ~T>E —y~TYEZL for K> 2 NFL



Side coupled quantum Dot

e Dot occupation in the ground state:

b [ ()7 by () O]

Attractive case: Ng = . NG
Attractive interaction — P
suppresses dot occupation — S P~
KelS -~
g > T
-~
-~
- ”~ r
e — — =1 o1 6z 63 84 iia
2n+1
) for T' > ¢g
Repulsive case: ng = (2n+1)/(1—K)
+ b, (=
n \ ¢,
K <1

— KeSS

s - Ke0
— Kt ~ -
e - ’EO > F

1 882 884 086 Qi Alde

Repulsive interaction
enhances dot occupation




Side coupled quantum Dot

* Dot occupation at finite T

-~

o5 10 15

Dot occupation suppressed/enhanced for attractive/repulsive interactions

Effect stronger at lower T (strong coupling regime) weaker at high T



Conclusions and Outlook

Conclusions:

- Solved the Kane-Fisher model exactly in all parameter regimes

- Obtained analytic for asymptotic thermodynamic and transport quantities
- Solved the weak tunneling model (dual to Kane-Fisher)

- Solved the edge coupled dot-wire, studied dot occupation
and thermodynamics

To do list:

> In equilibrium

* A dot edge coupled to n wires
A dot side coupled to a Luttinger wire, to n Luttinger wires

* Kondo impurity coupled to a Luttinger liquid

* Spin anisotropic systems



Conclusions and Outlook

» Out-of- equilibrium

i. Quench dynamics of the systems:

- Coupling the impurity to the lead (Interacting X-ray edge problem)
- Changing the interaction strength

- The Loschmidt echo, quantum work

ii. Nonequilibrium transport at finite voltage

iii. Persistent currents

iv. Periodically driven systems (Floguet)



Bethe Ansatz eqns in the thrmodynamic limit

Thermodynamic limit N L - oo, D= N/L fixed .
Introduce string and string-hole densities: p;(7), P () satisfying the continuous BAE:

NCLJ'(ZIZ‘) + bJ(ZU) = ,Oj(af) + P;L(ZIZ‘) + ZAJk * pk(ﬂf)

kv
Nay () + b, (2) = —py(x) = pl(x) + > Aur % pr()

1 d Eqns similar to AKM,
where a; (z) = o %p(ﬂf, T, Uj) Tsvelik-Wiegmann ‘84
1 d but impurity appears
bj () = s %p(x —¢/¢:n5, ;) with opposite parity —
1 d It mixes L &R
Ajele) = 5+ O()

p(z,nj,v;) = 2v; arctan ((cot n;¢/2)" tanh ¢x)

Ojk(x) = p(x, Inj — nkl,vijur) + p(x,nj + ng, vjvg) + 2 Zp(:l:, In; — ng| + 2q,v;vk)
q
and U; denotes the parity of string ;.

* The corresponding energy is:

Blpsk == 32D [ (@) (blavnj,vy) + 6(0y)m)



Conventions

QD at the edge

¢p/m=1—1/K =1/v = (2/m)arctang



