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Entropy and Dynamics
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Entanglement Entropy

> pa = tre(pas)
p = tra(pas)

For separable states: tr(p3) = tr(p%) = tr(psg) = 1.

For entangled states: tr(p3) = tr(p%) < tr(psg) = 1

nth Renyi Entropy 2nd

S2(A) = — log tr (p3)

1st

1 n
— log tr (pa)

S5,(A) =

lim S,(A) = —tr(palogpa) = S(A)

n—1




Measurement of Second Renyi Entropy

Theorem: tr(Vopr ® p2) = tr(p1p2)

A

Exchanging 1 an 2

Creating two identical copies: 01 = 02

<‘/2> — i?“(pz)

For instance: |¢) = (a! — al)*(al + al)™|0)




(a1 + ag)

(—aq + as)

Average Quantum state Punty
parity overlap

\ A =
(P.) Tr (o4 py) 2= P Tr (p?)
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Superfluid

Harvard Group, Nature 2016

"Agz T %B

A odd or even - mixed

A+B even = pure

- A and B Entangled
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Equilibrium After Quench

Harvard Group, Nature 2016 Science 2016




Out-of-Time-Ordered Correlation (OTOC)

Normal correlation you can find in any textbook:
(WHHW ($)VI(0)V(0))s

otoc (Wi VIO)W()V(0))s

Since 2014...

Condensed Matter/

Quantum Information High Energy/Gravity

Shenker Maldacena Witten

Kitaev




Out-of-Time-Ordered Correlator

OV (O 0)W (577 (0))5
W (t) = cAHLTY o—iH?
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® OTOC diagnoses chaotic behavior
0
SiF ~ et = {q(t),p(0))

LT LTE I
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q(0)

A, Lyapunov exponent -
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C(t) =<VT(0)WT(t)W(t)V(0) 5 WT(t)VT(O)V(O)W(t)
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2Ontof fime procreiconelaions Larkin, Ovchinnikov 1969
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Out-of-Time-Ordered Correlator
<W*( )VT(O)W( )V (0))5

W (t) = cAHLTY o—iH?

® OTOC diagnoses the butterfly effect

OTOC = (y|x)
z) = W(t)AV(O)D ly) = V(O)W(¢)])
X W XW




Out-of-Time-Ordered Correlator ;

<W*( )VT(O)W( HV(0))5

A

W(t) — eiﬁtW(i_iﬁt

® OTOC diagnoses the butterfly effect w

|y =[11)
(W|v|p)=1

by Brian Swingle* and Norman Y. Yaoft
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Out-of-Time-Ordered Correlator

<WT( )VT(O)W(t)V(O)M
Wi = e e 0

® Delocalization of information is closely related to ~
the decay of the OTOC, and the buttertly etfect in |'
quantum system implies the information-theoretic |
definition of scrambling. ,5;;-

C(t) =W (&), V(0)][*) H

0.9 . - i

(H W |

Hosur, Qi, Roberts and Yoshida, 2015




Out-of-Time-Ordered Correlator

® OTOC diagnoses the butterfly effect
10TOC 1 — qe’Lt

A -

A;, Lyapunov exponent

® > 1
B

® OTOC has also emerged in studying gravity models.
The calculation with a black hole shows that

.

5
2
® OTOC has a upper bound A I = FW

Kitaev, KITP, 2015; Maldacena, Shenker and Stanford, 2015




Holographic Duality

Holographic duality:

A quantum many body system (strongly interacting, emergent
conformal field symmetry) in D-dimension
can be mapped to

a gravity theory (hopetully. classical) in D+1-dimension

(AiAj)qrr = (BiBj))c

Condensed Matter /Cold Atom Physicists:

A way to solve strongly interacting
quantum many-body problem

High-Energy/Gravity Physicists:

A way to quantize gravity

Conformal fields

Hot radiation
ALFRED T. KAMAJIAN




Holographic Duality and Cold Atom Physics

PRL 94, 111601 (2005) PHYSICAL REVIEW LETTERS

week ending
25 MARCH 2005

Viscosity in Strongly Interacting Quantum Field Theories from Black Hole Physics

Pk Kovtun,1 D.T. Son,2 and A.O. Starinets’
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Out-of-Time-Ordered Correlator

® OTOC has also emerged in studying gravity models.
The calculation with a black hole shows that

2%
)\L—ﬂ

® OTOC has a upper bound A 7 = %T

A quantum system is The Lyapunov exponent
holographically dual to of the system saturates
a black hole the bound

The Lyapunov exponent A quantum system is

of the system saturates holographically dual to
the bound a black hole

An example is the SYK model




Out-of-Time-Ordered Correlator
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Local quench A ) S |0

¥ | 0 [o]e \$¢/’\¢/

R. Fan, P. Zhang, H. Shen and H. Zhai, Science Bulletin, 2017



OTOC v.s. Renyi Entropy "

Non-Equilibrium Properties Equilibrium Properties
7 — OOT
Quench the system by —_— X V=00
arbitrary operator () = M is a complete set of

operators in B
Entanglement Entropy OTOC

R. Fan, P. Zhang, H. Shen and H. Zhai, Science Bulletin, 2017



OTOC v.s. Renyi Entropy
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Quantum Thermalization

Statistical Mechanics:
Local observation 1s
consistent with a
thermal ensemble of
statistical mechanics

Quantum Mechanics:

The whole system evolves as a
unitary quantum evolution




Eigen-State Thermolization Hypothesis

Partition the system into two parts A and B. Suppose V4/Vg — 0 in the
thermodynamics limit V4, Vg — oo. If the ETH holds true for every

local operator in A, then

pa = Trp(la) (o)) = e Ma/keTa,

Implication:

Entanglement entropy

@ obeys volume law




Many-Body Localization

ETH

MBL

Exactly Integrable:

Non-Interacting System:
Free fermions, bosons
Anderson localization

Bethe-Ansatz Integrable

Many-Body Localization:
(Emergent Integrability)
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Many-Body Localization and Cold Atom Physics ¢

RESEARCH ARTICLE

QUANTUM GASES

Observation of many-body
localization of interacting fermions
in a quasirandom optical lattice

Michael Schreiber,”? Sean S. Hodgman,"> Pranjal Bordia,"> Henrik P. Liischen,?
Mark H. Fischer,?> Ronen Vosk,?> Ehud Altman,>
Ulrich Schneider,** Immanuel Bloch"?*

Science, 2015
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QUANTUM SIMULATION

Exploring the many-body localization
transition in two dimensions

Jae-yoon Choi,'*+ Sebastian Hild,"* Johannes Zeiher,' Peter Schauf},'+ |
Antonio Rubio-Abadal,' Tarik Yefsah,'S Vedika Khemani,” David A. Huse, > it
Immanuel Bloch,"* Christian Gross"

Science, 2016



L L O LG

OTOC v.s. Renyi Entropy

Thermal |[Single-Particle] Many-Body
Phase (ETH) Localized Localized

rower-law No spreading of Logarithmic
spreading of P 5 spreading of

entanglement entanglement entanglement

OTOC exponential| OTOC remains | OTOC power-law
decay constant decay

Our Results

jiiHH



OTOC in the Bose-Hubbard Model

Thermal Phase (ETH)
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H. Shen, P. Zhang, R. Fan and H. Zhai, PRB, 2017




OTOC in the Localization Phase

Single-Particle Localized and MBL
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Measurements of OTOC in Cold Atom System

Fy(t) = tr[Wi)Oe P2 OTW (1) Oe P12 O]

= tr[p1p2] = tr[S12p1 ® po]

o — WTe—iﬁt OAe—,Bﬁ/ZO"TeiﬁtW

/62 = e—lHt Oe_ﬁH/ZOTelHt.

!.| |Q. e B
!.| |Q' e B

1. Prepare two copies

H. Shen, P. Zhang, R. Fan and H. Zhai, PRB, 2017
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Measurements of OTOC in Cold Atom System

Fy(t) = tr[Wi)Oe P2 OTW (1) Oe P12 O]

= tr[p1p2] = tr[S12p1 ® po]

B WTe—iﬁt OAe—ﬂﬁ/z OATeiFIt W

/62 = e—lHt Oe_ﬁH/ZOTelHt.

61
!.| |Q. 00
!.| |Q' ® 00

11. Prepare two copies

H. Shen, P. Zhang, R. Fan and H. Zhai, PRB, 2017



Measurements of OTOC in Cold Atom System

Fy(t) = tr[Wi)Oe P2 OTW (1) Oe P12 O]

= tr[p1p2] = tr[S12p1 ® po]

o — WTe—iﬁt OAe—,BFI/ZO"TeiﬁtW

/62 = e—lHt 08_'8H/20T€lHt.

Time evolution
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I11. Evolute time t
H. Shen, P. Zhang, R. Fan and H. Zhai, PRB, 2017




Measurements of OTOC in Cold Atom System

Fy(t) = tr[Wi)Oe P2 OTW (1) Oe P12 O]

= tr[p1p2] = tr[S12p1 ® po]

o — WTe—iﬁt OAe—,BFI/ZO"TeiﬁtW

/62 = e—lHt 08_'8H/20T€lHt.
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IV. Apply a quench to one copy

H. Shen, P. Zhang, R. Fan and H. Zhai, PRB, 2017




Measurements of OTOC in Cold Atom System

Fy(t) = tr[Wi)Oe P2 OTW (1) Oe P12 O]

— tr:l(l)\llaz] = t1‘[§12/61 ® /62]

o — WTe—iﬁt OAe—,BFI/ZO"TeiﬁtW

/62 = e—lHt 08_'8H/20T€ZHZ.
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V. Use Hong-Ou-Mandel Interference

H. Shen, P. Zhang, R. Fan and H. Zhai, PRB, 2017



@ Zero h: Integrable case

@ Non-Zero h: Non-Integrable case




Measurements of OTOC for Ising Chain
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J. Li, R. Fan, H. Wang, B. Ye, B. Zeng, H. Zhai, X. Peng, J. Du,
PRX (2017)




Measurements of OTOC for Ising Chain

exp(—SY)) = Z Te[M )V (0)M(t)V(0)]

MebBb

° g:]_,h:()
e g=1,h=1
e g=1.05h=05
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J. Li, R. Fan, H. Wang, B. Ye, B. Zeng, H. Zhai, X. Peng, J. Du,
PRX (2017)




F(¢,1) = Tr(Ve™ R(g)e Vel Rl (¢)e~")

A

I. Prepare an initial density matrix po =V

I1. Evolute the system with Hamiltonian ]:]

I11. Rotate the system by R(¢)

IV. Evolute the system with Hamiltonian __ [:]
V. Measure observable \A/'
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Multiple Quantum Coherence " :f
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Multiple Quantum Coherence ;ﬁ

Fpt) =Tr(Ve™R(g)e Ve Rl(g)e )
= T’I“(e_iﬁtVGiﬁt}?(qﬁ)e_iﬁt‘?eiﬁt}?T(¢))
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Rotation angle ¢

Phonon-mediated, reversible spin-spin interaction

NIST, Boulder group, Nat. Phys. 2017




Entropy
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Summary

FEREEE

Detected by
Hong-Ou-Mandel
Dynamics between

Two Identical Systems

Related by
Quench Dynamics

Out-of-Time-
Order
Correlation

FEREEE

Detected by
Time-Reversible
Many-Body Dynamics




Thank You Very Much for Attention !




