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Outline

• The standard procedure to establish Feynman rules/diagrams

• Application 1: Polaron problem – the simplest many-body systems 

• Application 2: Nozières & Schmitt-Rink theory (pairing instability)

• Application 3: The BCS theory and GPF theory

• Application 4: Beyond-GPF (ε-expansion theory)

• Any unsolved problems/challenges (FFLO)?
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Phase diagram of BEC-BCS crossover

neutron stars & 

nuclear matter high-Tc materials ultracold atoms
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smooth crossover!!!

?
���� no small parameters for diagrammatic theory…

☺☺☺☺ a terrific gift from heaven for theorists! 
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Application 2: 

BEC-BCS crossover (NSR theory)

We now consider particle-particle excitations! 

We may understand the BCS instability, 

even in the strongly interacting regime!
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(BCS 1957) my favorite!

Nozières & Schmitt-Rink (NSR),

Journal of Low Temperature Physics 59, 195 (1985). 

Allan Griffin, J. Phys.: Condens. Matter 21 164220 (2009).

While I was on sabbatical at Grenoble in 

1981, I remember when Nozièèèères rushed 

in one day to tell us that, for a strong 

attractive interaction between the 

fermions, the BCS theory transition 

temperature of 1957 reduced to the BEC 

formula first derived by Einstein in 1925. 

Philippe was very excited, as he should 

have been!

(1980)

Beautiful mind!
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0U0U 0U

Consider a spin-1/2 Fermi gas with equal population in each spin state. In the above ladder

diagrams, the spin up and down fermions scatter successively. They seem to form a pair due 

to the attractive interaction. In this sense, the vertex function describes the motion of pair. 

Indeed, as we shall see, it can be regarded as the Green function of the (bosonic) pairs!
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According to NSR, let us check this idea by using the thermodynamic potential, which, as 

shown before, is given by the following ring diagrams (obtained from the ladders),
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Let us calculate it!

NSR theory: physical picture
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Consider, for example, the following n-th order ring diagram, 
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NSR theory: derivation
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Apparently, we will have trouble if  Γ-1(q,iνn=0) = 0. What will happen then? BCS superfluid 

phase transition with symmetry breaking in number conservation! This is simply so-called 

Thouless criterion:

.0)]0ν,([max 1 ==Γ =
−

cTTn
q

iq

As the temperature decreases to the transition temperature, the inverse of vertex function 

increases and touches zero from below! (note that, the phase transition does not necessarily 

occur at q = 0, i.e., in general the Cooper pair may acquire a finite momentum!). But, why this 

happens? Why symmetry breaking? 

There must be a divergent

response function!
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Indeed, the copperon response function diverges at Tc!

NSR theory: why phase transition?
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Recall, the vertex function, 

In the BCS limit, we set the chemical potential to the Fermi energy, µ=εF, then, we may check 

that the maximum in Γ-1(q,iνn=0) occurs at q=0 (which means the Cooper pair has zero 

momentum!). Therefore, we find the BCS transition temperature is determined by,
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This gives the following BCS superfluid transition temperature:

NSR theory: Thouless criterion in the BCS limit

What happens away from the BCS limit? The chemical potential is no longer fixed to the 

Fermi energy, i.e., µ < εF. We need to determine the chemical potential self-consistently, using 

the NSR thermodynamic potential                                        ! ∑ −Γ−+Ω=Ω
q

qV )](ln[ 1)0(
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NSR theory: derivation 

To proceed, we need a mathematic trick. We wish to prove for any function h(x),
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This is because the left-hand-side of equation can be 

written as a contour integral over C (see the left graph):
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Due to the convergence factor, the integral at two half circles 

vanishes. The contribution near the real axis gives the right 

hand side of equation (1). 
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The only parameter, the chemical potential, is to be determined by the number equation: 
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NSR theory: the calculation of EoS

How can we use the NSR theory to calculate equation of state? Easy!

)]0ω,(ln[Im)ω,(δ 1 +− +Γ−−= iqq(1) For a given T and a, select µ, solve the phase shift:

(2) Using the number equation calculate the number density n, TF and kF;

(3) Then, using S=−∂Ω/∂T calculate the entropy;

(4) Finally, calculate the energy E=Ω+TS+Nµ;

(5) Present the equation of state as functions of T/TF and 1/kFa.

Note that, always check the Thouless criterion, if instability occurs, increase T or reduce µ!
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NSR theory: derivation 

With all the two-particle scattering processes being taken into account, we have the NSR 

thermodynamic potential:
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Here the phase shift                                               where,

Note that, δδδδ(q, ω ω ω ω=0) = 0. Otherwise we will encounter a singularity (i.e., Bose condensation) in 

the integral over frequency.
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Kramers-Kronig relation  
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Kramers-Kronig relation  
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NSR theory: calculation of phase shift 

Let us now analyse the phase shift,                                             , where (ξk=εk-µ), )]0ω,(ln[Im)ω,(δ 1 +− +Γ−−= iqq
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(Important!) Numerical trick: we calculate first ImΓ-1, and then use Kramers-Kronig relation 

to obtain the real part ReΓ-1, i.e., [Recall that 1/(x+i0+) = P(1/x) – iπδ(x)]

(General feature) (i) We can obtain analytically,

;µ2
2

0ω
π4π4

)0ω,(
3

2/3

2

1

0 +−++=+Γ ++− q
i

im

a

m
i

ε
hh

q

)µ22
2

ω(δ)ξ()ξ(
)(2

π)0ω,(Im
22

3

1 +−−







+−=+Γ ∫ −+

+−
k

q

mb ff
d

i ε
ε

π k
q

k
q

k
q

.
ω'ω

)0ω',(Im
'ω

π

1
)0ω,(Re

1
1 ∫

∞+

∞−

+−
+−

−
+Γ

=+Γ
i

di mb
mb

q
Pq

(ii) The imaginary part is nonzero only if ω−εq/2+2µ>0; (iii) It thus easy to see that, 
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NSR theory: BEC regime

Consider now the BEC side with a positive scattering length a>0. Physically, we expect that 

the chemical potential is sightly larger than the half of the binding energy, i.e., 

Using,

we can find that,
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ReΓ-1 is a positive const, if                               ; however, ImΓ-1 develops!(3) 

Therefore, we may conclude (recall                                             ):
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Recall, in case of free bosons,                                               Note that µB=2µ−εB!).µ2/ω(πδ 22

BB Mq +−Θ= h

In the BEC limit, where nF is exponentially small, the system is an ideal Bose gas of bound pairs!
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NSR theory: BEC regime

You now may criticise the assumption that 2µ ≈ εB << 0. What happens if we take a positive

chemical potential? The phase shift δ(q,ω) will simply be shifted to the left ω-axis. As a 

result, we may have δ(q,ω=0) = π, which implies the instability for condensation. The 

chemical potential µ is therefore pinned by the Thouless criterion to εB /2. 

On the other hand, because µ is strongly negative, we may approximate the vertex function,
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This indicates again that in the BEC limit the system is an ideal Bose gas of bound pairs, with 

mass MB=2m and a vanishingly small chemical potential µB=2µ−εB (i.e., no interactions 

between pairs). Therefore, the transition temperature is,
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For a strong interaction , 

the BCS theory 

transition temperature 

of 1957 reduced to the 

BEC formula derived by 

Einstein in 1925. 
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NSR theory:

What happens on the BCS side and in the unitary 

limit? How do the two Fermi distribution functions 

contribute to the phase shift?

You may try: (i) For given T and a, calculate the Γ-1 and 

solve the number equation for µ;  (ii) For a given 1/kFa, 
solve the Thouless criterion for Tc; (iii) At Tc, check the 

behaviour of the phase shift, and calculate the number of 

fermions and number of Cooper pairs. 
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NSR theory: the original JLTP paper
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NSR theory: phase diagram!

Tc is obtained by solving the number equation 

together with the Thouless criterion.

Tdiss is calculated by solving the 

Thouless criterion, with µ=εF.

Superfluid

Incoherent bound pairs 
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Fermi gas
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NSR theory: Functional path-integral reformulation

I will introduce very briefly this functional path-integral approach later on. 

You should read the above classical PRL paper!
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NSR theory: Functional path-integral reformulation

The basic knowledge of the functional path-integral approach 

can be learned from some textbooks, for example, “Introduction 

to Many-Body Physics” by Piers Coleman, Chapter 12. 
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NSR theory: superfluid phase?

SC:

Incoherent bound pairs (NSR 1985)

Normal 

Fermi gas

At T=0, pairs are qualitatively described 

by the BCS MF gap (Leggett 1980).

Well defined pairing gap. 

However, collective pair 

fluctuations try to restore 

the U(1) symmetry! 
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Application 3:

BEC-BCS crossover (BCS+GPF theories)

We now consider the superfluid state by using the BCS 

theory and the Gaussian pair fluctuation (GPF) theory! 

The GPF theory on top of BCS is very 

useful to describe the BEC-BCS crossover!
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Apparently, we will have trouble if  Γ-1(q,iνn) = 0. What will then happen? BCS superfluid 

phase transition with symmetry breaking in number conservation! This is simply so-called 

Thouless criterion:

.0)]0ν,([max 1 ==Γ =
−

cTTn
q

iq

BCS theory

How to theoretically describe this symmetry breaking in number conservation of fermions? We 

may introduce an order parameter for condensed Cooper pairs, i.e.,  

It sounds ridiculous, right? Yes, it is indeed ridiculous about 60 years ago, when the concept of 

spontaneous symmetry breaking was just realised!

0)(ψ)(ψ)( ≠∝∆
↑↓

xxx
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Let us consider the Hamiltonian with a contact attractive interaction (as before),

For the interaction part, actually, we may focus on a single term with q = 0, i.e.,

That is, we neglect the pair fluctuations due to nonzero q. The above pairing Hamiltonian is 

exactly solvable. In the thermodynamic limit, the solution can be obtained by assuming a 

pairing order parameter (real): 

and decoupling the interaction Hamiltonian as,

Note that, the decoupling is exact in the thermodynamic limit.

BCS theory : standard formulation
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The Hamiltonian then becomes, 

Note that, at this point, we are introducing the Nambu spinor representation,

Homework problem: Please show the above mean-field Hamiltonian can be diagonalised by 

making use of the unitary transformation: 

The resulting eigenvalue (i.e., quasi-particle energy) is given by                           , and the mean-

field Hamiltonian takes the form,  

BCS theory : standard formulation

0

2

ξ
ξ

ξ
),(

Uc

c
ccHBCS

∆
−+
















−∆

∆
= ∑∑ +

↓−

↑
↓−

+
↑

k

k

k

k

k k

k

kk









=Ψ +

↓−

↑

k

k

k c

c

















−

=







+

↓−

↑
+

↓−

↑

k

k

kk

kk

k

k

c

c

θcosθsin

θsinθcos

γ

γ

22ξ ∆+= kkE

( )
0

2

ξγγ
U

EEHBCS

∆
−−+= ∑∑ +

k

kk

k

kkk

σ
σσ



9th ̶  12th, April 2018 WIPM, CAS

Let us consider the case of zero temperature. What is the thermodynamic potential?

It is clear that the kinetic energy (second term) increases, 

but this increase can be compensated by the condensation 

energy (first term). As a result, the naively picture of  

the thermodynamic potential is (see right figure),

How to determine the pairing order parameter? It should be the minimum of the thermodynamic 

potential, so we must have (i.e., the gap equation),

Note that, we also need to determine the chemical potential by using the number equation:

BCS theory : standard formulation
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Great! We can work out the mean-field results by solving the coupled gap and number 

equations:

BCS theory : standard formulation
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The Leggett model (1980).
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The quasi-particle energy is given by,

BCS theory : standard formulation

22ξ ∆+= kkE

Quasi-particle excitation spectrum versus momentum on the BCS (µ > 0) and on 

the BEC (µ < 0) side of the resonance. The spectrum changes qualitatively from 

one shape to the other when µ = 0.
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BCS theory : standard formulation

Note that, the binding energy of a Cooper pair is 2Eg. 
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BCS theory : standard formulation

Momentum resolved rf-spectroscopy; JILA, Nature (2008)
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The mean-field description of the BEC-BCS crossover is qualitative only. How to go beyond 

the mean-field approximation? Any idea?

GPF theory : the Hamiltonian
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We may treat the BCS Hamiltonian as the “free”, “non-

interacting” Hamiltonian of Bogoliubov quasi-particles 

and then establish new Feynman diagrammatic rules

for the residual interaction Hamiltonian !int

~
H
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Recall the BCS Hamiltonian, 

Let us define the 2 x 2 Green function in the Nambu spinor representation,

From this definition, it is easy to see that,

Problem: How to obtain the “non-interacting” BCS Green function? We may consider the BCS 

Green function for the quasi-particle field operators:

GPF theory : “non-interacting” BCS Green function
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Here, the unitary transformation matrix A satisfies,

Of course, we may define the 2 x 2 Green function for the quasi-particle field operators:

And its expression with Matsubara frequency is given by, 

It is easy to see from the definition that,

GPF theory : “non-interacting” BCS Green function









−

=







−∆

∆ −

k

k

k

k
AA

E

E

0

0

ξ

ξ
1

( ) ( )
0τ

)0( 0τ)τ,( +ΛΛ−=Π kkk T

1

)0(

ω0

0ω
)ω,(

−









+

−
=Π

k

k
k

Ei

Ei
i

m

m

m

1

1

1)0(1)0(

ξω

ξω

ω0

0ω
)ω,()ω,(

−

−

−−









+∆−

∆−−
=

















+

−
=Π=

k

k

k

k
AAAkAk

m

m

m

m

mm

i

i

Ei

Ei
iiG



9th ̶  12th, April 2018 WIPM, CAS

In greater detail, the four components of the BCS Green function are given by,

where the quasi-particle wave-functions u(k) and v(k) satisfy, 

GPF theory : “non-interacting” BCS Green function
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GPF theory : pair fluctuations

Now, we turn to consider the interaction Hamiltonian,
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Question: In applying Wick theorem, can we connect ΨΨΨΨ with ΨΨΨΨ or ΨΨΨΨ+ with ΨΨΨΨ+ ?

Answer: No, you can’t. This is the convenience of the use of Nambu spinor representation!

You may wish to establish the Feynman rules by yourself. The rules are actually very similar to 

what have learned before, but with special care on the Pauli matrices. 

Now, let us consider the thermodynamic potential…
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GPF theory : pair fluctuations

Here, let us consider the thermodynamic potential…
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GPF theory : pair fluctuations

After taking the summation over “n”, the fluctuation contribution to the thermodynamic potential 

is given by, 

Here, the matrix elements (within ladder diagrams) are (ij = +, –),

These elements can be calculated by inserting the BCS Green function and taking the Matsubara 

frequency summation. We have, for example, at zero temperature: 

where                    and
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GPF theory : pair fluctuations

Of course, we may define a vertex function,

which is basically the Green function of Cooper pairs in the condensed phase. 

What is the spectral function of this Green function? i.e., ̶ (1/ππππ)ImΓΓΓΓ(q) ? It looks like:

1

0 )()(

)()(1
)(
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qq

qq

U
q

Why there is a gapless “phonon” mode?
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GPF theory : pair fluctuations

Actually, we have the following picture:

Gapped Anderson-Higgs mode

Gapped Anderson-Higgs mode (to be observed!)

Gapless Goldstone mode

[ ]∑ −Γ−=Ω
q

GPF q
V

)(lndet
2

1
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GPF theory : pair fluctuations

The gapless Goldstone mode of Fermi superfluids can 

be experimentally detected by Bragg spectroscopy.

BEC

BCS
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GPF theory : pair fluctuations
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GPF theory : Functional path-integral reformulation
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EoS: comparison to QMC (T=0)

Unitarity limit: 

Lee, Huang & Yang (BEC): 

    = εεεεb/2

QMC (2004) ξ ξ ξ ξ = 0.42(.01)

QMC (2011) ξξξξ = 0.383 (.001)

Our GPF ξξξξ= 0.401

MIT Expt (2012) ξξξξ = 0.376

QMC (2004): G. E. Astrakharchik et al., PRL 93, 200404 (2004).

Our GPF: Hu, Liu & Drummond, Europhys. Lett. 74, 574 (2006).

Exact 4-body calculation: add≈0.60a;

Our GPF predicts: add≈0.57a!

QMC (2011): S. Gandolfi et al., Phys. Rev. A 83, 041601(R) (2011)
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ENS low temperature EoS: Navon et al., Science, 5 May 2010. 

EoS: comparison to the ENS measurement (T=0)

)µ~(/),µ( )1(PaP

amµ~2/δ
~

h≡ µ = µ − εb/2
~where

GPF
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Reliability of GPF in 2D (T=0)

Lianyi He et al., PRA 2015, compared with QMC (PRA 2015). 

Exact 4-body result of  

add≈≈≈≈0.55a is recovered by GPF!
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Application 4: 

BEC-BCS crossover (beyond-GPF)

We may have some ideas, inspired by the 

ε-expansion theory (Nishida & Son, 2006)

How can we go beyond the Gaussian pair fluctuation (GPF) 

theory? It is extremely difficult. But ….
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Beyond NSR or GPF: still a long way to go…
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Functional path-integral approach
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Path-integral formalism

C. A. R. Sa de Melo, M. Randeria, & J. R. Engelbrecht, PRL (1993).  

H. Hu, X.-J. Liu, & P. D. Drummond, Europhys. Lett. (2006).

R. B. Diener, R. Sensarma, & M. Randeria, PRA (2008).

L. He et al., PRA (2015).
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Path-integral formalism and NSR
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Path-integral formalism

C. A. R. Sa de Melo, M. Randeria, & J. R. Engelbrecht, PRL (1993).  

H. Hu, X.-J. Liu, & P. D. Drummond, Europhys. Lett. (2006).

R. B. Diener, R. Sensarma, & M. Randeria, PRA (2008).

L. He et al., PRA (2015).
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New expansion in terms of the vertex function
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Epsilon expansion

Y. Nishida and D. T. Son, Phys. Rev. Lett. 97, 050403 (2006).



9th ̶  12th, April 2018 WIPM, CAS

Epsilon expansion

BEC-BCS crossover driven by dimensionality
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Epsilon expansion: the key point
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How to use the epsilon expansion idea?

What can we do, if we use ε = 4 – d as an artificial small 

parameter?

(i) select some beyond GPF diagrams, such as (a) and (b); 

(ii) determine the order of the diagram, in power of ε; 

(iii) keep all the low-order diagrams, with order � n ;

(iv) calculate these diagrams in three dimensions; 

(v) may check the accuracy by increasing n.
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Epsilon expansion and GPF/NSR

Epsilon expansion can be understood in the framework of GPF/NSR.
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Epsilon expansion: higher orders?
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Epsilon expansion and GPF

We may obtain NLO 

epsilon-expansion at 

finite temperature for a 

unitary Fermi gas from 

the NSR calculation 

near four dimensions. 
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New expansion in terms of the vertex function

@ NNLO order (ε2)
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Results: A 3D unitary Fermi gas
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Additional work along the line
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Summary of the 2nd lecture

Leggett, Nozieres & Schmitt-Rink, Sa de Melo & Randeria, Griffin & 

Ohashi, Strinati, Haussmann, Levin, Combescot, Nishida & Son, Nikolic & 

Sachedev, Veillette, Sheehy & Radzihovsky, …
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Any unsolved challenge? 

Superfluidity vs. Magnetic order

How can Feynman diagrams help us?

We may understand the Cooper pairing, 

beyond the BCS framework!
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• An overview of  FFLO physics 

• The dark-state control of  Feshbach resonances

• A new routine to observing FF superfluids 

• Taking home message and outlook

Outline of this part
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Fulde Ferrell

∆(x) ∝ eiQ⋅x

How to observe a FF(LO) superfluid proposed in 1960s?

An everlasting quest in condensed matter

Part I: An overview of FFLO physics
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FFLO pairing by Fermi surface mismatch

• BCS Cooper pairs have zero momentum

• Population imbalance leads to finite-momentum pairs (FF 1964, see also LO)

• Fulde-Ferrell-Larkin-Ovichinnikov (FFLO) instability results in textured states

• Spontaneously breaks translational symmetry

Q ∝ kF↑ ─kF↓

LO superfluidFF superfluid

∆(x) ∝ eiQ⋅x ∆(x) ∝ cos(Q⋅x)

Larkin Ovichinnikov

eiQ⋅x+e ̶ iQ⋅x
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Research activity on FFLO
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The first burst in research activity 

2000’



9th ̶  12th, April 2018 WIPM, CAS

Overview: FFLO in condensed matter physics

CeCoIn5 --- heavy-fermion SC

κ-(ET)2X--- organic SC

FeSe --- iron-based SC

Kasaharaa et al., PNAS 2014

Mayaffre et al., NPHYS 2014

Bianchi et al., PRL 2003

Radovan et al., Nature 2003

?
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The second burst in research activity 

2006’
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Glass Cell

Trap beam

Feshbach Coils

Li atoms

Bragg beam 1

Bragg beam 2

Ultracold atoms is an ideal platform to emulate FFLO physics

Toolbox: magnetic Feshbach resonance (MFR) + optical lattice + disorder + 

spin-orbit coupling (SOC) + optical control of MFR

Overview: cold-atoms come into play



9th ̶  12th, April 2018 WIPM, CAS

• Rice (Hulet Group)

– Science 311, 503 (2006)

– PRL 97, 190407 (2006)

– Nuclear Phys. A 790, 88c (2007)

– JLTP. 148, 323 (2007)

– Nature 467, 567 (2010) @ 1D

– PRA 92, 063616 (2015)

– PRL 117, 235301(2016)

• MIT (Ketterle Group)

– Science 311, 492 (2006)

– Nature 442, 54 (2006)

– PRL 97, 030401 (2006)

– Science 316, 867 (2007)

– Nature 451, 689 (2008)

Overview: cold-atoms experiments

• ENS (Salomon Group)

– PRL 103, 170402 (2009)

• NCSU (Thomas Group)

– PRL 114, 110403 (2015) @ 2D

• Princeton (Bakr Group)

– PRL 117, 093601 (2016) @ 2D
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Overview: cold-atoms experiments

M. W. Zwierlein, A. Schirotzek, C. H. Schunck, and W. Ketterle, Science 311, 492 (2006)

3D trapped Fermi gas: superfluid core with polarized halo…

n↑

n↓
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Overview: cold-atoms experiments

Low T

Hulet (Rice University)

Ketterle (MIT)

n↑

n↓

n↑ - n↓

MIT/Paris data are consistent with Local Density Approximation (LDA)

Rice data (low T) strongly violates LDA.

Salomon (ENS, 2009)
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Overview: cold-atoms theories at T=0

Sheehy and Radzihovsky (mean-field) 

PRL (2006); Ann. Phys. (2007)

FFLO is not favored in 3D.
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Overview: cold-atoms theories at nonzero T

What happens if the spin population of a two-component Fermi gas is not equal? i.e.,              

Novel spatially inhomogeneous FFLO superfluidity?

+ +=

0U

+
Infinite 

diagrams!0U

0U

0U

0U

0U

)1(Ω−Ω

Here, =
)µ(ω

1

↑−− kmi ε =
)µ(ω

1

↓−− kmi ε
and

.0µµµ >−= ↓↑δ

0)]0,([max 1 =Γ =
−

cTT
q

q

FFLO?

Hu & Liu, Europhys. Lett. 75, 364 (2006).

δµδµδµδµ1

δµδµδµδµ2

δµδµδµδµ1

δµδµδµδµ2

Require: 

1. fine tune of  imbalance;

2. sufficient low T
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Overview: cold-atoms theories (1D FFLO)

and many others…
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Liao et al., Nature 467, 567 (2010).

Hulet Group

Overview: cold-atoms experiments (1D FFLO)

2D deep optical lattice 
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Overview: cold-atoms theories (possible FFLO in 2D & 3D)

2D shallow optical lattice 
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Overview: cold-atoms theories (possible FFLO in 2D & 3D)

1D shallow 

optical lattice 
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Overview: cold-atoms theories (possible FFLO in 2D & 3D)

LOg: generalized LO state with many harmonics in one direction

Enlarged window for FFLO in 2D: 

(δµ1 - δµ2)/εF ~ 0.1 ̶  0.2 larger than that (i.e., ~ 0.05) in 3D

1D deep

optical lattice 
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Overview: latest cold-atom progress

3D

t

1D

�
�

t

X

Revelle et al., PRL 117, 235301(2016).

Hulet Group

2D experiments: (phase-separation phase found)

Ong et al., PRL 114, 110403 (2015).

Thomas Group Mitra et al., PRL 117, 093601 (2016) .

Bakr Group
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Overviews: FFLO is not so happy with spin-imbalance ����

• Exact configuration of the FFLO phase (without GL approximation)? 

• Strong pair fluctuations (GPF considered by HH et al. & M. Randeria et al. )?

• Interplay between Andreev bound states and phonons (low-energy physics?):

Andreev-bound-state band

Ordinary BCS superfluids
FFLO superfluids:

roton structure, multi-phonon modes?

?
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Latest conference: “FFLO16” in Dresden

Peter Fulde Yuri Ovichinnikov
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FF phase diagram: ERDSOC

X.-J. Liu and HH, Phys. Rev. A 87, 043616(R) (2013).

see also the works by C. Zhang, W. Yi, H. Pu, et al…  

T = 0.05 TF
qFF != 0

kF

LO
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The heating problem with Raman SOC ����

spin-dependent Raman coupling ~ 
∆∆

∆ 1
not  ,

2

FSW

heating from spontaneous emission ~
2∆

Γ
W

smaller fine structure splitting (or mass) means more heating 

• Li-6:    unable to reach equilibrium

• K-40:   the lowest temperature is about 0.5TF

• Rb-87: okay, but bosonic

• Dy-161: excellent candidate, but dipolar (PRX 2016)

In reality: 
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What have we learned from SOC?

It is important to violate Galilean invariance! 

• In the case of spin-imbalance, the driving force 

towards FFLO is weak: ~ q2 at small q and energy 

barrier, because of Galilean invariance. A number of 

related problems, such as the unknown structure of the 

FFLO pairing order parameter: LO – cos(qx)? LO2 –

cos(qx)+cos(qy)? or LO3?

• In the presence of spin-orbit coupling, which violates 

Galilean invariance, the internal driving force ~ q at 

small q. The mean-field structure of the FFLO pairing 

order parameter is determined. 
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Part II: Dark state control of magnetic FR

• Optical control of magnetic FR

• Dark state control of magnetic FR

• Center-of-mass dependent interatomic interaction
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Optical control of MFR for atomic Bose gases 

A precise optical control of Feshbach resonances in Rb-87 (2009)
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Optical control of MFR for atomic Fermi gases 
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Optical control of MFR: level diagrams



9th ̶  12th, April 2018 WIPM, CAS

Stark shift (will be explained later):

Problem: too short lifetime - 1ms

Optical control of MFR: K-40 case
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Dark state control of MFR
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What is the electromagnetically induced transparency (EIT)?

single-photon detuning

two-photon detuning
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What is EIT?
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Dark state control of MFR
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Lifetime – 0.4s

Dark state control of MFR
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Why such a long lifetime?

Stark shift in the case of EIT (to be shown later):

Dark state control of MFR

MHz~
2

γe
ee iI +∆=

Recall,

0~δ2 =I

]4/[

4/

2

2

2

2

1
1

IIe Ω−
Ω
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single-photon detuning

two-photon detuning
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The Doppler effect can be significant in the dark-state regime!  

The wave-vector of lasers matters!
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Stark shift in the case of EIT:

where,

The wave-vector of lasers matters!
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leading to a center-of-mass dependent interatomic interaction, which breaks 

Galilean invariance!
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Stark shift in the case of EIT:

where,

The wave-vector of lasers matters!
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By using a parameter set for K-40 atoms,

we may show the Stark shift is tunable and significant!
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Part III: A new routine towards FF superfluids

Lianyi He, HH & Xia-Ji Liu, Phys. Rev. Lett. 120, 045302 (2018)

We now have a long-lived Fermi system with 

Galilean invariance violation, which is an 

ideal starting point to create FF superfluids ☺☺☺☺! 
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Model Hamiltonian 
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Model Hamiltonian 
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Model Hamiltonian 
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By introducing new molecular fields                  and 

we may rewrite the molecular part (in momentum space) as, 

where,

1θϕφ i

ee e−= )(

22
21 θθϕφ −−= ie

two-photon detuning

single-photon detuningGalilean invariant combination

violate Galilean invariance
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We may adiabatically eliminate the molecular states |e> and |2> and obtain the 

self-energy or the so-called Stark shift for the state |1>. Mathematically, we 

diagonalize , 

The shift to its 11-component is (i.e.,                                                   ),

This leads to an effective interaction strength,

Model Hamiltonian 
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For a theoretical description of this new many-body Fermi system (k1 = – k2 // ez), 

we consider the partition function and introduce explicitly a pairing order 

parameter, 

At the mean-field level, we obtain the thermodynamic potential, 

where,

and the effective interaction: 

Mean-field theory
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We consider K-40 atoms near 202.02 G Feshbach resonance and take the following 

parameters:

We solve the pairing gap and pairing momentum by,

Mean-field theory
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Results: the emergence of a FF superfluid 

• On the BEC side, we find a dimer with finite Q (as anticipated); 

• We find a FF superfluid on the BCS side (excellent☺!); 

• The pairing momentum Q increases with increasing Ω1.
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Results: the emergence of a FF superfluid 

• A FF superfluid is energetically stable (excellent☺!).

• Why Q≠0? Because spontaneously generated current due to 

violation of Galilean invariance:  � 2�
��

��
���

∝ �� � ��
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Results: the manifest of the Galilean invariance violation  

• The fermionic excitation spectrum is not symmetric;

• Due to the violation in Galilean invariance, the energy gap Eg

is not equal to the pairing gap ∆∆∆∆. 
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Results: the manifest of the Galilean invariance violation 

• The suppressed superfluid density even at zero temperature! 

• The consequence to the two-fluid hydrodynamics is unknown�; 

• The same suppression was predicted for a SOC Fermi gas.
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How to experimentally probe the FF superfluid?

q, ωωωω’

q, ωωωω’+ωωωω

Cloud

The change in the first moment of density profile (i.e., COM displacement) 

is proportional to the dynamic structure factor (DSF): S(k=2q,ω).

Dynamic structure factor ���,��!

Bragg spectroscopy @ Swinburne: PRL 101, 250403 (2008).
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Low-lying collective modes of a FF superfluid
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Results: asymmetric phonon dispersion and roton-maxon?

• Asymmetric phonon dispersions due to the FF momentum;

• Two sound velocities parallel (or opposite) to the FF momentum;  

• The emergent roton-maxon structure at the 2p continuum. 
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Taking home messages

In this case, the violation of Galilean invariance may 

lead to the long-sought FF superfluids, which 

features (i) anisotropic single-particle dispersion 

relation, (ii) suppressed superfluid density at zero 

temperature, (iii) anisotropic sound velocities, and (iv) 

rotonic collective modes. An atomic Fermi gas of K-40 

could be a good candidate for observing FF superfluids.

The recently demonstrated dark-

state optical control of magnetic 

Feshbach resonances may lead to a 

number of new interesting and 

stable many-body systems. Here, 

we only consider the center-of-mass 

dependent interatomic interactions.


