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Outline Of This Lecture

Why are few-body systems interesting?
Understanding transition from few to many.
Neat systems on their own.
Discussion of one few-body technique:
Stochastic variational approach with explicitly correlated
Gaussians.
Application of this approach to...

...spinless bosons under external harmonic confinement.

...bosons in the presence of 1D spin-orbit coupling.
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Examples:
* Doped helium clusters: Molecular rotations, microscopic
superfluidity,...
« Metal clusters: conductivity, designing materials,...

 What is special about cold atomic Bose and Fermi systems?
* Universal behavior.
* Much experimental progress!
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Use Few-Body System To
Understand BCS-BEC Crossover

Levinsen et al., J. Phys. B
50, 072001 (2017); STABLE GAS!!!

Blume, Rep. Prog. Phys. 75,
[ e | %
37 sy

046401 (2012).
Images (experiment) from JILA website: Jin group, JILA.
See Regal et al., PRL 92, 040403 (2004).
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Dimer Bound State But No Up-
Up-Down Trimer Or Tetramer

4 Energy

Free space
(no trap).

weak attraction

VS
t

Weakly-bound three- and four-body bound states are absent.
Atom-dimer s-wave scattering length a_, =~ 1.2a.. db
Dimer-dimer s-wave scattering length a , = 0.6a..

Petrov, PRA 67, 010703(R) (2003); Petrov,
Salomon, Shlyapnikov, PRL 93, 090404 (2004).



Borromean rings:

The blue ring lies under
the green ring (the
“blue-green dimer” is
unbound). If the red
ring is cut open, the
trimer flies apart.




BBB: Let s-Wave Scattering
Length Be Infinitely Large

Hyperradial and hyperangular motion separate exactly:
Y = F(Rhyper)P(Q); Riyper X 112 + 1753 + 733 .

L" = 0* hyperangular equation yields eigenvalue ts,, E
3
where so = 1.006...

Hyperangular eigenvalue enters into Schroedinger-like
hyperradial equation: H,.4qi01F(Rhyper) = E3F(Rpyper),
B2 92 RE((ts0)? -7

where H,q4iai(Rhyper) = — 2m ORj, e, T 2mRy,yper

If F(Rpyper) is a solution with energy ES”, then F(AR,per )

with 4 = exp ( ) = 22.7 ...is a solution with energy ]L‘ZEg").

[
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bound
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Braaten, Hammer,
Physics Reports

Peculiar Three-Boson 42 2se o)
Efimov States

P12 P12,3
_|_

H = 2012 | 2123 T Zj<kgz5(7‘jk) +936(Fy —12)6(r, —73).
4mth%ag # hlwst A2 K2
g2 =—— and g3 = ———, where E;;; = —

Time-dependent SE for H possesses continuous scaling
symmetry:
t > A%t 7 - AF; a, > Aag E - A7%E; k. » 27 'k,

Time-dependent SE for H also possesses discrete scaling
symmetry:
t > A3t; 7 > Ao7 ag > Agag; E = A3%E; k., — K, Ag = 22.7



Finite s-Wave Scattering Length:

Universally Linked States

er attraction
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strong
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three-body
parameter k..




Measurement Of Loss Rate For
Non-Degenerate 133Cs Gas
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Huang et al., PRL 112, 190401 (2014).

Enhanced losses when Ratio of 4, = 21.6 (compared

trimer is degenerate to 22.7)! Confirmation of
with three free atoms. discrete scaling symmetry.
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Basis Set Expansion:
Variational Approach

Let d>]- withj = 0,1, --- be an orthonormal complete set. I

Any eigen state ¢; with energy E; of H can be expanded as
o (1

In reality: ¢p; = Z] -0 ](l)¢ (Np < o0; ¢p; is an approximation to ¢;).

Form matrix C with matrix elements Cji (l)

Eigenvalues £; of matrix equation H C = Z C have the following property:

Eg < g9, Eq1 < &4, (variational upper bounds).



Basis Set Expansion:
Variational Approach

Now: Allow @; withj = 0, 1, - to be linearly dependent (but not too

much). ‘<

Expand ¢; = Z] -0 ](l)¢ (Np < o0; ¢p; is an approximation to exact eigen

state ¢,).

Form matrix C with matrix elements Cji = c](.l).

The eigenvalues g; of generalized eigen value equation HC=%0 (f,
where 0;; = (d>j|<l>l), have the following property:

Eg < g9, Eq1 < &4, (variational upper bounds).



Basis Set Expansion:
Variational Approach

Take advantage of the fact that the basis functions @; can be
“anything”.

Pick &; such that integrals have compact analytical expressions.

Pick @; such that the different length scales of the system are covered.

Take advantage of the fact that low-energy Hamiltonian can be
constructed using different functional forms for interaction potential:

H = Z T] + Vtrap,j + Vsoc,j + Z VZb,jk + 2 V3b,jkl
j j<k j<k<l

Usually, o < an, (100a, < 10000a,): T (_ Tk )
Need to resolve multiple scales. 2bjk = =0 212
Use @; with different widths.



Basis Set Expansion:
Stochastic Variational Approach

Method first introduced to cold atom community for bosons by Sorensen, Fedorov and
Jensen, AIP Conf. Proc. No. 777, p. 12 (2005). See also work on fermions by von Stecher
and Greene, PRL 99, 090402 (2007). For details see: Suzuki and Varga (Springer, 1998); von
Stecher, Greene, Blume, PRA 77, 043619 (2008). A

Idea:

Use basis functions that involve Gaussians with .
different widths in interparticle distances <> r
(correlations). "o

Large number of non-linear parameters that are ﬁ
being optimized semi-stochastically. 1 O
@

Simplest case: Basis functions with L = 0 and IT = +1. ﬁzﬁ.
2 1 7 <2 -
D; = exp (— ’SV<t2:lsgt ) = exp (—ExTA x).

j,st

Denotes Jacobi vectors p, p,, . ‘

X
A: (N — 1)x(N — 1) matrix with N(N — 1)/2 independent parameters.



Stochastic Variational Approach:
Outline of Algorithm

* Pick basis function @, and calculate &;.

 Goal: Add o,.

 Procedure:
* Pick ¢2’1,...,¢2’p (p"’l — 10000).

* Calculate &, 4,...,&; 5. &, is eigen value of target state if basis function
@, ; is added to basis.

* Determine @, = @, ; such that &, = ¢, ; = min(&; 1,...,&2 ).
« Diagonalize Hamiltonian matrix to obtain eigenvalues and eigenvectors.

« To add @5, proceed as above.
 Once basis set is “complete”, calculate structural properties.

« Can optimize ground or excited state.
« Can optimize multiple states simultaneously.



Harmonically Trapped Five-
Boson System: Convergence

r-=0.01a 6.0775 e N L NS R m—
0 i ho  Used energy to benchmark effective
as = O-OOQGaho field theory Hamiltonian:
6.16 - Jf)hr_\son, Blume, Yin, Flynn, —
Tiesinga, NJP (2012).
6.14| i )
o 6.12F 7
~ L ] ] | ] | 1 | L
[ i 0 002 004 006 008 0.1
6 1F 1 / (number of basis functions)

6.08 For each N,, try
' . a few 1000 and

1 2 3 4 5 6 7 8 9 10 keep the best.
number of basis functions



Trapped (3,3) System: Energy
And Pair Distribution Functlon

Lowest energy at unitarity
(1/a,=0):
71—

E/E,

6.9

extrapolate to obtain |
zero-range energy

68 1 ] 1 ] 1 | 1 ]
-0 0.02 0.04 0.06 0.08

r0 / a110

Two-peak structure of up-
down pair distribution function:
Small r,4 peak: pair formation.
Large r,4 peak: unpaired.




A Few More Comments

Basis functions need to be symmetrized: Five identical bosons
implies 5!=120 permutations.

Use physical insight to choose d; ;; efficiently:
E.g., “2+1” or “1+1+1” configuration.

If parameter windows for non-linear variational parameters are not
set properly, a non-converged energy may appear converged...

Basis sets tend to be small (a few 1000); but we work hard to select
the basis functions we want.

Beyond L = 0" states? Many possibilities... Global vector
approach is quite convenient.



Application: Four Harmonically
Confined Bosons

Want to know:

If we start in the non-interacting state and slowly increase
the s-wave scattering length to an infinitely large value,
what type of state do we end up in?

State that is dependent on a; only?

Or state that depends on three-body parameter k. as well?

Why do we want to know this?

Recent experiments on Bose gases in unitary regime (Cornell/Jin,
Hadzibabic, Salomon): many-body treatment of these systems is hard.
Attempts to gain insight based on two- and three-body problem.

Go a step further and look at N = 4 bosons.

Approach:
Calculate and analyze four-body spectrum.



First: Think About Three
Harmonically Confined Bosons

Semi-analytical solution: Werner, Castin, PRl 97, 150401 (2006).

<]

There exists a
smallest trimer:

1/4

Tvaw = (21Ce/h?) largest trimer
provides cutoff; this is (ay, provides
*not™ trap specific. cutoff).

There exists a

L' = 0t trap states that depend on three-body parameter
(“squished” version of free-space trimers).

There also exist L' = 0% trap states that are largely independent
of three-body parameter (eigenvalues s4, ... are real).



Energy Spectrum For Trapped
Three-Boson System

H=T13+Tq335+V,(1r12) +V3p(r13) + Vap(re3) +

V3b<\[7'%2 + 715 + r%3>.

V,,: Attractive two-body Gaussian.
V3,: Repulsive three-body Gaussian. Hardcore interactions

upiversal




Energy Spectrum For Trapped
Four-Boson System
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Energy Spectrum For Trapped
Four-Boson System
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Classification Of States At
Unitarity

state no.| E/Ey, | v |q|Caan.| Caay, |probability|comment
1 —0.0622| 0 |0 55.0 1.35 0.224 [strongly non-universal
2 27139 (0 |1] 39.6 0.895 0.455 strongly non-universal
3 45646 | 1 (0] 54.2 | 0.318 0.008 |strongly non-universal
4 5.0460 [ 0 (2| 359 | 0.785 0.016 |strongly non-universal
5 5.8207 | 2 (0| 33.7 | 0.384 0.160 |strongly non-universal
6 6.6516 [ 1 (1| 51.1 | 0.295 0.003 |strongly non-universal
7 72457 [0 (3] 346 | 0.744 | 1 x10™* [strongly non-universal
8 7.6741 | 3 (Of 33.3 [ 0.200 0.002 |strongly non-universal
9 7.9257 | 2 |1( 31.1 | 0.367 0.015 |strongly non-universal
10 | 83345 | 4(0| 348 |2x107*| 0.017 |universal
11 8.7082 | 1 (2| 486 | 0.278 | 4 x10™? [strongly non-universal
12 B.7773 | 5|0] 31.3 | 0.095 0.020 [quasi-universal
13 0.3780 | 0 |4| 35.0 | 0.694 | 5x10™? [strongly non-universal
14 0.5758 | 6 (0] 30.0 | 0.206 0.003 |strongly non-universal
15 0.7113 [ 3 |1| 31.7 | 0.214 | 7 x10~® [strongly non-universal
16 0.9968 | 2 (2| 29.3 | 0.370 0.004 |strongly non-universal
17 | 103381 |4 [1]| 339 |3x107*| 0.007 |universal

Universal states at unitarity: E = (s, + 2q + 1) hw
Wave function is product state: ¥ = d)(s_i)F(Rhyper); Rpyper hyperradius.

Two-body contact:

87mm oOF
G =- h? 8((1;1
Three-body
contact:
_ kg oF
3T T op2 OKfs

Seminal work by
Tan.

Smith et al., PRL
112, 110402 (2014).



Energy Spectrum For Trapped
Four-Boson System

state no.| E/Ey, | v |q|Caan, Cgaﬁo probability | comment
1 —0.0622]| 0 |0] 55.0 1.35 0.224  |strongly non-universal
2 2.7139 (0 (1| 39.6 | 0.895 0.455 |strongly non-universal
3 45646 | 1 (0] 54.2 | 0.318 0.008 |strongly non-universal
4 5.0460 | 0 (2] 35.9 | 0.785 0.016 |strongly non-universal
5 5.8297 | 2 |0f 33.7 | 0.384 0.160 |strongly non-universal
6 6.6516 | 1 (1| 51.1 | 0.295 0.003 |strongly non-universal
7 7.2457 |0 (3] 346 | 0.744 1 x10™* |strongly non-universal
8 7.6741 [ 3 |0] 33.3 | 0.200 0.002 |strongly non-universal
9 7.9257 (2 (1] 31.1 | 0.367 0.015 |strongly non-universal
10 8.3345 | 4 (0| 34.8 |2x107*| 0.017 |universal
11 7020 11 0ol aga | 0978 | A v 1n0=1 |etranaly nan snivarcal
12 | 87773 |5(0] 31.3 | 0.095 | 0.020 |quasi-universal
13 Y3789 | U |4 35.0 | U094 | 5K 10 |StrONgly NOn-Universal
14 9.5758 | 6 (0] 30.0 | 0.206 0.003 |strongly non-universal
15 9.7113 | 3 (1] 31.7 | 0.214 7 x 10~° |strongly non-universal
16 9.9968 | 2 (2] 20.3 | 0.370 0.004 |strongly non-universal
17 10.3381 | 4 |1] 33.9 |3 x 107* 0.007 | universal

-\ ardcore

- interactions




(rjk)z P oair(Tj) / (aho)-l

Pair Distribution Function For
Various s-Wave Scattering Lengths
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“node” at rj, < ay
(saturation)




Four Harmonically Trapped
Bosons: What Did We Learn?

Explicitly Correlated Gaussian basis can be used to map out good
portion of eigen energies.

BEC state at unitarity seems to be quasi-universal (weak
dependence on three-body parameter).

Saturation of “near zero crossing” of pair distribution function.

Blume, Sze, Bohn, PRA 97, 033621 (2018)
Sze, Sykes, Blume, Bohn, PRA 97, 033608 (2018)

Future:

Like to calculate four-body dynamics...



Three Bosons With 1D Spin-
Orbit Coupling

Effects of modified single-particle dispersion on three identical
bosons with large s-wave scattering length:

What happens to discrete scaling symmetry/Efimov physics?

Fermions with 3D SOC:
Shietal., PRL112, 013201 (2014); PRA 91, 023618 (2015).

discrete scaling discrete scaling
symmetry symmetry
does not survive does survive

We find for BBB with 1D SOC.: Discrete scaling symmetry does
survive.
Conjecture: Should hold for any type of SOC.



Two Bosons With One-
Dimensional Spin-Orbit Coupling

3D system with 1D SOC (spin-orbit coupling + Raman coupling +
detuning) - Two-body bound state or not?

Rewrite Hamiltonian in relative coordinates (7 and p with reduced
mass u) and center-of-mass coordinates (I_f and P with total mass M):

H=H,,+H.,

coupling

Hrel(Pz)
_ P +p;y+Dp;
2u

+ Vo (MHIPRIY

(1) o 7(2)
I$Ve1® +

N~

son( <1>®,<z> ,(1)®a(z>)
u

hiksoP
+02(o"RIP + IV R0 + (6 +—2ot Z) (eV@1F + 1V @0 )

M

i/

[Hrel' Pz] =0 ‘

parametric dependence on CoM momentum



Basis Functions:
Need To Account For Spin...

r
D =exp| |- A tS;; * P¢| | Correlation between spin and
i ot spatial degrees of freedom.
s<t t=1 :
Can be rewritten as

Spatial two-body My iSj Ty
correlations

Viel = Z] 1 ]¢] and ¢] = S(@ (ﬁl' ---:ﬁN—l)Xj)
Matrix elements have compact analytical expressions.

Bound state:

Energy of dimer with CM momentum P, is more negative than that of two free
atoms with the same P,,.

Energy of trimer with CM momentum P, is more negative than that of three
free atoms with the same P, and that of a dimer and an atom with the same P,.



Two ldentical Bosons:

~

Q = 2E,; 6 20 (an = ay = a; = a,))

» increase

_(|Ebinding |/Eso)1/2

_(lEbinding |/Eso)1/2

of
(]
o
o

L]
o
(]
o

_ hk,,P,
5=245 |
M

1 NI two-
| particle

dispersion

-1 0 1 2

P2/ (ko)

BB

BB

8 =2.5E,,

{ from

Negative of
binding

| energy,

deviations
2

mag

1/(ak_ )

-1 0 1

/(ak_ )

2



Three BB,
one FF
bound

states
('ﬂ = 2E so)

Scattering
threshold:

3
~
Q

6

w N

6/Es,

F
-
-

o =

R
'Q/ESO
Where does
the “shape”
come from?

2.5

(a) (b)/ BB (1st
2.0
1.5} R -
1.0}
0.5}
0N =3 0 03 06 89 1 11 12 13 14
1/(askso) 1/(askso)

2.5 25

(c) BB (2nd exc d) FF(gr.)
2.0} 2 ol
1.5} 1.5l
1.0 1.0
0.5} 0.5}

0. : . . .
?-3 14 15 16 17 0'8.3 04 05 06 07 08
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“Shape”?

Simple Qualitative Picture

O = 2E;, (numerical)
1)

2.5
2.0

o 1-9f
]
S

1.0f

0.5}

0'—00 .6

089 3 11 12
1(askso)

-0.3 0
1/(askso)

0.3 1.3 14

25

(©)

2.0

o 15
uJ
S

1.0

0.5

93

14 15 16
1/(askso)

17 983707 05 06 07 08

1/(askso)

) = 0 (analytical)

25 25
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2.0 2.0
15 & 1.5
uf _025 | W
" 1.0 0 10
0.5 0.5\
0.0 0.8\8\
206 -03 0. 03 06 9 1. 11 12 13 1.4
1/(askso) 1/(askso)
25
(c)
2.0
o 15
W
S 1.0
0.5
093 3 04 05 06 07 08

1/(askso)
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Binding Energy for Q = 2F .
Lowest BB State

2.5} /‘ ~0c157
x/// //// Maximum binding roughly where
2.0 o & -

the dispersion has three global
+“<—minima

o 1.5t
S momentum space
~ 10— ——
I5S) 1.0-\ [ ]
8 L
e o
0.5} x | £ 4l
\\ 2:
0.0} . 0- o .1 \.\r/. N
' : : : ' . . 2 10 2
-06 -05 -04 -03 -02 -01 0.0
1/(askso) pz/(hkso) sto

Weakly-bound state for

certain negative free-space
tteri | th For FF, see: Shenoy, PRA 88, 033609 (2013).
S-wave scattering iengins. Dong et al., PRA 87, 043616 (2013).



With SOC: Fate Of Three-
Boson Efimov States?

—2
P12 P12 3

H =
(2ﬂ12 21123

2925( i) + 936(F —T2)8(F, —73))Ig

all three bosons
feel 1D SOC
Continuous scaling symmetry!

t > A%t 7 - AF; a, - Aag; kg, » 17 kg, Q - A7%Q;
8 > A7 %8 E— A %E; k, » 1 'k,

Discrete scaling symmetry?
t - ;L%,t;j — AT ag > Apag; kgy — Agtkgy; @ > 1520;
6 > Ag%8, E > Ag%E; k. — K, Ay =~ 22.7



Generalized Radial Scaling Law?

8 =0And (k) 1=

667"0

0 .
(iimer

N
SO o
N
N
2

Sig (as)lro/asl

I1/4
ST

o
=

=

I(E-E; )/E
&}

0.15
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2
enerjgy XA,
(Kso)™ = 257'0

-0.08

-0.04 0
Sign(aS)IrO/aSI

0.04
12

0.08

2 =0. 0016—
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Sign(as)(ro/as)

(kso)_l = 10257'0.
= (0.0016/13) —

\-
g\
02

0.1

172



Generalized Radial Scaling Law
(Five Instead Of Two Axes)

0 SR :
Discrete =3 ?;';91"296(69:(; .St-)-
scaling = (ksp)~! = 2577.
symmetry g 2 =2E;6=0.
(Ag = 22.7)! = Dots (exc. st. of H
a, - Agag; rii with scaled
kg, — )‘61 kg, parameters).
,{2 - 162,9; < Solid lines (gr. st.
6> A5%6; manifold):
E - }.azE. =~ (K*)_ilz 667.
K. - K.. %_L]’S (kso) ™" = 1007”0-
* * . 2=2E,.5=0.
u:f/ Dots (exc. st.

manifold of H with

02 -0.1 0 0.1 0.2 scaled

2 arameters).
Sign(as)(ro/as)l/“ P )



Proposal:
Experimental Observability

Using three-body
parameter for 133Cs.
Lowest state in excited
state manifold.

(kso) ! =~ 10,160a,.
kSO

—*~1.32 (exc. state).

0 =2E,,.

Ground state resonance
mostly unchanged.

Read as C-o0-M momentum

Excited state resonance:
Enhanced losses between
a, ~ —7,790a, and B B B

o ~ —20 190a,. %1.2 09 -06 -0.3 O 0.3
Scattering length window! (ap/as)x10*




Summary

Why are few-body systems interesting?

Discussion of one few-body technique:

Stochastic variational approach with explicitly correlated
Gaussians.

Application of this approach to...

... spinless bosons under external harmonic confinement.

...bosons in the presence of 1D spin-orbit coupling.
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