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Abstract

This is the first part of our lecturing course on ultracold quantum
gases. It is dedicated to the gases of ultracold bosonic atoms and to the
phenomenon of Bose-Einstein condensation. After the celebrated observa-
tion of Bose-Einstein condensation in trapped ultracold alkali atom gases
in 1995, which got the Nobel Prize in 2001, the field of ultracold quan-
tum gases is strongly expanding and it attracts scientists from atomic
physics and quantum optics, condensed matter physics, nuclear physics,
non-linear phenomena, and mathematical physics. The purpose of the lec-
turing course is to give an Introduction to the theory of ultracold quantum
gases and to provide students and young researchers with necessary tools
to work in this and related areas.
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Lecture 1. Key quantities. Elastic and inelastic
interaction between atoms

1.1 Key quantities

What is an ultracold quantum gas? Let us consider a gas of atoms and introduce
length scales for this system (see Fig. 1.1). First of all, there is a thermal de
Broglie wavelength of the atoms, A7, which is usually expressed in terms of the
gas temperature 1" and atom mass m:

orh2\ /2
Ar = ( mh ) o ki, (1.1)

mT

and the thermal wavevector of the atoms, kr, is inversly proportional to Ap.
Second, there is a characteristic radius of interaction between atoms, R.. The
meaning of this quantity is that at interatomic distances much larger than R,
the motion of atoms is free, whereas at distances of the order of or smaller than
R, the shape of the wavefunction of the atoms is strongly influenced by the
interaction between them. This brings us to the other important length scale,
the mean interparticle separation n~1/3, where n is the gas density.
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Figure 1.1: The gas of atoms. Black circles denote atoms, and blue circles show
the size of an atom plus the radius of interatomic interaction. The red line
is the mean interatomic distance, and the brown curve shows the wave of the
translational motion of an atom.

The gas is called dilute if the mean interatomic distance is much larger
than the radius of interatomic interaction R., and this condition is commonly
identified as the dilute limit:

n %>R, — nRP<1 dilute limit. (1.2)

Moreover, if n=1/3 < R,, then the motion of atoms is not free anywhere in the
coordinate space, and in most cases the system is no longer a gas. It is a liquid
or solid.

The gas for which the thermal de Broglie wavelength Ar greatly exceeds
R, is called wultracold, and the inequality Ap > R, is usually identified as the
ultracold limit:

Ar> R, — krR. <1 ultracold limit. (1.3)

In a dilute ultracold gas we usually consider only pair interactions and collisions
between the atoms, and the inequality (1.3) provides the leading role of s-wave
collisions, i.e. collisions with zero orbital angular momentum. The latter issue
will be discussed later in this lecture. The first ultracold dilute gas, the gas
of spin-polarized atomic hydrogen (HT) was created in 1979 in Amsterdam by
LF. Silvera and J.T.M. Walraven, with temperatures of the order of hundreds

of millikelvins and densities ranging from 106 to 10'? cm=3.



When the de Broglie wavelength A7 is much smaller than the mean in-
terparticle separation, the gas can be considered as classical and it obeys the
Boltzmann statistics:

n~3 > Ar — nAd <1 Boltzmann statistics. (1.4)

When the temperature is made so low or the density so high that the inequality
(1.4) is not satisfied and n=/3 > Ar, then the gas obeys quantum statistics and
its macroscopic properties crucially depend on whether the atoms are bosons or
fermions:

nA*>1 —  Quantum statistics. (1.5)

In this case the gas is called quantum and the quantity nA® is often called
degeneracy parameter. The temperature at which nA3 ~ 1 is called temperature
of quantum degeneracy. It is given by

2 2
Ty~ 2 s, (1.6)
m

The first quantum gases have been created in 1995 at JILA (E.A. Cornell
and C.E. Wieman, 87Rb), at MIT (W. Ketterle, Na), and at Rice (R. Hulet,
"Li). At present many tens of labs all over the world work with quantum gases
of various types of atoms. The temperature is commonly ranging from 100 nK
to 1 uK, and the density is in the range from 102 to 10** ¢cm™2. The number
of atoms in such a system is usually in the interval from 10° to 10%. These
parameters are achieved by optical and evaporative cooling in magnetic and
optical traps. These methods are discussed in the course of J.T.M. Walraven.

1.2 Elastic interaction between atoms. Weakly interact-
ing regime

An obvious energy scale in a gas is its temperature 7. Another energy scale
in an ultracold gas is the interaction energy per particle, and we now discuss
how to calculate this quantity relying on the knowledge of the potential of inter-
action between atoms. We mean here the so-called elastic interaction between
atoms, i.e. the interaction which does not change their internal states. In the
dilute limit determined by the inequality (1.2) the total interaction energy in
the system is the sum of all pair interactions:
2

Eint = NTﬁinta (17)
where N > 1 is the number of particles, N2/2 is the number of pairs, and €;,¢
is the interaction energy for a pair of atoms. Equation (1.7) also assumes the
regime of weak interactions, where the wavefunction of particles at the mean
interparticle separation is not influenced by the interaction between them. The
related criterion will be discussed later in this Lecture. Let us calculate €;,+
assuming that atoms interact with each other via a potential U(r) (see Fig. 1.2).
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Figure 1.2: The potential of interaction between two atoms, U(r), versus inter-
atomic separation r. The brown line indicates the location of the characteristic
radius of interaction, R.. At r ~ R, the kinetic energy term in the Schroedinger
equation (1.8) is ~ h?/mR2 and it is of the order of the interaction term |U(R,)|.
Assuming that for » ~ R, the potential of interaction has the Van-der-Waals
shape U(r) = —Cg/r%, with Cg being the Van-der-Waals constant, we obtain
Re ~ (mCg/h?)'/*. In alkali atom gases R, ranges from 20A for Li to 100A for
Cs, and it greatly exceeds the turning point for the zero-energy relative motion,
Ry .

The Schroedinger equation for the relative motion of a pair of atoms reads:

_%A, +U(r)| d(x) = Ev(r), (18)

where E = h?k?/2m,. is the energy of the relative motion, and we consider con-
tinuum states with a very low wavevector k. The quantity m, = mimsa/(m; +
mg) is the reduced mass, and for the case of atoms with equal masses (m)
which we consider hereinafter one has m, = m/2. We also introduced the usual
notation for the Laplacian, A, = d?/dr?.

The calculation of €;,; is equivalent to calculating the shift of the energy of
particles with mass m/2 in a large spherical box, due to their interaction via the
potential U (r) with a force center at r = 0 (see Fig. 1.3). We now consider atoms
with momenta fik satisfying the condition of the ultracold limit (1.3) and confine



ourselves to calculating their energy levels at zero orbital angular momentum
(s-wave levels) in the box. Then the particle wavefunction 1) depends only on
the distance r from the force center, and the Schroedinger equation (1.8) takes

the form:
o m(a 2d
dr? = rdr

where the energy of an eigenstate with wavevector k is E = h%k?/m, and we
put the boundary condition

)wwm+vwwwv=va» (1.9)

m

Y(R) =0 (1.10)
at the boundary of the box.

Figure 1.3: Atoms (red points) in a large spherical box of radius R, interactiong
with the force center (brown point) at the origin via the potential U(r).

At distances from the force center, r > R., we can drop the potential energy
term U(r)y from Eq. (1.9) and obtain the wavefunction

sin(kr 4+ ¢(k))
kr ’

where ¢(k) is the (scattering) phase shift. The boundary condition (1.10) en-
sures a quantization relation for the wavevectors of the eigenstates:

Y (1.11)

KR+ (k) = mj, (112)



with j being an integer. In order to express the phase shift ¢ through the
parameters of the interaction potential U (r) we consider distances in the interval
where k~! > r > R.. Then we can drop both U(r) and E from Eq. (1.9)
which thus becomes an equation for the free motion at zero energy and gives

the wavefunction a
b x (1 - ;) . (1.13)

The quantity a is called the scattering length and it is determined by the be-
havior of U(r) at distances r < R.. For finding a one should solve Eq. (1.9)
putting £ = 0 and considering distances r > k~!. The scattering length is
then obtained by matching this exact solution for a given U(r), with ¢ (1.13)
at distances r > R.. It is clear that a depends on a particular shape of the
interaction potential U(r). In the case of a fairly deep potential well, where
the relative motion in the region of the well is quasiclassical (WKB), the scat-
tering length can be expressed through R, and the WKB phase of the relative
wavefunction (see Problem 1.1).
Considering distances r < k~! in Eq. (1.11) we obtain

tan ¢

Within the normalization coefficient, this expression should coincide with
(1.13). Assuming that k|a| < 1, this gives for the phase shift:

¢ = —ka. (1.15)
Equation (1.15) allows us to reduce the quantization relation (1.12) to
mJ

0, TJ
kj:R—a:k§)+ﬁa’

(1.16)

where we assumed that certainly R > |a| and put the subscript j for the
wavevector of the eigenstate with a given quantum number j. The momentum

k;o) in the right hand side of Eq. (1.16) determines the energy levels EJ(O) =

h2k§0)2/m in the absence of interaction (@ = 0), and the second term leads to
the interaction-induced shift 0 E; of the eigenenergies E;. We thus obtain:

— h_z(kQ, — k0% = k] 2a
m R

0
E; = E; — E\” — (K — k]

(1.17)

The interaction energy €;,:(k;) for particles in the interval from k; to k; + dk;
is then related to the energy shift £ for particles in the momentum interval
from k; to k; + dk; is then related to the energy shift §E; for particles in the
interval of quantum numbers from j to j + dj as:

Vink3dk,



where V is the volume of the box, the occupation number N(k;) = N(j), and
dk;/dj = m/R. Equation (1.18) yields

Cint = %, (1.19)
where the quantity g is called the coupling constant and is given by
47rh?
g=—"q. (1.20)
m

For the total interaction energy in the system, Eq. (1.7) then gives:

NZ
Ein = =9, 1.21
t 2V9 ( )
and the interaction energy per particle is
BEint
=ng. 1.22
N =Y (1.22)

The interaction energy ng is a very important quantity for ultracold bosons.
This can be naively seen from the fact that at temperatures T' < ng the prop-
erties of the gas are mostly determined by the interactions.

Actually, for identical bosons in different momentum states the interaction
energy per particle is 2ng, i.e. it is twice as large as the result of Eq. (1.22).
This is because we have to symmetrize the wavefunction of the relative motion
of two bosons with respect to their permutation. At large separations, where
the interaction is not important, we have

b= %[eXpuqm + exp(—iar)],

where ¢ is the relative wavevector. For qr < 1 the wavefunction is larger by
a factor of v/2 than without symmetrization, and this will also be the case at
smaller distances where the interaction is already important. The interaction
energy is proportional to |1/?| and, as a result of symmetrization, it increases by
a factor of 2. Note that the symmetrization is not needed for bosons with zero
momenta, which is the case in a Bose-Einstein condensate that will be discussed
later in the course, since their relative wavefunction is already symmetrical
without interchanging the bosons. In this case the interaction energy per particle
is given by Eq. (1.22).

What is the condition of the weakly interacting regime that allows us to
confine ourselves to pair interactions between particles and use Eq. (1.7), which
then leads to Egs. (1.19), (1.21) and (1.22) 7. As we already said, in this
regime the wavefunction of particles at the mean interparticle separation 7 is
not influenced by the interaction between them. Only under this condition one
may omit many-body interactions and use Eq. (1.7). Let us consider a box of

size 7: /s
477 1 3
7;7‘ =—= 7= <_> _ (1.23)




On average such a box contains one particle. In the limit of T — 0, the particle
kinetic energy in this box is ~ h%2/m#2. The wavefunction of the particle is not
influenced by its interaction with other particles, characterized by the energy

ng, if
2

I}
— > . 1.24
—3 > nlg| (1.24)
Then, using Eq. (1.23) we immediately obtain the inequality
nla® < 1. (1.25)

Together with the condition of the dilute limit, nR? < 1, Eq. (1.25) gives the
criterion of the weakly interacting regime. Note that Eqgs. (1.20) and (1.22)
and, hence Eq. (1.25), assume that characteristic particle momenta hk satisfy
the inequality

kla| < 1. (1.26)

1.3 Two-body scattering problem

We now establish how the scattering length a is related to the parameters of the
two-body elastic scattering problem. Again, the two-body scattering problem
is equivalent to the scattering of a particle with mass m/2 from a force center,
due to the particle-center interaction via the potential U(r). As a result of the
interaction, an incident particle moving along the axis z with wavevector k is
scattered on an angle 6 and acquires the momentum k’ (see Fig. 1.4). For elastic
scattering we have |[k’| = |k|.

Figure 1.4: Elastic scattering of an atom (red point) from the force center (brown
point). The atom is initially moving along the z-axis with momentum k and is
scattered on an angle 6.

The motion of the particle is governed by the Schroedinger equation (1.8)

and at an infinite separation from the center the particle wavefunction is a
superposition of the incident plane wave and scattered spherical wave:

1 = exp(ikr) + 1) exp(ikr), (1.27)

r

10



where f(6) is called the scattering amplitude, and the vector r is taken in the
direction of k’. The probability «(k) for the scattered wave to pass through
the surface of a sphere of radius r per unit time is equal to the intensity of the
scattered wave | f(0|%/r? multiplied by vr2d§) and integrated over the solid angle
Q. Here v = 2hk/m is the velocity of the incident particle or, returning to the
two-body scattering problem, the relative velocity of colliding atoms. We thus

have: )
k)= / M@%r%, (1.28)

The quantity a(k) is called the rate constant of elastic collisions. The number
of scattering events per unit time and unit volume is given by aN?/2V, where
@ is the rate constant averaged over the momentum distribution of particles.
The quantity

k
o(k) = ) = / |f(9)|2dQ (1.29)
has a dimension of surface area and is called the elstic cross section.

For finding the scattering amplitude f(6) one commonly expands it in Leg-
endre polynomials:

(o]

= (2 + 1) fiP(cosb), (1.30)

1=0
where f; is called the partial scattering amplitudes. It corresponds to the scat-
tering with orbital angular momentum [. Using the same type of expansion for
the plane wave in Eq. (1.27):

exp(ikr) Zzl (2l + 1)ji(kr)Pi(cos §), (1.31)
1=0

where j; are spherical Bessel functions, one then deduces from Eq. (1.8) a set of
equations for a given orbital angular momentum [ and finds the partial scattering
amplitudes by solving these equations.

In the ultracold limit where the momentum £k satisfies the inequality kR, <
1, the leading scattering channel is the one with the orbital angular momentum
I =0. It is called s-wave scattering and the corresponding scattering amplitude
fo is independendent of #. The scattering cross section then is o9 = 47 fZ, and
for identical bosons we have to multiply it by a factor of 2 due to symmetrization
of the wavefunction of colliding atoms with respect to their permutation as
explained in the end of the previous subsection.

The wavefunction ¥(9) of the relative motion of atoms at [ = 0 obeys the
Schroedinger equation (1.9). At r — oo it is given by the s-wave part of ¥
(1.27), which is obtained straightforwardly by using Eqs. (1.30) and (1.31) in
Eq. (1.27). This yields

sinkr  fo

@ = o + = exp(zkr) r — 00 (1.32)

11



On the other hand, at r > R, one can drop U(r) in Eq. (1.9) and arrive at
Eq. (1.11) for the relative wavefunction, which we now rewrite in the form:

P = ki (cos ¢ sin kr + sin ¢ cos kr). (1.33)
,
Then, writing Eq. (1.32) as
1
PO = o (1 +ikfo)sinkr + kfocoskr]; r— oo (1.34)

and equalizing logarithmic derivatives of 1(®) (1.33) and ¥(9) (1.34) we find:

_ tan ¢ _exp(2i¢) — 1
fo= k(1 —itang) 2ik (1.35)

As we already discussed in the previous subsection, at distances in the in-
terval R, < r < k~! one can drop both U(r) and h*k?/m from Eq. (1.9)
and reduce it to the equation for the free motion at zero energy. This leads to
Eq. (1.13) for the wavefunction: ¥ o (1 — a/r). On the other hand, Eq. (1.33)
at r < k7! leads to Eq. (1.14): ¢ o« (1 + tan¢/kr). We thus immediately see
that

tan ¢ = —ka, (1.36)
and equation (1.35) reduces to
a
=— . 1.37
o= "1k (1.37)

For kla] < 1 we have fy = —a and clearly see that the scattering length is the
amplitude of the s-wave scattering in the limit of £ — 0.

In most of the forthcoming discussions we will consider momenta fik of par-
ticles satisfying the inequality k|a| < 1. It is however instructive to briefly men-
tion that a general expression for the cross section, following from Egs. (1.29)
and (1.37), reads:

4dra?

1+ k2?2
For kla| < 1 Eq. (1.38) reduces to o¢p = 4ma? as we already discussed above.
However, for k|a| > 1 we obtain oo = 47k?. Note that Eq. (1.38) is obtained in
the ultracold limit, i.e. it assumes that kR, < 1. So, in order to have kla| 2 1
we should have an anomalously large scattering length |a| > R.. This case is
called resonance scattering of slow particles.

What does this correspond to? Let us consider a weakly bound state with or-
bital angular momentum [ = 0 (s-state) for two atoms in the potential U(r) (see
Fig. 1.5). The term weakly bound means that the extention of the wavefunction
1y of this state greatly exceeds the radius of the potential, R.. The wavefunc-
tion 1, obeys the Schroedinger equation (1.9) in which we should now replace

g0 (138)

12



a positive energy E by —eg, where € is the binding energy of the considered

s-state: W2 9 d
-= (W + ;E) Yo (1) + U(r)bs(r) = —eothp(r)- (1.39)

For r > R, we drop U(r) from Eq. (1.39) and obtain

m

k1

Up(r) = om 7 exp(—kr), (1.40)

where k=1 = h/,/me is the extention of the wavefunction 1),. According to the
definition of a weakly bound state, we should have the inequality k! > R..

U(r)

Figure 1.5: Weakly bound state of two atoms (red line), with the binding energy
€0, in the interaction potential U(r) (blue curve). The brown point shows the
location of the characteristic radius of the potential, R., and the brown lines
indicate possible deeply bound states.

At distances in the interval R, < r < k= we can drop both U(r) and
€0 from Eq. (1.39), which transforms it to an equation of free motion at zero
energy. The resulting wavefunction is given by

e (boe) (1 4) aan

and it should coincide within a normalization coefficient with the wavefunction
() of the scattering problem at & — 0 in the same potential U(r). As we
already found above, ¥(®) o (1 — a/r) in the limit of vanishing energy. Thus,

13



comparing this expression with Eq. (1.41) we see that in the presence of a weakly
bound s-state the scattering length is positive and large: a = x~! > R,.. The
binding energy is related to the scattering length as
h? K2 h?
€ = = —. 142
0 m ma? (1.42)

Let us now look at equations (1.19) and (1.20). They show that the energy
of interaction between two particles in the continuum states with very low mo-
menta is large and positive at a large and positive a. This means that such
particles strongly repel each other. At the same time, we just arrived at the
conclusion that they can form a weakly bound state. This is an interesting
observation and it allows us to answer the frequently asked question: does a
potential well supporting many bound states repel or attract an incident slow
particle 7 The answer is that in general it can be both. However, if there exists
a weakly bound state of this particle in the well, then at particle wavevectors
k — 0 it is repelled by the well.

1.4 Inelastic collisions

Besides elastic collisions, atoms of an ultracold gas can undergo inelastic colli-
sions, i.e. the collisions changing their internal states. Consider a gas of bosonic
atoms which are in an excited (hyperfuine) internal state As. Then binary col-
lisions between the can lead to their relaxation transition to the ground state
A;. One may consider, for example, the following inelastic collisional processes:

Ay + Ay = A+ A +2AF, (1.44)

with AF being the difference between energies of the internal states As and Aj.

In most of the ultracold gases (alkali atoms, atomic hydrogen, chromium,
metastable triplet helium) the inelastic relaxation processes (1.43) and (1.44)
are induced by the magnetic dipolar interaction, and the energy release AF
greatly exceeds the gas temperature and interparticle elastic interaction so that
the outgoing atoms are ejected from the gas sample. The Hamiltonian of the
magnetic dipolar interaction reads

f (81 #ip)r® — 3(4iy 1) (Hor)

Hy = - , (1.45)

where f2; and i, are operators of magnetic moments of the colliding atoms, and
r is the interatomic distance. The product pjus is of the order of pu%, where up
is the Bohr magneton, so that the magnetic dipolar interaction is rather weak
and can be treated within the perturbation theory by using the Fermi Golden
rule. In this sense the magnetic dipolar relaxation belongs to the class of weak
inelastic processes. For the number of relaxation events per unit time, due to
the process (1.43) we have:

2

2 . N
W, = %Z\ < i|Half > [26(Ef — E;)— (1.46)
f

5
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Here N2/2 is the number of pairs of As-state atoms, and the subscripts i and
f label the initial and final states of the relaxation transition. Omitting the
small initial kinetic energy of colliding atoms the energy conservation law for
the relaxation process (1.43) becomes
h2 k2
Ef —E; = Tf — AE =0, (1.47)

where k; = (mAE/h?)/? is the wavevector of the relative motion in the final
state. The transition matrix element < i|Hy|f > should be calculated with the
initial and final wavefunctions of the relative motion of the atoms, which behave
at large interatomic separations as (1/v/V)exp(ik; sr), where V is the volume
of the system.

Consider for simplicity bosonic atoms with electron spin 1/2 and omit the
effect of nuclear spins. For example, this is justified if AFE is related to the
change in the Zeeman energy and is much larger than the energy of hyperfine
interaction. Let us discuss the process (1.43) in which A; is the lower Zeeman
internal atomic state, let say spin-|, and As is the upper Zeeman state spin-1.
Then we have g, = 2u3§1, o = 2u3§2, and AE = 2upB, with B being the
magnetic field and Sl, S; the spin operators of the atoms.

Let us then assume that the relative kinetic energy in the final state, A2k>2 / m =
AE, is still much smaller than the typical atomic energy h?/mR2. In thlb case
inelastic transitions occur at interatomic distances k;l > R, and the transition
matrix element < i|Hy|f > can be found simply using plane waves for the initial
and final wavefunctions. Putting k; = 0 we have

<ilH|f >= /d3r H(r) exp(ikgr), (1.48)

and the matrix element over the spin variables H p(r) is easily obtained taking
into account that the relaxation transitions change the internal state Ao from
spin-1 tp spin-| and do not change the internal state A; (spin-|). The interaction
Hamiltonian (1.45) leads to

247
5

where the spherical harmonic Y2; (0, ¢) = \/15/87r cos @ sinf exp iy, and 6, ¢
are the polar and azimuthal angles of the vector r with respect to the direction
of the magnetic field. Using the expansion (1.31) for the plane wave exp(ikyr),
completed by the known relation

Hy(r) = “B B Y51(6, 0), (1.49)

l

Pilcostha) = 5 S Yo () Vi (1;;)
m——1

from equations (1.48) and (1.49) we obtain

24 Kk % 54 Kk
<ilH|f >= —dm) 28 12 v5 (k—f>/ 2(%) 40 — 82 2T 2 Yy (—)
f 0
5

5 T 5
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In a thermal gas we have to symmetrize the initial wavefunction of colliding As-
state atoms with respect to their permutation, which increases the transition
probabilitry by a factor of 2. Then equation (1.46) immediately gives

NZ
Wrel - 20‘7‘6!W7 (151)
with the relaxation rate constant:
4327 ppmky
5 h3

el = (1.52)
and the final wavevector ky following from the energy conservation law (1.47).

Assuming that in the relaxation process both atoms are ejected from the
sample, for the atom loss rate we obtain:

d
d—? = —2a,qn>. (1.53)
The atom density decreases with increasing time ¢ as
()= (1.54)
n(t) = ———— .
1+ t/Trel ’

where the quantity 7..; = (2a.n(0)) ™! is a characteristic relaxation time and

it determines the life-time of the gas. In many cases the relaxation rate constant
is small and the inelastic process of collisional relaxation can be neglected. For
example, in an ultracold gas of 8’Rb atoms one has oy.e; ~ 10716 cm3/s, and
the relaxation time is 7,.; ~ 100 s at commonly used densities n ~ 10 cm™3.
Note that the life-time of the order of seconds is already sufficiently large for
performing detailed investigations of ultracold gases in experiments. At the
same time, the relaxation rate constant strongly depends on a particular system
and in some cases the relaxation process is very important, for example in a gas
of chromium atoms which have a magnetic moment of 64 5.

Binary inelastic processes occuring with a fairly large probability at short
interparticle distances (strong inelastic processes) require rather involved nu-
merical calculations. An example of such a process is Penning ionization in pair
collisions of metastable triplet helium atoms: one of them goes to the ground
state and the other one gets ionized. However, for a qualitative analysis of this
type of processes, instead of a direct solution of the problem one may put a
perfectly absorbing wall at a certain (short) interparticle distance rg. The pres-
ence of this wall means that there is only an incoming spherical flux at r = ry.
In other words, once the particles approach each other at the distance rg they
necessirily undergo the inelastic transition (see Problem 1.2).

The inelastic collisional decay of an ultracold gas is present even if all atoms
are in the lowest energy state. The reason is that the interaction potential be-
tween two atoms, U(r), in most cases supports many bound (molecular) states.
Therefore, there exists a process of three-body recombination. Namely, three
atoms collide, two of them form a bound molecular state, and the third one
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U(r)‘

Figure 1.6: The process of three-body recombination. Brown lines indicate
bound molecular states in the interaction potential U(r) (blue curve). Red
balls show three colliding atoms: the two atoms connected with the black arrow
collide with each other and form a bound molecular state, and the third one
should be inside a sphere of radius ~ R, around them in order to carry away
the binding energy.

carries away the binding energy ¢ (see Fig. 1.6). This is one of the very few
cases where one consideres three-body interactions in ultracold gases.

In order to obtain a dimensional estimate for the rate of three-body recombi-
nation we follow the ideas of the Thompson model developed for the formation
of neutral atoms in electron-electron-ion collisions (J.J. Thomson, Phil,. Mayg.,
47, 337 (1924)). We assume that two atoms collide and form a bound molec-
ular state, and for carrying away the binding energy the third atom should be
inside a sphere of radius ~ R, around them. The probability that it is there
is approximately equal to (nR?), where n is the atom density. Then the rate
of three-body recombination, i.e. the number of recombination events per unit
time, is roughly the rate of two-body collisions multiplied by (nR3):

2
Wiee ~ Uﬁ(nRS)Nv, (1.55)
and a more detailed analysis shows that we should put © of the order of the
velocity of particles in the outgoing channel of the recombination process. Since
the binding energy of the formed molecular state is € ~ h?/mR2?, we have
¥ ~ h/mR.. Then, writing the number of recombination events per unit time
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in the form:
N3

Wrec = arech

(1.56)

from Eq. (1.55) we obtain an estimate for the recombination rate constant ..

4
Qe ~ 0OR® ~ ihR? (1.57)

where we implicitly assumed that o ~ 7R2. The binding energy e is much larger
than any other energy scale in the system. Therefore, the molecule formed in
the recombination process and the third atom acquire a high kinetic energy and
are ejected from the gas sample. Thus, in each recombination event the gas
looses three atoms, and the rate of recombination determines the life-time of
the gas.

The decrease of the atom density due to three-body recombination is gov-
erned by the equation:

LZZ —Qpeen®, (1.58)
and a characteristic recombination time is 7. ~ (reen?) 1. For most ultracold
gases , ee ranges from 10728 to 1073° ¢m® /s and the recombination life-time of
the gas, Ty, is of the order of seconds or tens of seconds at commonly achieved
densities n ~ 10 cm™3.

In the forthcoming lectures we will omit both the three-body recombination
and collisional relaxation, having in mind that they can be made rather slow
by decreasing density or selecting proper internal atomic states. Therefore, we
will use the Hamiltonian of the many-body bosonic system, which for identical
bosons in first quantization can be written as

ZAM +3 Z Ulry —15), (1.59)

a#p

where particles are labeled by indeces « and 3. Note that Eq. (1.59) assumes
the weakly interacting regime where one can also omit many-body elastic inter-
actions between particles.

Problems 1

1.1 Consider the interaction potential U(r) which has a deep potential well and
Van der Waals tail as shown in Fig. 1.2. The zero-energy relative motion of
atoms in the region of the well is quasiclassical (WKB) and it remains WKB
at distances (r < R.) where the interaction potential acquires the Van der
Waals shape U(r) = —Cg/r5. Express the s-wave scattering length through
the characteristic radius of the potential, R, = (mCs/h?*)'/*, and the WKB
phase & = flgz Vm|U(r)|/h2dr. (G.F. Gribakin and V.V. Flambaum, Phys.
Rev. A, 48, 546 (1993); G.V. Shlyapnikov, J.T.M. Walraven, and E.L. Surkov,
Hyperfine Interactions, 76, 31 (1993)).
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The wavefunction of the s-wave relative motion with wave vector k obeys
Eq. (1.9):

h2k?
~m

m

Rld 1d
e LU R G )
In the ultracold limit, kR. < 1, at distances r < k~! we may put k = 0 in this
Schroedinger equation.
In the inner region, r < R., the relative motion is quasiclassical and we
have the WKB expression for the wavefunction:

1 1 /" ™
) o sin (—/ p(r')dr’ + —) , (1.60)

r p(’l“) h Ro 4
where p(r) = +/m|U(r)| is the classical momentum of the motion. At distances
where the interaction potential acquires the Van der Waals form U (r) = —Cg /7%,

but the motion is still quasiclassical, we have p(r) = AR2/r® and equation (1.60)

can be written as
T

woc\/;sin<Rg _Z_(I)>’ (1.61)

212

with & = f;j [p(r)/h]dr being the WKB phase.
On the other hand, for the Van der Waals potential, Eq. (1.9) with £ =0
becomes

n? [ d? 1d Cs

L — =54 (r) = 0. 1.62
m LlrQ * r dr] () r6 () ( )
Representing the wavefunction as ¢ (r) = 7~ /2¢(r) and turning to a new vari-
able y = R2?/2r? we reduce Eq. (1.62) to the Bessel equation:

d2¢+1d—¢+<1 - >¢=O

drz ' rdr 1672

The solution of this equation is expressed through the Bessel functions with
indeces 1/4 and —1/4:

¢ o< [J_1/4(y) + Adyja(y)]s (1.63)

and the coefficient A should be obtained by matching 1 oc 7~1/2¢ with 1 (1.61)
at distances r < R, (y > 1) where the motion is quasiclassical. For y > 1 we

have
2 3
Jija(y) = 4/ —cos [y — =) ; 1.
1/4(y) O (y 3 ) poy>
2 T
J 1/4(y) = W—yCOS (Z/ - g) poy> L

Then, using ¢(y) from Eq. (1.63) the wavefunction of the relative motion be-
comes

woc\/F{(1+A)cos%cos(y—%)+(1—A)sin%sin<y—%)}. (1.64)
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Rewriting Eq. (1.63) in the form:

P \/F{cos ® sin (y — g) —sin ® cos (y — g)} ; (1.65)

and equalizing logarithmic derivatives ¢’ /1 of wavefunctions (1.64) and (1.65)

we obtain: _
A _os(®-F) (1.66)
cos (@ + %)

We now consider the solution (1.63) in the limit of r > R, (y < 1). For
y < 1 we have

1/2
Jialy) = (%)1/4 T(5>1/4) = (%) ﬁ; y < 1.

Thus, in the interval of distances where k=! > r > R,, the wavefunction
Y =1~ 12¢(r) acquires an asymptotic form:

AR, T'(3/4)
P <1+ o r(5/4)>‘ (1.67)

At the same time, in this range of distances we may drop both U(r) and h%k? /m
in Eq. (1.9). The solution of the resulting equation of the free motion at zero

energy is given by Eq. (1.13):
¥ (1 E)
x r

This is how we introduced the scattering length a, showing later that it is
related to the s-wave scattering phase shift and scattering amplitude in the
limit of & — 0. Comparing Eq. (1.67) with Eq. (1.13) we see that

AR, T(3/4)
2 TI(5/4)

Then, using equation (1.66) for the coeflicient A, we obtain the final expression
for the scattering length in terms of R, and the WKB phase ®:

_ R.T(3/4) cos (- %)
~ 2T(5/4) cos (®+Z)

(1.68)

The scattering length depends on ¢ as shown in Fig .1.7. It is zero for & =
5m/8+mj, where j is a non-negative integer, and reaches +oo for ® = 37 /8+j.
In the latter case there appears a new bound state in the potential U(r). For
57/8+7j < ® < 117w /8+7j we have a > 0, and for 37/8+7j < ¢ < 5w /8+7j
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Figure 1.7: The scattering length a as a function of the WKB phase ®.

the scattering length is negative. Thus, positive values of a are met in a wider
interval of @ (by a factor of 3) than negative values.

1.2 Consider the same interaction potential U(r) as in Problem 1.1, but put a
perfectly absorbing wall at a distance r = 7 (see Fig. 1.9). The term perfectly
absorbing means that at » — r( there is only an incoming flux and the wavefunc-
tion behaves as 1 o exp|—ipo(r — 19)/k], with pg = \/m|U(ro)|. This assumes
the validity of the WKB approximation for » — ry. Calculate the scattering
amplitude and the rate constant of inelastic losses in the limit of £ — 0.

Lecture 2. Second quantization. Bose-Einstein
condensation in an ideal gas

2.1 Second quantization. Main relations

Let us now introduce a method of second quantization for a many-body system
of bosons. Consider N identical spinless bosons in a very large (but finite) vol-
ume V and assume first that they do not interact with each other. In free space
quantum numbers of individual particles are their wavevectors ki, ko, ...kn.
We then write the many-body wavefunction of the system as

U o> iy (1) Wiy (1) oo Wiy (T (2.1)
B
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Ulr)

Figure 1.8: The scattering potential U(r) with a perfectly absorbing wall at
r=To.

The single-particle wavefunction is ¢, (r;) = (1/v/V) exp(k;r;), and the sum in
Eq. (2.1) is taken over all possible permutations of the bosons. Note that some
of the values k; can be equal to each other.

For two particles in two different momentum states, k; and ko, we have

1
\If(rl, 1‘2) = —F— [exp(ik1r1 + ikgrg) + exp(ik2r1 + iklrg)] . (22)

V2V

In the case of N particles we can write:

1/2
U = (%) ;¢k1 (rl)wkz (1‘2) (23)

Here N; is the number of bosons in the state with the wavevector k;, and the sum
is taken only over the permutations of different wavevectors k;. One certainly

has
> Ni=N. (2.4)

In the presence of interaction between particles, ¥ (2.3) is not a stationary eigen-
state, since the momenta of individual particles are not conserved. Nevertheless,
we can still use the wavefunctions (2.3) as a set of basic functions.

We now consider an operator of the form

HY =>"hl), (2.5)

with the operator ﬁ&l) acting only on a single particle a. This can be, for
example, an external potential acting on individual particles. Let us find matrix
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elements of the operator H(1) between the states described by the wavefunctions
(2.3). Since each of ﬁ&l) acts only on a single particle, non-zero matrix elements
can only exist between the states with the same N7, N, ... or between the states
in which one of these numbers increases by 1 and another one decreases by 1.

For example, return to the case of two particles and consider the transition
between the state

% s (01 W (x9) + o (v )b (r2)] (N1 = 13 Ny = 1)

and the state
P1(r1)Yi(re) (N1 =2; No =0).

Then, with the normalization condition [ d®r|i12(r)[* = 1, we have:
(No =1, Ny = 1[HW|Ny = 0, Ny = 2) = V2h{y), (2.6)

where

WY = [ RO @ (27)
In a general case of N particles, using Eq. (2.3) we find:
(Ni, N — 1/HO|N; — 1, Ny) = b)) /N;Ny. (2.8)
For the diagonal matrix element we have:

HD = (Ni,Na, .Ni, o JHOING Ny, Ny ) = S RN (2.9)

Let us now consider operators a; = ax, which act not on the particle coordi-
nates but on the occupation numbers, decreasing the occupation number of the
state with a given k; by 1:

;| N1, No, ..N; .Y = /N[Ny, No, .N; — 1, ..). (2.10)

The operators a; are called annihilation operators of particles, since an operator
a; annihilates a particle in the state ¢ (the state with the wavevector k;). On
the basis of Eq. (2.10) we have for the corresponding matrix element:

(N; — 1]a;|N;) = +/N;. (2.11)
In a similar way, we introduce operators dZT called creation operators of particles:

al|Ny, Na, ..Ni ... = /N; + 1|N1, No, ..N; +1, ...). (2.12)
1

i

The operator a
element is

creates a particle in the state ¢, and the corresponding matrix

(N; +11]al|N;) = v/N; + 1. (2.13)
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The product djdi does not change the occupation numbers N;. It has only
diagonal matrix elements and can be written as

ala; = Ni. (2.14)

Similarly, we can write
aza =N;+1, (2.15)

and there is a commutation relation
a;al —ala; = 1. (2.16)
Other commutation relations read:

a;ar, — ara; =0 (2.17)
aal —ala;=0; i#k (2.18)

So, in a compact form we can write:
aal —ala; = 0 (2.19)
A i ik- .
One can easily check that all matrix elements of the operator

HO = Zh alay. (2.20)

coincide with matrix elements of the operator H (1) (2.5). Thus, one can always
write (2.5) in the form of (2.20) which is called the secondly quantized form.
This result is straightforwardly generalized to the case of the operator

~ 1 ~
2 _ 1Ny @
=3 QEB: R, (2.21)

with ﬁg)ﬁ acting on the coordinates of two particles, « and 5. This type of
operator describes pair interactions between particles. The secondly quantized
form of this operator is

HP = Z R Gt 6t dy i, (2.22)
ik, lm
with
hi'™ = / 07 (1) (02) P (21, 72)0y (21) o (x2) 1 P (2.23)
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2.2 Secondly quantized Hamiltonian in terms of momentum-
space operators

We now return to the Hamiltonian (1.59) which describes particles in free space
and write it in the secondly quantized form. The operator of the kinetic energy
of particles is

K=-—Y"A,, (2.24)

and each Laplacian term of the sum can be treated as the operator A& (ro). It
has only diagonal matrix elements and we have :

h2k?

Z Ky = Z 5 N (2.25)

Then, according to Eq. (2.20) one can write the kinetic energy operator K as

21.2
_thdd (2.26)

In order to write the secondly quantized form for the operator of the energy
of interaction between particles,

P= Z Ulre —13), (2.27)
2 7

we use Eqgs. (2.22) and (2.23) and the fact that in free space the basic set of
wavefunctions is ¢y, (r) = (1/v/V) exp(ik;r). This yields:

1

P=g Y U, a,bc, (2.28)
ki,ko, ks ky
where
1 .
U12 = V2 /d37"1d37“2 U(I‘l — 1‘2) eXP[’L(—k1I‘1 — kory + k3ry + k4r2)]. (2.29)

Turning to the variables r = r; —re and R = (r1 4+ r2)/2 we reduce Eq. (2.29)
to the form

U= Tz /d3 d®R U(r) expli(ks+ks—k; —ko)R)+i(kz+ko—k; —ky)r/2)]. (2.30)

We then immediately see that there is a momentum conservation law:
ki + ko = k3 + Ky, (2.31)
and obtain

U = v /d3r U(r) expli(ks — kq)r]. (2.32)
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For the interaction potential U (r) satisfying the condition |U(r)| < A% /mr?
at distances where the potential acts, we may use the Born approximation for
calculating the scattering amplitude f. In the limit of particle momenta tending

to zero we have:
m

3
=—q=— . 2.
f a e U(r)d°r (2.33)
Then, using equations (2.28), (2.32), and (2.33), in this (ultracold) limit we
write the secondly quantized operator of the interaction energy as

9 Sf Ao s
P = v Z Cl;rqa;r(z Qx5 Ok +ko—ks (2.34)
ki,ko ks

where g = 4wh?a/m is the coupling constant introduced in Lecture 1.

Actually, one can also write Eq. (2.34) for the interaction potential U(r)
which does not satisfy the condition of the Born approximation. This is because
the interaction between two particles can lead to transitions:

ks, ks = ki, ko;
k3,k4 = kll,k/z = kl,kg;
k3,k4 = kll/,kg = kll,k/Q = k1,k2;

etc. This is equivalent to the summation of all vacuum ”diagrams” and eventu-
ally leads to Eq. (2.34) if the scattering amplitude is momentum independent.
We can also act differently since we saw that the interaction energy for
two particles is €;,: = g/V. We replace the potential U(r) by a potential
Ueys(r) which satisfies the condition of the Born approximation and, at the same
time, leads to the same scattering length a. Thus, assuming that the scattering
amplitude is momentum independent and using Eqs. (2.26) and (2.34), we have
the following secondly quantized form of the Hamiltonian (1.59):
H Z i Z ak dk ak3ak1+k2 k3 - (235)

AT .
aka 2
k1,ko ks

2.3 Secondly quantized Hamiltonian in terms of coordinate-
space operators

Another form of second quantization is based on the use of field operators in
the coordinate space, ¥(r) and 9 (r). They are related to the annihilation and
creation operators, ax and le( by

b(r) =) tr(r)an, (2.36)
k
f(r) =3 vi(r)af, (2.37)
k

with i (r) = (1/ V'V) exp(ikr) being a basic set of single-particle eigenfunctions.
The operator 1/)( ) annihilates a particle at the point r, and the operator ¥ (r)
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creates a particle at this point. Using commutation relations (2.17) and (2.19),
from Eqgs. (2.36) and (2.37) we obtain the following commutation relations:

@(r)@( r') - (r/) () o(r —1'), (2.38)
D)) —d(')h(r) = (2.39)

Using equations (2.36) and (2.37) and the completeness theorem
Z U7 ( =4(r—1'),

we straightforwardly express the operator H(V) (2.20) in terms of the field op-
erators 1(r) and 1 (r):

HO =" hijala, = / Pr it E)hD (£)h (x). (2.40)
i,k

Accordingly, the operator of the kinetic energy of particles given by Eq. (2.24)
can be written as

N h2 . .
In a similar way we can write the secondly quantized form in terms of zﬁ(r)

and ' (r) for the operator H® (2.21):

Y= %/dgr O ()T (22)h®) (21, 22)i) (21)3) (x2) (2.42)

and represent the operator of the energy of interaction between particles, P
(2.34) as

P=9 [ @it it e, (243

In case there is an external potential V' (r) acting on single particles, we may
use equation (2.40) with (1) (r) = V(r) and write the secondly quantized form
for the energy of interaction of particles with this external field as

V= /d?’er ()3 (r). (2.44)

_ We thus arrive at the following secondly quantized form of the Hamiltonian
H =K +V + P in terms of the field operators ¢(r) and ¢ (r):

A~ 2 ~ ~ A~ A~ ~ ~ ~ ~
= [—j—mwrmrwr) FPEVEIE) + 29T @I 0P| (245)

We will use the secondly quantized Hamiltonian in the form (2.45) or in the
form (2.35) throughout the entire lecturing course.
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2.4 Bose-Einstein condensation in an ideal gas. The role
of the density of states

We first discuss an ideal Bose gas and introduce the phenomenon of Bose-
Einstein condensation. Consider a three-dimensional (3D) Bose gas in free space
at equilibrium at a finite temperature T'. Then the Hamiltonian (2.35) contains
only the kinetic energy term and reads:

—Z h2k2& i

The equilibrium occupation numbers of the single-particle states with a given
wavevector k are

1
exp (%) -1

where the symbol () means statistical average, Ex = h*k?/2m is the kinetic
energy of a particle with wavevector k, and p < 0 is the chemical potential.

Let us establish a relation between p and the total number of particles, N,
at a given T'. We have:

Ny = (afaw) = : (2.46)

N = ZNk / dg)’; exp<E: #) — (2.47)

The chemical potential decreases with T" and becomes zero at a critical temper-

ature 12
31
T, = 3.3 n?/3, (2.48)
m

with n = N/V being the gas density (see Fig. 2.1). The critical temperature is
obtained straightforwardly from Eq. (2.47) at u = 0:

- / 47r/<;2dk 1
V exp (E") — 1’

and equation (2.47) does not have a solution for T' < T,.. Note that at T = T, the
gas is already quantum degenerate, and the corresponding degeneracy parameter
is

nA} = 2.62. (2.49)

The way to resolve the situation at T' < T, has been revealed by Bose and
Einstein in 1924. The idea is that at T' < T, a macroscopic number of particles
goes to a single quantum state. In free space this is the state with momentum
hk = 0. Accordingly, for the total number of particles we have:

N =N(k=0)+N(k > 0),
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Figure 2.1: The temperature dependence of the chemical potential for the uni-
form 3D ideal Bose gas (brown cureve). The brown point shows the critical
temperature of Bose-Einstein condensation, Tt.

where particles with finite momenta obey the Bose distribution relation (2.46)
at = 0. The total number of such particles is

%V 4rk2dk 1 7\*?
N(k>0)= —N(=) . 2.50
E>0= ) "@r oo @) -1 (T) (2.50)

The (macroscopic) number of particles in the state with & = 0 is then given by

NOEN(kZO):N[I_ (Z)Sm

T (2.51)

These particles are usually called Bose-condensed, and the part of the gas formed
by them is called Bose-Finstein condensate. In some sense, the phenomenon of
Bose-Einstein condensation can be treated as ”condensation in the momentum
space”. Note that in an ideal Bose gas at T' = 0 all particles are in the conden-
sate, which is clearly seen from Eq. (2.51).

Let us now consider a two-dimensional (2D) Bose gas in free space and show
that in this case the phenomenon of Bose-Einstein condensation is absent. The

29



relation between N and p now reads:

N = / A27dek 1 ’ (252)
exp (%) -1

where A is the surface area. Then, a straightforward calculation yields:

1
=—Tlhh|——F= 2.
a " {1 - exp(—nA%] ’ (2:53)

with n = N/A being the 2D density. Equation (2.53) is valid at any T and n.
For nA% < 1 we recover the classical result

1
=-T1
[
whereas in the deeply quantum degenerate regime (nA2 > 1) we have
p = —T exp(—nAZ).

We thus see that the chemical potential continuously decreases with temper-
ature and always remains finite (see Fig. 2.2), and there is no Bose-Einstein
condensation.

In order to understand the difference between the 3D and 2D cases we in-
troduce the (energy) density of states:

/ §(E — E(k Vda;k (2.54)

where d is the dimension of the system, and E(k) = h%k?/2m. The quantity
v(FE) represents the number of states per unit energy interval, and equation
(2.47) can be represented in the form:

N = / (2.55)
0 exp 1

/-\

In the 3D case we have:

v(E) = (%) (27;—2E>1/2 x VE, (2.56)

whereas in 2d the density of states is energy independent:

mA
v(E) = gl

The key reason for the emergence of Bose-Einstein condensation is that for
v(E) decreasing with F, below a certain critical temperature one can not dis-
tribute a given number of particles according to the Bose distribution function.
This is what is happening in the 3D ideal Bose gas in free space.

(2.57)
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Figure 2.2: The temperature dependence of the chemical potential for the 2D
ideal uniform Bose gas (blue curve).

Problems 2

2.1. Consider a 2D ideal Bose gas in a harmonic potential V(1) = mw?r?/2. Use
a quasiclasssical approach and show that there is a phenomenon of Bose-Einstein
condensation (BEC). Calculate the BEC transition temperature.

The (quasi)classical approach assumes that the particle energy can be written

as
B2k mw?r?

E=—— 2.
Cy + 5 (2.58)
Then for the energy density of states instead of Eq. (2.54) we have:
’k
v(E)= [ 6(E— E(k,r))—=d°r, (2.59)
(2m)?
where E(k,r) is given by Eq. (2.58). Turning to new variables
_ h%k? B mw?r?
Y= om 2
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and 5
E=E(k,r),

we have the limits of integration from —E to E for y and from 0 to oo for E.
Taking into account that

d*rd’k  dEdy

(2m)2  2h2w?’

from Eq. (2.59) we obtain

1 o _ B E

Then, Eq. (2.55) takes the form:

N = / 5 dE , (2.61)
hPw exp —) -1

and we find that the chemical potential decreases with temperature and reaches
zero at a certain critical temperature. The latter follows from Eq. (2.61) with

n=0:
(LY ! ~1.23 (Lo i
) =G+ T T e

J

and is given by
T. ~ 0.9V Nhw. (2.62)

For T < T. equation (2.61) does not have a solution. So, we have the phe-
nomenon of BEC, i.e at temperatures below T, (2.62) a macroscopic number of
particles goes to the ground state of the potential V(r). In order to calculate
the number of non-condensed particles we put = 0 in Eq. (2.61). This yields

N(E>0)=N =N <T£>2 , (2.63)

and for the number of particles in the condensate we have:
T\ 2

2.2 Consider a 1D ideal Bose gas in an external potential V(x) = a|z|? and use
the quasiclasssical approach. Find for which ¢, not necessirily integer, one has
the phenomenon of BEC. Calculate the BEC transition temperature T, and the
condensed fraction of particles at T" below T.

(2.64)
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Lecture 3. Bose-Einstein condensation in a weakly
interacting gas. Gross-Pitaevskii equation

3.1 Gross-Pitaevskii equation for the condensate wave-
function

We now discuss Bose-Einstein condensation (BEC) of interacting ultracold bosons.
We will assume that the gas is in the weakly interacting regime and character-
istic particle momenta satisfy the condition (1.26) so that the criterion of weak
interactions is given by Eq. (1.25). Since in an ideal 3D Bose gas at T = 0
all particles are in the condensate, for the weakly interacting Bose gas almost
all particles will be Bose-condensed at T = 0. In free space these are particles
with £ = 0. In this Lecture we restrict ourselves to the case of T' = 0, and the
situation at finite temperatures will be discussed later. Let us introduce the
field operator for Bose-condensed particles, zﬁo(r). As the condensate contains
a macroscopic number of particles (Ng — 0), the matrix element of zﬁg cor-
responding to the creation of a condensed particle can be put equal to ¥§(r),
where [g(r)|? = ng(r) with ng(r) being the condensate density. For example,
in free space where we have g = d(T) /v/V. The matrix element of &(T) is equal
to v/Nog + 1 and we omit unity compared to Ny. Since the matrix element of
1 corresponding to the annihilation of a condensed particle is 1o (r), this is
equivalent to regarding 1o(r) as a c-number. In other words, we assume that
there is an average value of 1 (r), equal to ¥o(r):

(o (x)) = o(r). (3.1)

Let us now turn to the Heisenberg representation, where an operator A(r)
of the Schroedinger representation is transformed to:

A(r,t) = exp(iHt/h)A(r) exp(—iHt/h), (3.2)
so that there is the Heisenberg equation of motion:

n?20D _ ain = (A - i A) (33)
The operator A in the Schroedinger picture does not explicitly depend on time
t. The time dependence of average values of physical quantities arises only
through the time dependence of the wavefunctions. The Heisenberg represen-
tation transfers the time dependence from the wavefunctions to the operators.
Note that the Heisenberg and Schroedinger representations are identical for the
operator of any conserved quantity, i.e. for an operator that commutes with the
Hamiltonian. In partricular, this is the case for the Hamiltonian itself and for
the particle number operator.
Consider now A(r,t) = U(r,t), where we use the notation ¥ for the field
operator in the Heisenberg representation, while still keeping the notation 1& for
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the Schroedinger-picture field operator. Then we rewrite Eq. (3.3) in the form
of a non-linear equation for the field operator:
o

h? IR W
ih py ( 5 A+ V(r)+g¥ \I/) . (3.4)

Let us now represent the field operator U as a sum of the condensate part,
c-number Wy(r,t), and a non-condensed part ¥'(r,t):

(r,t) = Uo(r,t) + '(r,t). (3.5)

To zero order we omit the (small) non-condensed part ¥’ and get an equation
for the condensate wavefunction:
ovg h?

h—— = ——A+ V Tol|? ) Wo. 3.6

T = (= e 4 Vi) 4 gl ) W (36)
This is the Gross-Pitaevskii equation for the condensate wavefunction obtained
by Gross and by Pitaevskii in 1961.

The stationary solution of Eq. (3.6) has the form:

Wo(r, t) = o (r) exp(—ipt/h), (3.7)
where O
H= ON (3.8)

is the chemical potential, and the Schroedinger-picture condensate wavefunction
1o(r) is governed by the time-independent Gross-Pitaevskii equation:

h2
(—%Ar V() + gl - u) Yo = 0. (3.9)

The time dependence of the Heisenberg-picture condensate wavefunction
Uy(r,t) given by Eq. (3.7) is easy to obtain. Let us recall that the relation
(Uy) = Wy, which is Eq. (3.1) rewritten in the Heisenberg representation (as-
suming that (¥) = 0), is introduced only in the sense that the condensate with
Ny particles is equivalent to the condensate with (Ng — 1) particles, aside from
corrections of the order of 1/Ng (No > 1). Actually, acting with the operator
Uy on the state with Ny particles we get the state with (No — 1) particles:

Wo|No) = Wo| Ny — 1). (3.10)

However, the time dependence of the wavefunctions of the stationary states with
Ny and (Ng — 1) particles is given by

W(Ny) o exp(—iE(No)t/h) (3.11)
U (No — 1) o exp(—i E(No — 1)t/h). (3.12)

This means that transferring the time dependence from the wavefunctions to
the operators and writing (V) = ¥y, we have to write the time dependence of
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Uy as Uy o exp(—ut/h), with u = E(Ng) — E(Ng — 1) = OE/ONp assuming
Ny — oo. We thus arrive at Eq. (3.7).
For a uniform condensate (V(r) = 0) the ground state solution is

Uy = /ng exp(—iut/h), (3.13)
where the chemical potential is given by the relation
1= Tnog. (3.14)

This is because the kinetic energy (Laplacian) term in Eq. (3.9) can be omitted,
since 19 = const. Note that for the ground state BEC the Laplacian term is
important only in the presence of an external potential V(r). For V(r) = 0,
omitting the Laplacian term and putting [¢o|> = ng in the Gross-Pitaevskii
equation (3.9) we get Eq. (3.14). Then, substituting 1o = \/ng into Eq. (3.7)
we obtain Eq. (3.13).

3.2 Density-phase representation. Collapsing condensates

Formally, equations (3.13) and (3.14) are valid for both repulsive (¢ > 0) and

attractive (g < 0) interaction between particles. However, in reality these results

are correct only for g > 0. The reason is that for g < 0 the solution (3.13) is

unstable and in 3D (also in 2D) one has the phenomenon of collapse. Let us put

g < 0 and consider Eq. (3.6) in free space. Writing the condensate wavefunction

in the form Wy(r,t) exp(—iut/h), where p = ngg is the chemical potential of the
stationary state at an unperturbed constant density ng, we have:

2

p 2% _ 7

ot 2m

In the presence of perturbations, we turn to the density-phase representation

and write

ArTo + g 2Ty — p¥o. (3.15)

Uy = /nexp(ig), (3.16)
where the density n and phase ¢ are real. We now assume that n = ng + dn,
where én is a small perturbation in the density, and the derivatives of ¢ are also
small. Keeping only the terms that are linear in dn and derivatives of ¢ we have

i = (—h<;3+ iha—”> Wy,
2n0
JANS
A = ( on +z‘Ar¢> W,
27’),0

glUo|* Vo — p¥o = gén¥.

Substituting these expressions into Eq. (3.15) and equalizing real parts and
imaginary parts we obtain:

2
hoi = —TTPOA (3.17)
m
. h? on
“hd = — A (2 , 1
h¢ 5o <2n0> + gon (3.18)
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Equations (3.17) and (3.18) represent the continuity and Euler equations of the
hydrodynamic approach.

We then consider a perturbation of the density (and phase) that has a long
length and time scale so that the Fourier component is

on(k) o cos(kr — wt) (3.19)

with very small k and w. Accordingly, the term (h?/2m)A,(6n/2ng) in the right
hand side of the Euler equation (3.18) will be much smaller than gdn and can
be omitted. This transforms Eq. (3.18) to

—hé = gon. (3.20)

Taking the time derivative in this equation and substituting dn from Eq. (3.17)
we obtain an equation for dn:

5ii = 2T A on. (3.21)
m

This gives a relation between w and k:

w? = 1092 (3.22)
m
For negative g, assuming real k we obtain negative w? and, hence, imaginary
frequencies:
nolg| 2
w = +ik (—) : (3.23)
m
According to Eq. (3.19) this means that dn will grow exponentially:
on x exp ( Mkt) . (3.24)
m

This is nothing else than collapse. In a given part of space where an extremely
small perturbation of the density appears, its amplitude starts to grow expo-
nentially (see Fig.3.1) and the condensate eventually collapses to a droplet.

3.3 Stable condensates. Healing length

We thus see that a stable BEC in free space exists only for repulsive interaction
between particles (g > 0). Let us introduce a characteristic length scale for
a weakly interacting BEC with g > 0. Consider a condensate in a potential
V(z) that depends only on the coordinate x (not on y and z) and represents an
infinite wall at = 0 so that the condensate exists only in the half-space > 0
(see Fig.3.2). Being a continuous function of x, the condensate wavefunction g
vanishes at x = 0.

We now solve Eq. (3.9) and find the wavefunction v of the ground state
BEC. First of all, g does not depend on y and z. We thus rewrite Eq. (3.9) as

1? d*yo

o da? + gltol*vpo — pipo =0 (3.25)
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Figure 3.1: Spatial density profile of a collapsing condensate. A change of color
from blue to red corresponds to growing peak density with increasing time.

0 X

Figure 3.2: External potential depending only on the coordinate =z and repre-
senting an infinite wall at x = 0. The condensate exists at = > 0.

and put the boundary condition
1o(0) = 0. (3.26)

Setting 1o to be real we multiply Eq. (3.25) by di¢p/dz and integrate over dx.
This yields

h? [ dipo(x)
_R< dx

)+ §ui) - e =, (3.27)
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where C' is the integration constant. Since di)g/dx = 0 at x — oo, we have

C= %n% - gno,

with ng being the condensate density at © — oco. On the other hand, for z — oo
we also have d?1y/dz? = 0 and, hence, Eq. (3.25) gives 1g(00) = \/mg = const
and g = npg. This reduces the expression for the integration constant C' to

1 1
C= —ang = —kno- (3.28)

From Eq. (3.27) we then obtain:

i) :i\/hﬂj (ﬁ_\@%@) [T, (1_ %@) (3.29)

The solution of Eq. (3.29) is

Wo(z) = /7o tanh (g) , (3.30)
where the quantity
h
&= (3.31)
mnog

is called the healing length. It is a characteristic distance from the wall at which
the condensate wavefunction acquires its asymptotic value (see Fig.3.3).

3.4 Bose-Einstein condensation in an external harmonic
potential

Let us now consider Bose-Einstein condensation of particles in a spherical har-
monic potential given by
mw?r?

2

For finding the ground state condensate wavefunction we should solve Eq. (3.9)
which now takes the form:

V(r) (3.32)

K2 mw?r?
~ A,
oot 5

Yo + glto|*Yo — papo = 0. (3.33)

For an ideal gas BEC (g = 0) the ground state solution is simply the ground
state wavefunction of a harmonic oscillator:

_ VN r?
Yy = 773/4li/2 exp —ﬂ , (3.34)
where
N
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Figure 3.3: Ground state wavefunction ¥y versus x for the condensate in the
potential V' (x) representing an infinite wall at = 0 in the y,z plane.

is the harmonic oscillator length. The solution (3.34) has orbital angular mo-
mentum [ = 0, and the chemical potential is y = 3w /2. The energy per particle
in the first excited state is higher by hw. So, if there is a small interaction be-
tween particles and at the maximum density we have

Nmazlg] < hw, (3.36)

then the condensate wavefunction is still given by Eq. (3.34) irrespective of the
sign of g.

Consider now g > 0 and assume that in the central part of the sample, where
the density is the largest, we have

Nmazg > hw. (3.37)

This is the so-called Thomas-Fermi limit. It is then reasonable to assume that
the kinetic energy term can be omitted in the central part of the gas. Equation
(3.33) then becomes an algebraic equation:

mw2r2

2

glvol* = p— (3.38)

Thus, the condensate wavefunction has the shape of an inverted parabola (see
Fig.3.4):
r2

Yo = g (1 - R%F) O(Rrp — ), (3.39)
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where the Thomas-Fermi radius of the condensate is given by

Rrp = ( 2 )1/2. (3.40)

Equation (3.40) contains the theta function, which is equal to unity at positive
values of the argument and to zero at a negative argument. This means that
19 = 0 for any distance r from the origin larger than Rpp so that in the
Thomas-Fermi approximation Rpp is really the radius of the BEC.

(=]

fe— V(1)

RTF r

Figure 3.4: Thomas-Fermi ground state solution for the condensate wavefunc-
tion 1o (r) in the spherical harmonic potential V (r) = mw?r?/2

The normalization condition for g is

RrFr
| e = (3.41)

and it gives a relation between the chemical potential p and the number of
particles Ny. Using g (3.39) in Eq. (3.41) we obtain:

_ 8 PR p

N,
0 15 q )

and with Rpp from Eq. (3.40) this leads to
15\, 3/5
= Nog—— m . 3.42
K ( 0d 16\/§7r> (mw”) ( )
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So, due to the spatial inhomogeneity we have p o Ng / 5, in contrast to p oc Ny
for a uniform condensate.
The maximum density is at r = 0:

Nmaz = 95 (0) = % (3.43)

so that ¢t = npeeg. The healing length at maximum density is &€ = i/ \/MNmazg
and owing to the Thomas-Fermi condition (3.37) it is much smaller than the
harmonic oscillator length:

LI ( o )1/2 < 1. (3.44)

lh Nmazd

The inequalities (3.37) and (3.44) indicate that the discrete structute of the
energy levels of the harmonic potential (3.32) is smeared out by the interparticle
interaction.

Let us now estimate the omitted kinetic energy term of Eq. (3.33). Using
the obtained Thomas-Fermi solution (3.39) we have

~ h? 2 2d h2w? (3 — 2r?/R2...)
K —_ - _— = mazx TF . 345
2m¢0 (dr2 + r dr) Yo =n (1-7r2/R2,) ( )
On the other hand, the term of the interparticle interaction is
~ ’]"2
P =g =p (1 - RT) ; (3.46)
TF
and we obtain the ratio
= 2
5 — hw (8- 27‘2/R%F) (3.47)
P 2Mmazg) (1 —12/R%..)2 '

We see that under the condition of the Thomas-Fermi regime given by Eq. (3.37)
the kinetic energy term is much smaller than the interaction term at any r <
Rrp, except near the border of the trapped condensate. The Thomas-Fermi
solution (3.39) is violated at distances from the border which are of the order
of ~ Rrp(hw/4nmaezg) < Rrp. This is not a problem as in the major part of
the sample this solution is valid. Therefore, it is widely used in the analysis of
trapped Bose-Einstein condensates.

Problems 3

3.1 Consider a condensate with g < 0 in a spherical harmonic potential V (r) =
mw?r? /2. Estimate a critical value of |g| above which the condensate undergoes
a collapse.
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Let us write the energy functional:
= [@r {2 iamn+ ™l + Jotvol (3.48)
= om, Lo2r¥o 5 0 29 0 . .

Suppose that ¥y has a Gaussian shape with a size L which will be a variational

parameter:
VNo r?
¢0 = W exp —m . (349)

The calculation of the integrals in Eq. (3.48) is straightforward:
h2  2d 3 h?
dr — — ——N,
/ " QZ)O <dr2 T dr) Yo = mL2°
/ g T W2 = mw2L2N0

N2
Br gt = — ‘9\ 0o
/ 7ﬂ2gw° 2(21)3/2L3

We thus have:

3 h? 3 lg]
E=2"__N 22N, — — I N2
ey R K R To M T

(3.50)
where the first term in the right hand side of Eq. (3.50) originates from the ki-
netic energy of the condensate, the second term from the interaction of particles
with the external harmonic potential, and the third term from the attractive
interparticle interaction.

We now turn to a dimensionless energy ¢ = E/Nyhw and dimensionless size
k = L/lj,, where l;, = (h/mw)/? is the harmonic oscillator length introduced in
section 3.4. In terms of € and k equation (3.50) reads:

3 3K2 n
=—4+ — - . .51
€= + 1 5 (3.51)

Here we also took into account that |g| = 47h%|al/m and introduced the param-
eter

_ Noa|
In

(3.52)

The dependence e(x) will be now analyzed at different values of 7.

For n < 1 the interaction between particles described by the last term in
Eq. (3.51) is not important at k 2 1. It becomes crucial only for x < 1, where
the energy becomes more and more negative with decreasing size (see Fig.3.5).
This indicates the presence of collapse. It is energetically favorable for the gas to
get smaller and smaller size. However, the situation is more peculiar. At small
K the energy is increasing with the size and reaches maximum at Ky ~ 7.
Then, for larger k it decreases with increasing x, reaches minimum at K = Kpin
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(at small ) the dimensionless size K.y, is close to 1), and grows at larger x (see
Fig.3.5). This growth is provided by the interaction of particles with the external
harmonic potential, described by the second term in Eq. (3.51). Let the system
be initially prepared in the local minimum, i.e. with K = K,,;, and, hence, with
the size L = Kminln. Then, in order to get to the region with kK < Kupq, and
collapse, the system should undergo a macroscopc quantum tunneling through
the potential barrier. The height of the barrier is large (~ 1/n) and its width
is ~ 1 so that the tunneling probability is vanishingly small. We thus conclude
that the trapped Bose-Einstein condensate with g < 0 is stable at n < 1.

€ 4

~
~

max min

Figure 3.5: Dimensionless energy e versus dimensionless size x for a trapped
condensate with g < 0 and n < 1.

For 1 > 1 the kinetic energy term, i.e. the term proportional to k2 in
Eq. (3.51), is not important and we have a monotonic dependence (k) depicted
in Fig.3.6. The energy is decreasing with the size at any «, and the system is
absolutely unstable (collapsing).

For n approaching 1 from below we still have a non-monotonic curve &(k)
like in Fig3.5. The local minimum and the local maximum will be much more
shallow, but the system can still be considered as stable similarly to the case of
1 < 1. Under a continuous increase in 7 the minimum and maximum become
more shallow and eventually disappear. The non-monotonic curve (k) then
changes to a monotonic one like in Fig.3.6, and the system becomes unstable.

Let us now find a critical value of 1 at which the minimum and maximum
disappear, that is the value of 17 at the border of stability. The positions of the
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Figure 3.6: The dependence ¢(k) for n > 1.

minimum and maximum are determined by the condition:

=0. (3.53)

For the minimum one has the second derivative d?c/dx? > 0 and for the max-
imum d?¢/dk? < 0. Getting more shallow the local minimum and maximum
approach each other with increasing . They merge and become a saddle point
(see Fig.3.7) when 7 is such that at their location one has

e 9 3 12
B 2 \2rKkS

Multiplying Eq. (3.54) by x and substracting it from Eq. (3.53) we obtain a
relation between k and 7 at the critical point:

(3.54)

S N
Ky = 2 e 3.55
3 o (3.55)
From Eq. (3.53) we then get the critical value of #:
2 (4x>\V*
e == | — ~ 0.68. 3.56
=2 (") (3.56)
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I

Figure 3.7: The dependence (k) at the border of stability, n = 7.

Using Eq. (3.52) we then obtain the critical value of the interaction strength

(scattering length):
lu
~ 0.68—. 3.57
| ~ 0.65 % (357)

In other words, for a negatve a such that |a| < |a.| the trapped condensate is
stable.

We can also raise the problem differently and obtain a critical number of
particles at a fixed negative scattering length. This yields

l
N, ~ 0.68~. (3.58)
lal
For Ny < N, the BEC is stable, whereas for Ny > N, it collapses. This has
been observed in lithium experiments at Rice.

3.2 Consider a two-dimensional Bose-Einstein condensate in a circularly sym-
metrical potential V (r) = mw?r? /2. For repulsive interaction between particles
(g > 0) find the ground state solution for ¢y and the spatial density profile in
the Thomas-Fermi regime. For g < 0 estimate a critical number of particles
above which the condensate collapses.
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Lecture 4. Dynamics of trapped Bose-Einstein con-
densates. Scaling approach

4.1 Exact scaling approach for a two-dimensional evolu-
tion of a trapped condensate

In this Lecture we will discuss dynamical properties of trapped Bose-Einstein
condensates. Namely, we will analyze how the condensate responds to external
perturbations, irrespective of whether they are large or small. Let us assume
that initially the condensate is in a stationary state described by the stationary
Gross-Pitaevskii equation (3.9) so that the Heisenberg-picture time-dependent
condensate wavefunction is expressed through the Schroedinger-picture station-
ary wavefunction ¢y (r) by Eq. (3.7). Suppose that the external potential V (r) is
a harmonic potential in the x, y plane, V (1) = mw?r? /2 where r? = x2+y2. This
corresponds to a purely two-dimensional problem, or to the three-dimensional
problem in the geometry of an ideal cylinder where the motion in the z-direction

is free (see Fig.4.1).

/Y

~ X

Figure 4.1: The geometry of an ideal cylinder for a trapped condensate.

In both cases the condensate wavefunction depends only on the coordinates
x and y, not on z. Then, at a time ¢t = 0 one starts to vary the frequency w which
becomes now a function of time, w(t). The condensate starts to evolve although
its wavefunction Wy (r, ¢t) remains independent of the coordinate z. The evolution
is then described by the time-dependent Gross-Pitaevskii equation (3.6)

K2 t)r?
> _ Ar—i—m—i—gﬂ/o(r,t)Q) Wo(r,t),  (4.1)

2m 2
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where r = {x,y}, and A, is the two-dimensional Laplacian:

2 2
r 9 (4.2)

B =52 T o

Frequency variations change the time and distance scales, and we now turn
to rescaled coordinates p = r/b(t) and rescaled time 7(¢). The condensate
wavefunction will be represented in the form:

Wo(r, 1) = 220 o tid(r, 1)), (43)
b(t)
with the dynamical phase given by
mr? b(t)

The scaling parameter b(¢) and the rescaled time 7(¢) are certain functions of ¢
and they will be determined later, as well as the function xo(p, 7).
We now substitute ¥y (4.3) into equation (4.1) and obtain:

b(t)  b(t) Vdr o me? (B 2 )
h{_bz(t) - b3—(t)(rvp) + @E% +1 o <b2(t) - b3(t)>}xo(p’7—) =

B2 1 2m b(t)  mr2b3(t) . 2m b(t)
2m {WAP“?WQ BRI R0 (rvP)}Xo(p’T) ’
mw?(t)r?

e\t 9 2
2b(t) XO(va) + bg(t)|X0(pa7—)‘ XO(paT)'
The first and second terms and the second part of the fourth term in the left
hand side of this equation and the second, third, and fourth terms in the curly
brackets in the right hand side cancel each other. We thus transform Eq. (4.1)
to

ih dr oxo(pr) _f K 1 Mo o 2, 9lxo(p.d)?
e Apt — T :
s g gD = g e g b0l L o
(4.5)
The rescaled time 7(¢) and the scaling parameter b(t) will be selected such that
dr 1 Loat
- = = — 4.
a 2w 7 / ()’ (46)
and b(t) satisfies the scaling equation
1) + 2O = 150 @7)
w Ok .
with initial conditions )
b(0) =1; b(0)=0 (4.8)



and wy = w(0) being the initial frequency. Equation (4.5) then becomes

L OxolpT) (WP muwg p* 2
LT (I, T oo, ) ) xol,T) (49)

We assume that the dependence of xo on 7 is given by

Xo(p, ) = Xo(p) exp(—iut/h), (4.10)

where p is the initial chemical potential. This transforms Eq. (4.9) into an
equation for the stationary wavefunction yo(p):

K2 mw?2p? 3 B
<_%AP + 20p + glxo(p)> — u) Xo(p) = 0. (4.11)

This is the same equation as the one for the initial stationary condensate wave-
function 1o(r), but in the rescaled coordinate variables p = r/b(t). The nor-
malization condition reads:

[ Ixalp) o = No. (112)
Thus, we can say that

Xo(p) = Wo(r = p;0) = ho(p) (4.13)
and write Eq. (4.3) as

1 r mr2b(t) Tt
Uy(r,t) = mwo <@> exp {z%@ —i— } . (4.14)

The evolving condensate acquires a dynamical phase, and the density profile is
rescaled. Once we know the initial solution Wo(r,0), we obtain the solution at
any time t. Note that the shape of |¥y| does not change whatever it is initially.

The discussed scaling approach has been introduced for a single particle in
a time-dependent harmonic potential (A.M. Perelomov and V.S. Popov, Sov.
Phys. JETP 30, 910 (1970)) and then proposed for interacting Bose-Einstein
condensates in the 2D and ideal cylinder geometries (Yu. Kagan, E.L. Surkov,
and G.V. Shlyapnikov, Phys. Rev. A 54, R1753 (1996); L.P. Pitacvskii and A.
Rosch, Phys. Rev. A 55, R853 (1997)).

We now return to the scaling equation (4.7) and consider the case where w is
put equal to zero at t = 0, i.e. the trapping potential V (r) is abruptly switched
off. Then, for ¢t > 0 the scaling equation takes the form:

.. 2
b= % (4.15)
Multiplying both sides of equation (4.15) by b and integrating we have;
b? w3
5 = —ﬁ +C, (4.16)
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where from the initial conditions (4.8) we obtain the integration constant C' =
w3 /2. The integration is then straightforward;

b _ L
a0 b2

b(t) = /1 + wit2. (4.17)

and, hence,

Accordingly, Eq. (4.6) gives

T(t) = L arctan wot. (4.18)
wo
The condensate expands and the initial interaction energy is transferred to the
kinetic energy of the expansion. The interaction between particles is important
in the initial stages of the expansion. At ¢ > wy ! the density is already so small
that the condensate enters the regime of free expansion. In this regime we have
b(t) = WQt.

Suppose that the initial condensate is in the Thomas-Fermi regime in z,y
directions, and ¥o(r) = \/nm(1 — r2/R%.), where n,, is the initial maximum
density and Rrr = /2u/mw? the initial Thomas-Fermi radius. Then, accord-
ing to Eq. (4.14) we have

W (r, )2 = bZZ) (1 - (;)’ R%F> . (4.19)

Equation (4.19) shows that the Thomas-Fermi size of the condensate increases
as Rrr(t) = Rrpb(t). At free expansion, where one has b(t) = wot, the velocity
of expansion is given by

d
v=—Rrpr(t) = Rrpwy = \/2u/m = \/§CS.

dt
Within a numerical coefficient, the velocity of expansion coincides with the
velocity of sound in the initial condensate, ¢s = /u/m (this quantity will be
introduced in the next Lecture).

4.2 Scaling approach for evolving 3D trapped condensates

We now discuss the evolution of a 3D condensate under variations of the fre-
quency of the confining spherically symmetrical harmonic potential. So, the
initial condensate wavefunction obeys Eq. (3.9), and its evolution under vari-
ations of the frequency w follows from Eq. (3.6). Instead of equation (4.3) we
now write

1

Wo(r,t) = mm(pﬁ(t)) exp{i®(r, 1)}, (4.20)
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with the same expressions for p and ®(r, t), so that the normalization condition
J1Wo(r,t)[*d*r = Ny is transformed to [ |x(p,7(t))[*d*p = No. Instead of
Eq. (4.5) we then get:

ih dr Oxo { h?

b(t)ydt or | 2mbi(t)

m glxol?
- Ap+ — (#)b] p? ) 4.21
b0 d or p+ 2[b+w t)b]p® + }XO (4.21)

b4(t)

Representing the function xo(p, 7(t)) as

xo(p, 7(t)) = Xo(p, 7(t)) exp(—ipu7(t)), (4.22)
we transform Eq. (4.21) to
th dr 0x h? m Yol? dr
& % - {‘ruﬁ Gty [b(t) +w2(£)b(t)] p* + gbf(‘;) - % E} Yo. (4.23)

In the limit of ¢ — 0 we again set 7 = ft dt’ /b2(t'), assume that b(t) obeys the
scaling equation (4.7), and put Yo independent of 7. Then Eq. (4.23) reduces to
the initial equation for the stationary condensate wavefunction, but in terms of
the rescaled coordinate variables p. This means that the scaling transformation
for an ideal gas is the same as in the case of 2D BEC or BEC in the geometry
of an ideal cylinder. The wavefunction of the evolving condensate is given by
equation (4.20).

The situation is drastically different for 3D condensates in the Thomas-Fermi
regime. In this limit the ratio of the Laplacian term related to the inhomogeneity
in the density profile, to the interaction term is initially (hwo/p)? < 1 and it
becomes b(t)(hwo/p)? in the course of the evolution. As long as

<%)2 b(t) < 1 (4.24)

one can drop the Laplacian term in Eq. (4.23). Then, putting Yo independent
of 7 we obtain:

m glxol>  p dr
—[b(t 2b))p? + 2 — L — =0. 4.2
3 60) + w2 Ob(0]0* + G — 56 G =0 (4:25)
We then have to set . )
dt
= 4.2
' / b3 (t) 420
and write the scaling equation as
.. ) w?
b(t) + w=(t)b(t) = 0k (4.27)
Equation (4.25) now becomes
mwi p? )
5 %ol = p =0, (4.28)
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i.e. is the same as the initial equation for the Thomas-Fermi condensate, but in
terms of rescaled coordinates. Initially we have ¢y = \/u/g(1 — r2/R%.) and

Eq. (4.28) gives
R Ul R
=% (1 =) = wnlo (1.29)

The time-dependent condensate wavefunction Wy(r, t) then follows from Eqs. (4.22)
and (4.20).
In the case of expansion (w(t) = 0), Eq. (4.27) reads:

2
. w
b= b—g (4.30)
Multiplying both sides of this equation by b(t) and integrating we have:
b (t) Wi, wb
=——— 4 — 4.31
2 3b2(t) 3 (4:31)

where we took into account the initial conditions (4.8). At large times where
b > 1, one can drop the first term in the right hand side of Eq. (4.30). This

gives
b(t) = \/gwot. (4.32)

We thus see that the condition b > 1 is equivalent to ¢ > wy ! and Eq. (4.32)
is valid in the regime of free expansion.

Note that for 3D Thomas-Fermi condensates the scaling solution is only an
approximation. It has been proposed and used for the analysis of experiments
with evolving 3D Bose-Einstein condensates (Yu. Kagan, E.L. Surkov, and
G.V. Shlyapnikov, Phys. Rev. A 54, R1753 (1996); Y. Castin and R. Dum,
Phys. Rev. Lett. 77, 5315 (1996)).

4.3 Fundamental frequencies of oscillating condensates

When the trapping potential is not switched off completely, the condensate
oscillates. Let us assume that w(t) = wg — dw, where |dw| < wg. Then b(t) is
close to unity and can be represented in the form b(t) = 1+ f(¢), with |f] < 1.
For a spherically symmetrical harmonic potential equation (4.27) now reads:

4 (W2 = 20wwy + 6w)(1 + f) = w2 (1 —4f +20f% + ..),

where the symbol ... stands for higher powers of f. Keeping only terms that are
linear in f or in dw we obtain an equation:

f+5wif = 20wwo, (4.33)

with initial conditions

f(0)=0; f(0)=0. (4.34)



The solution of Eq. (4.33) is

20w

ft) = %{1 — cos(VBwot)}. (4.35)

We thus see that the condensate undergoes small oscillations with frequency
QgD = \/Lr—)(.do. (4.36)

These oscillations do not change the Thomas-Fermi shape of the density profile
of the oscillating condensate. Therefore, the related oscillation mode is called
"breathing mode” and the frequency €3p is often identified as fundamental
frequency.

For 2D trapped condensates or condensates in the geometry of an ideal
cylinder, where the scaling parameter obeys Eq. (4.7), substituting b = 1 + f
and w(t) = wy — dw into this equation and linearizing the resulting equation
with respect to f and dw, we obtain:

f 442 f = 26ww, (4.37)
again with initial conditions (4.34). From the solution of Eq. (4.37), which reads

_

[0 {1 — cos(2wot)}, (4.38)

- 2w0

we deduce the fundamental frequency of breathing oscillations:

QQD = 2(,{10. (439)

Problems 4

4.1 Consider a Bose-Einstein condensate in the Thomas-Fermi regime in a cylin-
drical harmonic trap (wy = wy = w, # w):

V(zp) = Sip? +w22%); =2+ (4.40)
Obtain the Thomas-Fermi solution for the ground state and the scaling solu-
tion for Wo(r,t) under arbitrary variations of w, and w,. For the case of free
expansion obtain the aspect ratio of the expanding condensate at ¢ — oo for
an initially sigar-shaped condensate where w, > w. and, hence, the axial (2)
size is much larger than the radial (p) size (Y. Castin and R. Dum, Phys. Rev.
Lett. 77, 5315 (1996)).

The solution for the ground state condensate wavefunction follows from the sta-
tionary Gross-Pitaevskii equation (3.9), and the corresponding time-dependent
form of the wavefunction is given by Eq. (3.7). In the Thomas-Fermi regime we
drop the kinetic energy terms in Eq. (3.9), which yields:

m
5 (Wpp? +w22®) + glvol® — n=0. (4.41)
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We then obtain the inverted-parabola solution:

|k p* 22
wo—\/g (1_R_%_R_§> (4.42)

for p and z at which the argument of the square root is positive, and zero
otherwise. The radial (p) and axial (z) Thomas-Fermi radiai are given by

(4.43)

2
.=/ ,. 4.44
R m? (4.44)

The presence of #-functions in Eq. (4.42), which are equal to 1 at positive argu-
ments and to zero at negative ones, indicates that the condensate wavefunction
is exactly zero at p > R, and |z| > R,. The chemical potential is t = nmazg,
where 7,4, is the maximum density achieved at z = 0, p = 0. The relation be-
tween p and the number of particles in the condensate, Ny, is easily established
from the normalization condition [ |¢|?d?pdz = Ny.

The evolution of the condensate wavefunction Wq(p, z,¢) under temporal
variations of w, and w; is described by the Gross-Pitaevskii equation (3.6) which
we rewrite here for the cylindrically symmetrical potential V' (z, p) (4.40):

0¥ h? M 9N 2 | 2 2 2
zhW = {—%(Ap +A,)+ E[qu(t)p +wi(t)z"] + gl p Yo.  (4.45)
We then search for the scaling solution in the form:
1 }
\IIO(pa Z, t) = WXO(UM Uz, T) exp{z‘b(p, Z, t)}v (446)

where u, = p/b,(t), u. = z/b.(t), and V(t) = b2(t)b.(t) is the dimensionless
volume. The dynamical phase ® is now taken to be

®(p,z,t) = ;”—h (228 p?+ Z—%f) , (4.47)

and the scaling parameters b,(t), b, (t) are assumed to obey the scaling equations

2

bo(t) + W2(B)b(t) = b(t‘j—m) (4.48)
w2
bo(t) + wi(t)bs(t) = bl t)‘)]j oL (4.49)
with initial conditions
by(0) = b2(0) = 1; 4.50)
by(0) = b.(0) =0, 4.51)



and with wo, = w,(0), wo, = w,(0) being the initial frequencies. Then, taking
the rescaled time as
t dt/
= — 4.52
T V(t/) 9 ( )

we transform Eq. (4.45) to

- Oxo V() (1 1 m. o 2, 2 2 2
h——=q— — Ay F Ay |+ = . (4.
? or { om b%(t) p+ bg(t) At 2 (wOpup—’_szU‘z)—i_g‘Xd X0 ( 53)
In the Thomas-Fermi regime we omit the Laplacian terms in Eq. (4.53).
Therefore, assuming that the dependence of x¢ on 7 is given by

XO(upv Uz, 7_) = XO(upv U’Z) exp(—i,uT/h), (454)

with o independent of 7, we reduce Eq. (4.53) to the initial equation (4.41) for
ground state BEC in which one should replace 1o by xo, and p, z by u,, u..
This means that we may put Xo = ¥o(u,, u,) so that the scaling solution (4.46)
reads:

p z
bp(t)” ba(t)

with the dynamical phase ® following from Eq. (4.47) and condensate wave-
function given by

Yo (ﬁ bj(t)) - \/ 5 (1 a b%([t)jRg a b%(in%) (4.56)

for positive arguments of the square root, and equal to zero otherwise.

Let us now consider the case of expansion where both frequencies are abruptly
put equal to zero at ¢ = 0 and the scaling equations (4.48) and (4.49) take the
form

Folp. 1) = Gt ( ) expli®(p, 1) — ipr () B}, (4.55)

2
. Wy
b, = b%bz; (4.57)
w

b2b2’

z"p

b, = (4.58)
For Eqgs. (4.57) and (4.58) we see that the condensate initially elongated in the
z-direction (wg, > wo. and, hence R,(0) < R.(0)) expands much faster in
the radial direction. This is a consequence of the fact that it is confined much
tighter radially than axially, i.e because w, > w,. Therefore, not at very large
times (let say at ¢ < to which is still much larger than wy, pl and will be identified
later) we may put b, = 1 in Eq. (4.57). This immediately gives b?, =1+ w(z)pt2
like in the case of two-dimensional expansion discussed in subsection 4.1. Then,
substituting the obtained b,(t) and b, = 1 into Eq. (4.58) and integrating we
obtain
. w2
b, = ~% arctanwot. (4.59)
Wop
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Thus, at times in the range wapl < t < tg we have

7'('0.)82

(4.60)

= 2w0p '
This procedure is justified by the fact that b, is still close to unity when the
radial expansion speeds up and becomes free.

We now select the time ¢ such that w;l Lty K wopwo_f. One then clearly

sees from Eq. (4.57) that the contribution of times ¢t > g to bp is small:

2

. . < wp 1
b (OO) —-b (to) < / P dt = < Wpp-
g P to b%(t) 2wo,t] 8

In spite of the fact that b, is close to unity at ¢ ~ to, the axial expansion is also
free at these times. The contribution of times ¢ > tg to b, is much smaller than
the result of Eq. (4.60):

. . * Wi wh wo
b:(00) =blto) < | s p T < D
We thus have:
bp = wopt; t— 00 (#61)
b — ngz ot — oo (4.62)
2w0p

The axial and radial sizes of the expanding Thomas-Fermi condensate follow
from Eqs. (4.43), (4.44) and (4.56) and are given by

2
R.(t) = b.(t), 4.63
(0= (2% ) 00 (1.63)
2
R,(t) = | —= | b,(¢). 4.64
() <mwg,,> W) (4.64)
The aspect ratio, i.e. the ratio of the axial to radial size is
R.(t)  wopb.(t)
A = = p . 4.65
Ryl1)  osby (1) (469
So, initially we have
Wop
A(0) = 22 > 1. (4.66)
Woz
For t — 0o equations (4.61) and (4.62) lead to
TTWoz
A = 1. 4.67
(00) = G < (4.67)
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We thus see that an initially sigar-shaped condensate expands much faster in
the radial direction and eventually becomes a pancake. This is quite different
from the expansion of a collisionless thermal gas. Being initially elongated in
one direction, such a thermal gas eventually becomes a sphere. The asymmetry
of free expansion was one of the key arguments on support of the existence of
BEC in the first experiments at JILA and MIT.

4.2 Consider a spherical Thomas-Fermi condensate and find a scaling evolution
of this condensate after an abrupt change of the coupling constant g, still keeping
it positive (Yu. Kagan, E.L. Surkov, and G.V. Shlyapnikov, Phys. Rev. Lett.
79, 2604 (1997)).

Lecture 5. Elementary excitations of a Bose-condensed
gas. Quantum fluctuations and correlation prop-
erties

5.1 Bogoliubov transformation. Excitation spectrum of a
uniform condensate

We now arrive at the discussion of elementary excitations. These are excited
states of a Bose-condensed system, where only a small fraction of particles is
excited out of the condensate. We will find the energies and eigenfunctions of
these states, which will allow us to describe a response of the Bose-condensed
system to any type of small external perturbations.

Let us consider a Bose-condensed weakly interacting gas in an external po-
tential V(r) and start with the non-linear Schroedinger equation (3.4) for the
field operator . Then, according to Eq. (3.5), we represent U as a sum of the
condensate wavefunction ¥y and a (small) non-condensed part ¥’ and substi-
tute this expression into equation (3.4). To zero order in W, i.e. omitting the
non-condensed part, we obtain the Gross-Pitaevskii equation (3.6). To linear
order in ¥ we find an equation:

oV
ot

2
O = (e + V() + 20000 = ) W U0, (5)
where we shifted the phase of the field operator by —iut/h introducing a re-
placement Wy — Wgexp(—iut/h), W — W exp(—iut/h) so that the condensate
wavefunction W, for a stationary state is now time independent. Note that
equation (5.1) can also be obtained as a Heisenberg equation of motion from
the Hamiltonian

N - k2 ~ A o
Hp= /d3r {\Iﬂf {—%AH—V(r)—i—Zq\IIOQ — \1//+g(x1/g\1//T2+\1/32\11'2)}. (5.2)
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The Hamiltonian Hpg follows directly from the initial Hamiltonian of the weakly
interacting Bose gas, H — uN, where H is given by Eq. (2.45). In order not to
consider explicitly the fact that the number of particles is constant, we turn to
the Hamiltonian f[—uN, where N = Ik VU d3r is the operator of the number of
particles. We thus substitute ¥ = Wy + ¥’ into H — /JN. Then, the terms that
are linear in ¥’ and ¥’ vanish due to the stationary Gross-Pitaevskii equation
(3.9). Omitting terms that are cubic and fourth-order in ¥, ¥’ we thus obtain
H— uN = Hy + flg, where Hy contains only ¥ and ¥ and is zero-order in
¥’ and ¥'T.
We now write ¥’ in the form:

U = Z u, (r)by, exp(—ie, t/h) — vi(r)bl exp(ie,t/h), (5.3)

where the index v labels quantum states of elementary excitations, i)y, i)f, are
operators of the excitations, €, are their eigenenergies, and u,, v, their eigen-
functions. The operators b,, bf, obey the usual commutation relations:
b,bl, —bf,b, = 8,5 (5.4)
byb,r — byb, =0,

and the functions u,, v, are normalized by the condition:
/(uyu’;, — v )P = Gy (5.6)

Taking a commutator of both sides of Eq. (5.1) with IA)}L/ and repeating this
procedure for the commutator with b, we arrive at a set of coupled equations:

h2
(—%Ar + V(r) + 29|W|* - u) u, — gVav, = e,u, (5.7)

2
<_2h_mAr + V(r) + 29|To|* — u) vy, — gUu, = —€,u, (5.8)
Equation (5.3) is called the Bogoliubov transformation, and equations (5.7)
and (5.8) are usually called Bogoliubov-de Gennes equations for elementary
excitations. These equations give the eigenfunctions and eigenenergies of the
excitations. Using equations (5.3), (5.7), and (5.8) one reduces the bilinear
Bogoliubov Hamiltonian Hp to a diagonal form:

Hp =Y eblb,. (5.9)

In the uniform case we may put )9 = \/ng and, taking into account that the
index v is now the excitation wavevector k, write the excitation wavefunctions
in the form:

Uk .
u, = — exp(tkr 5.10
No p(ikr) (5.10)
vy = Ik exp(ikr), (5.11)

VvV
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where V is the system volume, and ug, vy are coordinate independent. The
Bogoliubov-de Gennes equations (5.7) and (5.8) are then transformed to

21.2

<— + 2n9g — u) Up — NOGUE = €Uk, (5.12)
2m
21.2

<— + 2n9g — u) Vg — NoGUE = —€xVk. (5.13)
2m

To zero order we may put ng = n and pu = ng, which reduces Egs. (5.12) and
(5.13) to

(Ex + ng)up — ngup = €xu; (5.14)

(Ek + ng)vk — Ngur = —€RVk, (5.15)

with Ej = h%k?/2m. Equations (5.14) and (5.15) give the excitation spectrum

e = \/ E + 2ngEy. (5.16)

Since the normalization condition (5.6) yields |ug|?> — |vg|? = 1, we obtain
1 €k Ek
S Y LA 5.17
=g ( Ey, + €k ) ’ ( )
1 €k Ek
=222 1
Vk 9 ( Ek €k> (5 8)

(5.19)

Equations (5.14) and (5.15) also give negative energies e, = —\/E? + 2ngE.
However, for such negative-energy excitations the norm (|ug|? — |vg|?) turns out
to be negative, and hence they should be omitted.

We can also establish a relation between the excitation operators Bk, IA)L
and particle operators ay, &1T<~ The Schroedinger operator of non-condensed
particles ¢ = 3", (1/V)ax exp(ikr), according to Eq. (5.3) can be rewritten as

P = 3 (1/V) [ugby exp(ikr) — vkl;L exp(—ikr)]. We then find

dk = ukl}k — Ukl;ik, (5.20)

le( = ukl;L - ’Uki),k. (5.21)

The excitation spectrum e (5.16) is displayed in Fig.5.1. Low-momentum
excitations represent collective waves, i.e. particles moving back and forth. The
collective nature of the excitations is due to the interactions. For k <« 7! =

vmng/ ki, which corresponds to energies €;, < p, the excitations are phonons or
sound waves with the dispersion relation

e = hcsk, (5.22)
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Figure 5.1: Excitation spectrum of a uniform condensate.

where the quantity
Cs =14/ — (5.23)
is the velocity of sound. For k > £~! i.e. at energies € > u, excitations are

single particles since their energy greatly exceeds the interaction per particle
ng. In this case Eq. (5.16) gives

h2 k2

2m

€ = +ng. (5.24)

The presence of the term ng in Eq. (5.24) shows that high-energy particles
interact with the condensate.

5.2 Non-condensed fraction. One-body density matrix
and long-range order

We can now calculate the fraction of non-condensed particles and verify that it
is small as has been assumed apriori. The density of non-condensed particles is
given by

n' = (W (x, )0 (r,t)). (5.25)

In the uniform case, using Egs. (5.3), (5.10), and (5.11) we have:

- b by
U, )= Zu\iﬂk exp(ikr —iext /h) — U\k/]_;‘ exp(—ikr+iext /h)|exp(—iut /i), (5.26)
Kk
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which leads to
~ ~ 1 PO
(e, W (1, 8) = 5 3 [u;;,uk exp{i(k — K)r + i(ep — ex)t/I}(bL i)
k., k’
+vj, v exp{i(k’ — k)r +i(ex, — ek/)t/h}@k/i)f{}
—uf v exp{—i(k' + K)r + i(ep, + ex )t/R} (b],b1)
—vi g exp{i(K 4+ K)r — (e + e )t/ B} (bichic) | (5.27)

Using commutation relations (5.4) and (5.5) the expectation values of the exci-
tation operators are

<I;L/i)k> = Ok Vg (5.28)
<i)k/i);r{> = k(1 + Ng) (5.29)
(bbi) = (bl,bL) =0, (5.30)

where Nj are the occupation numbers for the excitations given by the usual
Bose distribution function

_ 1
—exp(er/T) = 1

At T = 0 we have Ny = 0 since we are in the ground state and excitations are
not present. Then, setting (by/ bb = dx/k and putting the rest of the expectation
values equal to zero, from Eqs. (5.25) and (5.27) we obtain:

1
=5 > i (5.32)
k

Replacing the sum over k by an integral:
> [ G
.~ | @
and using Eq. (5.18) we represent Eq. (5.32) in the form

°° 1 Er\ 4 k2dk
n = (, [k ’“) T (5.33)
Ey,

We then substitute the Bogoliubov dispersion relation (5.16) for €; and obtain:

0o /2 poco
) e By k2dk 2m 3/ ng dE
— L _9) I 2= VE+2ng—vVvE P
' /0 <Ek+€k ) 82 0 TN BT T g | 82

so that the integration leads to the non-condensed fraction

(5.31)

"B (e, (5.34)
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As we assumed apriori that the non-condensed fraction is small we now see
that the small parameter of the Bogoliubov theory for a weakly interacting
Bose-condensed gas at 7' =0 is

(na®)'/? <« 1. (5.35)
We now calculate the one-body density matrix
gi(r, v 1) = (Ui(r, ) (r', ') (5.36)

at equal times, t =/, so that g; is independent of ¢ and we may put ¢t =t = 0.
In the uniform case g1 depends only on the difference |r — r’| and we may put
r’ = 0. Representing the field operator as a sum of the condensate wavefunction
and the non-condensed part as given by Eq. (3.5) and taking into account that
|Wo(r,t)| = \/no where ng is the condensate density, we thus have

g1(r) = ng + (U (x,0)9(0,0)). (5.37)

For the second term in the right hand side of this equation, repeating the pro-
cedure that gave Eq. (5.32) we obtain:

(' (r,0)¥(0,0)) = / dk

bl ) (27{_)3

Using Eq. (5.18) and turning to the integration variable x = k&, where
¢ = h/,/mnyg is the healing length, we have:

1 * e Ej sinkr ,
=np+ — G ZE k2dk
glr)=no+ o5 | <Ek t e ) Jor

| snlotr/0) { VT -

v? exp(ikr). (5.38)

2 }
—  dz.
Va?+4
Integrating in parts we then get an expansion in powers of 1/r. For r — oo,
keeping only the leading term of the expansion and substituting g = 4wh?a/m
where a is the scattering length, we obtain

2 2
g1(r) =ngo + 47:753 <§> =no+ %n(na?’)l/2 (%) ; r—oo. (5.39)

The dependence g1(r) is shown in Fig.5.2. It is important that g; is tending
to a constant value for r — co. This type of behavior is called (off-diagonal)
long-range order. It means that there will be a delta-functional term ngd(k) in
the momentum distribution given by the formula [ d®r g;(r) exp(—tkr), which
reflects the fact that a macroscopic number of particles (with density ng) is in
the zero-momentum state.
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g,(r)

Figure 5.2: One-body density matrix g1 (r).

5.3 Quantum fluctuations of the density and phase

Let us now introduce the density-phase formalism in terms of field operators and
discuss quantum (7' = 0) fluctuations of the density and phase. In Lecture & we
already introduced the density-phase representation, but this has been done for
the condensate wavefunction ¥y where the density (ng) and phase are classical
quantities. We then used this representation in the Gross-Pitaevskii equation
for Wy, which is a classical-field equation. The term ”classical” is used here in
the sense that the related quantities are not operators. In quantum theory we
start with physical quantities represented by operators. For example, discussing
the density and phase fluctuations we introduce the field operators in the form:

W(r,t) = exp{ip(r, )} /n(r, t) (5.40)
Ul (r,t) = /a(r, t) exp{—id(r, 1)}, (5.41)

where 7(r,t) and qg(r,t) are the density and phase operators. Commutation
relations for these operators are obtained straightforwardly from the commu-
tation relations for W, Uf which at equal times are given by Eqs. (2.38) and
(2.39). This leads to the commutation relation

[(r, 1) (x', 1)) = id(x —1'). (5.42)

Assuming small fluctuations of the density we may put 1 = ng in the expres-
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sion for the operator of the flux of particles. Then the flux operator becomes;

hﬂo

j= {\iﬁvif _ @V\iﬁ} ERULEVS (5.43)

2ms m
We can now write the continuity equation of the hydrodynamic approach, n +
divj = 0, in terms of the density and phase operators. Writing n = ng + én
where 07 is the operator of the density fluctuations, for a stationary state (ng
is time independent) we have:

9on _ —divj = —Ewow -

ot m
The formalism where one uses the field operators in the form given by Eqs. (5.40)
and (5.41) is called the density-phase formalism. It is adequate if the density
fluctuations are small and is often used in low-dimensional systems. Having in
mind the use of this formalism later in the course we now show that the density
fluctuations are really small in the 3D case. For brevity, we consider the uniform
case.
The operator of the density fluctuations is given by

fno pg. (5.44)

m

on(r,t) = a(r,t) — (e, t) = Ui (e, )W (e, t) — (U (x, )T (x, t)). (5.45)

Putting the mean density n equal to the condensate density ng and writing
U =Ty + 0 , we divide the system of excitations in the non-condensed fraction
J’ into two parts: the low-energy part with momenta k < &1 = ymng/h
and energies €, < ng, and the high-energy part with ¢; > ng. Considering the
low-energy part we confine ourselves to the first order in ¥’ and obtain

on(r,t) = Wo(r, )’ (r,t) + T3 (r, )W (r, t). (5.46)

For a uniform Bose-condensed gas, using Egs. (5.3), (5.10), (5.11), (5.17), and
(5.18), we have

/2
on(r,t) = \/n_oz <f—:> by exp(ikr — iext/h) + h.c. (5.47)
k

Using Eq. (5.47) the mean square (relative) density fluctuations at T = 0 are
given by

(6a(r, t)iﬁ(r’,t» _ L 3 Zk exp(ik[r — 1))

ng ngV

1 / k[ Ey exp(ik[r —1']) 1 /°° k2dk ([ Ey\ sink|r —r'|
= — R RN X — [ p— N - - .
no Jigj<e—r (27)3 \ e P no Je—1 272\ e klr — /|

The main contribution to the integral comes from momenta k ~ £~ ! and we

find:
<5ﬁ(rvt)5ﬁ(r/7t)> < (ﬂf)ig ~ (naS)l/Q (5 48)
’n% N . .
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The high-energy part represents single particles with energies larger than ng,
and the related contribution to the density fluctuations does not exceed the den-
sity of this part. The latter is smaller than ng(na®)'/2 so that the contribution
to (dn(r,t)dn(r’,t))/ng is small compared to (na®)'/2.

Relying on Egs. (5.44) and (5.47) one can write the secondly quantized
expression for the phase operator QAS It reads:

1/2
o(r,t) = 2\/% Xk: (%«) by exp(ikr — iext/h) + h.c. (5.49)

It is then straightforward to show that the mean square fluctuations of the phase
are small in 3D.

5.4 Quantum fluctuations and ground state energy

We now calculate the ground state energy of a Bose-condensed gas including
corrections originating from quantum fluctuations. So, we again consider T =
0 and recall that the Bogoliubov approach corresponds to diagonalizing the
bilinear Hamiltonian Hp (5.2). Let us now rewrite the total Hamiltonian H=
Hy + H p (omitting the term associated with the chemical potential in H p) for
the uniform case:

2
ff:/d3r {g\I/0|4+\if/T{—;—mA,+Qg|\IIOQ @'+§(m3@/*2+\1/;2\i/'2)} . (5.50)
To zero order the ground state energy is given by the first term in the right
hand side of Eq. (5.50) and is equal to E = gn2V = gNZ/2V. Dealing only with
this order we usually replace the number of Bose-condensed particles Ny by the
total number of particles N.

The other terms in the right hand side of Eq. (5.50) provide corrections
to the ground state energy, which is equal to their expectation value at zero
occupation numbers of the excitations. This is the so-called correction due to
quantum fluctuations. We should also take into account the difference between
the condensate density ng and the total density n in the first term and write
|Uo|* = n% — 2nW'TW'. Then, in the largest term, (g/2)n?, in the integrand of
Eq. (5.50) we should renormalize the coupling constant g and include the second
order correction to this quantity. This is equivalent to the replacement

4ma 1
1+ — —.
=0 5) Tk

In the uniform case the quantum numbers v of the excitations are momenta
k, and the functions u,, v, in the Bogoliubov transformation (5.3) are given
by equations (5.10), (5.11), (5.17), and (5.18). Using Eq. (5.3) we reduce the
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Hamiltonian (5.50) to

N d3k .y n 2,2
H = gnQV +/ 14 {ekb;r(bk + {v,%(Ek +ng) — ugvng + mg n ] }

2 (23 212k
N2g @k [ .. [en—Ep—ng  (ng)?
_ . 51
2 —|—/ (27r)3 {ﬁkbkbk—F { 5 + 1E, :|} (5.51)

At T = 0 the expectation value (l;lT(l;k> is equal to zero, and Eq. (5.51) leads to
the ground state energy

. N 128 [Na?

The chemical potential then is

OF 32 [nad

We thus see that at T' = 0 all important quantities that should be small for
the validity of the perturbative approach (non-condensed fraction, fluctuations
of the density, correction to the ground state energy) are proportional to the
small parameter

vna? < 1. (5.54)

This parameter is, therefore, crucial for the theory of a weakly interacting Bose
gas. We will see later in the course how the situation can change at finite
temperatures.

Problems 5

5.1 Find the spectrum of low-energy (€, < p) excitations with orbital angular
momentum [ = 0 for a Thomas-Fermi Bose-Einstein condensate in a spherical
harmonic potential V (r) = mw?r?/2 (S. Stringari, Phys. Rev. Lett. 77, 2360
(1996)).

We first rewrite the Bogoliubov-de Gennes equations (5.7) and (5.8) in terms of
the functions fF = u, +wv,. Assuming that the (Schroedinger-picture) conden-
sate wavefunction 1 is real and taking into account that the orbital angular
momentum of the excitations is zero, we have

R (d® 2d  mwr? 9 + _
(e R P i) - ) S ks (559)

R (d> 2d mw?r? B
- (W + o 5+ 39v5(r) - u) fo=ef). (5.56)

2m
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Using the Gross-Pitaevskii equation

2 2 w2r2
h (ai, 2 d)%( )+ =5 vo(r) + gvo(r)” — po(r) =

rdr
we rewrite Eq. (5.55) as
h2 d2 2 d h2 fl‘/‘l’ d2 2 d B
_% (d’/‘2 r d’l“) fl/ 2m wo(r) <ﬁ r d’l“) ¢0( ) = euf,/ . (557)

We then substitute f, following from Eq. (5.57) into Eq. (5.56) and recall that
in the Thomas-Fermi regime one has a small parameter

% < 1. (5.58)

Considering excitations with energies €, that can be greater than fw but are
still much smaller than u, we may omit the term (—h%/2m)Af, in the result-
ing equation, since this term is small at least as (e,/u)? compared to other
terms. Substituting the Thomas-Fermi expression for the condensate wave-
function: ¥2 = (u/g)(1 — r?/R3;) for r < Rpr and zero otherwise, where
Rrr = (2u/mw?)Y/? is the Thomas-Fermi radius, at » < Rrp we eventually
transform Eq. (5.56) to

Rul ? 2 1
m 1_R2 [_ i 17+ /1= 12/R2
TF r?/Rrp
d? 2d
x (W + Tdr) V1-r2/Bap| = e f (5.59)

Turning to a dimensionless coordinate y = r/Rpr and dimensionless excitation
energies €, = €, /hw we rewrite Eq. (5.59) as

2 24 £ 2 24 -
“‘M‘(@ ot7) Ko (dw;d—y)m}—eiﬁ

and introducing the function W, = f.F/1/(1 — y?) we transform this equation

to
d? 2d dW
1—y? W, — Y 4+ 28W, = 0. .
( y)<d2+ dy) ydy+e,, 0 (5.60)

In terms of the dimensionless coordinate z = y? equation (5.60) becomes

2w, (3 5 \dW, &
Sy, = 61
3 ( ) 0. (5.61)

z(1— ) I 2

2 2"

Let us also keep in mind that since Eq. (5.59) was written for 0 < r < Rpp,
equation (5.61) is valid for 0 < 2 < 1. The function W, is proportional to the
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fluctuations of the density and phase due to the excitation mode v. So, it should
be regular at x = 0 and finite at x — 1.

Equation (5.61) is the well-known hypergeometrical equation which is usually
written in the form:

(1 =)W, + [y — (a+ B+ 1)z]W, —afW =0 (5.62)

and has two linearly independent solutions. The one which is regular at x = 0
reads

_ o aB ala+1)B(B+1)a
W—F(a,ﬁ,%x)—l—i-Tx-i- TG+ 1) o

( R
L(@T(B)I(y+n) n!’ (5.63)

_ 5 Mlat (3 ) a7
n=0
asssuming that « is not a negative integer. The series of expansion in Eq. (5.63)
is convergent at x — 1 if a + §1° < y or for any relation between (« 4 ) and
~ if either « or (§ is equal to —j where j is a positive integer. In the latter case
the hypergeometrical function F' is reduced to a polynomial.

In our case a + = = 3/2, and we have to have « = —j and 8 = j + 3/2
or vice versa 3 = —j and a = j + 3/2. Then the relation a3 = —¢€2 /2 becomes
a quadratic equation

€

3
.2 _.__g: 4
J g5 =0 (5.64)

where we put the excitation quantum number v equal to the positive integer j.
Equation (5.64) gives the values of the excitation energy €; = /252 + 35, and
restoring the dimensions we have the spectrum of low-energy excitations with
orbital angular momentum [ = 0:

¢ = hw/252 + 35. (5.65)

Since j is a positive integer, the excitation spectrum is discrete. This is a
consequence of a finite size of the system. For j = 1 we have ¢; = V5w,
i.e. we recover the breathing mode obtained in Lecture 4 from the scaling
approach. It is important that the spectrum of low-energy excitations does not
explicitly depend on the interaction between particles. This is a consequence
of the harmonicity of the confining potential in combination with the Thomas-
Fermi density profile.

As we already said, if a or (3 is a negative integer, then the hypergeometrical
function is reduced to a polynomial. In our case we have

.33
Wi(z) = F (—J,J + 5 5,:5) = P01 —29?), (5.66)

where Pj(l/ 29 are Jacobi polynomials. Omitting the small kinetic energy term
in Eq. (5.56) we see that f, = [e,/2u(1 — y*)]f;}. Thus, the wavefunctions f;°
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of the excitations can be represented in the form:

gy qEL/2
o {M} PO/20(1 _ 9y2). (5.67)

J .
€j

The absolute value of the coefficient C follows from the normalization condition
(5.6).

5.2 Find the lowest excitations for a Thomas-Fermi condensate in a cylindrical
harmonic potential V' = m(w?2* 4+ w?p?)/2.

Lecture 6. Bose-condensed gas at a finite temper-
ature. Superfluidity

6.1 Non-condensed fraction and the one-body density ma-
trix at finite temperatures

In this Lecture we discuss the influence of finite temperatures on the properties
of a Bose-condensed gas and introduce the phenomenon of superfluidity. Let us
assume that the gas temperature T is well below the BEC transition temperature
T. and most of the particles are in the condensate. We then calculate the density
of non-condensed particles, n’ = (¥'T(r,#)¥/(r,t)), in a similar way as at 7' = 0.
So, we consider a uniform Bose-condensed gas and use equations from (5.25) to
(5.31). Then, at a finite T' where Ny # 0, Eq. (5.27) gives

n = %Z[vi + (ui + vi)Ny). (6.1)
k

The first term in the right hand side of Eq. (6.1) is the zero-temperature non-
condensed density n'(T° = 0), i.e. the contribution to the non-condensed fraction
from quantum fluctuations. It has been calculated in Lecture 5 and is given
by Eq. (5.34). The second term represents the contribution of the so-called
thermal fluctuations and we denote it as n/.. The total fraction of non-condensed
particles is given by

ITZO /
_n(T=0)  np

7,l/
— 6.2

Using equations (5.17), (5.18), and (5.31) we have the following expression for
the thermal contribution to the non-condensed density:

1 5 9 /OO drk?dk [ e Ey 1
= Ny = — ==t =] — .
vV g(uk +vi) N o (2m)3 \2E * 2¢x ) exp(er/T) — 1 (63)

nr

At temperatures T' < p = ng the main contribution to the integral in
Eq. (6.3) comes from excitations of the phonon branch where €, = ficsk, and
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from Eq. (6.3) we obtain:

o _/°° k2dk chs+ hk 1 (6.4)
=)o 4n2 \ nk ' 2com ) exp(hesk/T) —1° '

The second term in the round brackets is not important, and the contribution
of the first one reads:

T2 o d T2

nfp = / vde _ mI7 (6.5)
2m2h3¢es J, expx —1  12h3c¢,

Recalling that the sound velocity is ¢; = y/ng/m and the coupling constant g is

expressed through the scattering length and density as g = 4wh?na/m, we find:

n 2 7T\>
T — 3 1/2 . T
- —3ﬁ(na ) <_ng ) ; < ng. (6.6)

Comparing the result of Eq. (6.6) with the zero-temperature non-condensed
density n'(T = 0) following from Eq. (5.34) we see that at temperatures T < ng
the thermal contribution n/, is small and can be omitted when calculating the
total non-condensed fraction (6.2).

The situation is quite different at temperatures T' > ng, where the main con-
tribution to n/ (6.3) comes from single-particle excitations which have energies
e > ng. Then (ex/Ey + E/ex) =~ 2 and from Eq. (6.3) we obtain:

, mT 3/2
i (ﬁ) 32 T > ng, 6.7)

where ((3/2) is the Riemann Zeta function given by
= 1
((3/2)=> i 2.61.
j=1

The obtained n/. is nothing else than the density of non-condensed particles in
an ideal gas, which according to Eq. (2.50) can be expressed as n/ = n(T/T.)%/?
with T, being the temperature of Bose-Einstein condensation. One can easily
check that n/. of Eq. (6.7) greatly exceeds the zero-temperature contribution
n'(T = 0) (5.34). So, for T > ng, but still T <« T, we have the ideal-gas
result for the density of non-condensed particles and, hence, for the total non-
condensed fraction (6.2). This means that one can use the ideal gas model for
finding n’ at temperatures comparable with 7.

In a similar way as at T = 0, we calculate the one-body density matrix g;(r)
which is given by Eq. (5.37). At finite temperatures, repeating the procedure
that gives n/, for the uniform Bose-condensed gas we have

3 3

(@'t (r,0)%'(0,0)) z/ %vi exp(ikr) —|—/ (;ZT];S(ui—i—v,%)Nk exp(ikr). (6.8)
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The first term is the zero temperature contribution calculated in Lecture 5 and
given by Eq. (5.39), and the second term is the thermal contribution which we
denote as (¥'f(r,0)¥’(0,0))r. Like in the calculation of nf., using Egs. (5.17),
(5.18), and (5.31) the thermal contribution to the density matrix is written as

('t (r,0)9'(0,0))r = /OO % <€—k Ek) 7@(;@(;;;)_ T

0
For r — oo, momenta k ~ 1/r which provide the main contribution to the
integral are very small so that e, = hcsk > Ep = h?k?/2m and we can omit
the second term in the round brackets. We also have ¢, < T and expand the
exponent in powers of € /7. This yields

mT /°° sin kr mT 1
0

= on2p2 kr k= Arh2 1’ (6.9)

E, e

(U't(r,0)%(0,0))7

The thermal contribution (6.9) decays as 1/r at r — oo and it exceeds the zero
temperature contribution which is represented by the first term in the right hand
side of Eq. (6.8) and decays as 1/r2. Thus, for the one-body density matrix from
Egs. (5.37) and (6.9) we have:

2

q1(r) =ng + Z;—Zj; T — 00, (6.10)
where Ap = (27h?/mT)'/? is the thermal de Broglie wavelength. Qualitatively,
the behavior of the finite-temperature density matrix (6.10) is the same as the
one shown in Fig.5.2 for the case of T' = 0, and one clearly sees the presence
of the long-range order. However, at finite temperatures the density matrix
approaches its asymptotic value ng much slower than at 7' = 0.

6.2 Landau criterion of superfluidity. Superfluid and nor-
mal density

We now turn to transport properties at finite temperatures. Let us first consider
a Bose-condensed gas (Bose liquid) moving with velocity v in a capillary at
T — 0. So, in the reference frame where the liquid is at rest, the walls of
the capillary move with velocity —v. Imagine that there appears an excitation
with momentum p and energy €, in the liquid (in this subsection p is the true
momentum, not the wavevector k = p/h used previously in the course and
called momentum) . Then, in the reference frame where the liquid is at rest, its
energy becomes equal to €, and the momentum to p. Let us now go back to the
reference frame where the walls are at rest and the liquid moves with velocity
v. In this frame, the energy of the liquid will be
2
E=¢ +pv+ M; . (6.11)
The last term in Eq. (6.11) is the initial kinetic energy of the liquid. So, the
term e, + pv is the excitation energy in the reference frame where the liquid is
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moving with velocity v. In order to have ¢, + pv < 0 and get a spontaneous
creation of excitations, which will provide friction, one should at least have

ep—pv <0 — v>%. (6.12)

Otherwise, the liquid moves without friction. In this case it is called superfluid.
The minimum value of €,/p is called the critical velocity v.. So, according to
Eq. (6.12) the Bose liquid (gas) is superfluid if its velocity satisfies the inequality

v<vC:min{€—p}. (6.13)
p

This condition is called the Landau criterion of superfluidity. For a weakly
interacting Bose-condensed gas we have €, = \/(p2/2m)2 + ngp?/m as given
by Eq. (5.16) and displayed in Figh.1. We thus have v, = min{e,/p} = ¢; =
v/ng/m so that the weakly interacting Bose-condensed gas is superfluid at ve-
locities smaller than the velocity of sound.

For an ideal Bose gas one has €, = p?/2m — ¢,/p = p/2m and the critical
velocity v, (6.13) is zero. Thus, the ideal Bose gas is not superfluid, and we see
that interactions are crucial for the phenomenon of superfluidity.

Let us now consider low but finite temperatures. Then the liquid contains
excitations which we will treat as a ”gas of quasiparticles” not interacting with
each other but interacting with the walls of the capillary. Imagine that the
gas of these quasiparticles moves with velocity v with respect to the liquid.
The distribution function for the moving gas is obtained from the distribution
function of the gas at rest by replacing the quasiparticle energy €, with (e, —pv),
where p is the quasiparticle momentum. Hence, the total momentum of the gas
of quasiparticles per unit volume is given by

P / N( ) p (6.14)
= €p — PV) ——=. .

p P p (27Th)3
Assuming that the velocity v is small we expand the distribution function N (e,—
pv) in powers of v. The integration of the zero order term gives zero, and the
integration of the linear term yields

dN(e,) d® v [dN(e) , d
P= —/p(pv)% (271'71’11?)3 -3 / #ﬁ (2%7?)3’ (6.15)

where we averaged over the directions of p. We thus see that the motion of the
gas of quasiparticles is accompanied by a transfer of a mass. The transferred
mass per unit volume is p,, = P/v and is called normal density. This is because
the gas of quasiparticles collides with the walls, exchanges energy with them,
and eventually ceases to move. In this respect the situation is similar to that in
an ordinary thermal gas.

So, the Bose-condensed gas (liquid) behaves itself at T > 0 as if it consists
of two components: "normal” and ”superfluid”. The total mass density is p =
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pn + ps, where pg is called superfluid density. The expression for the normal
density p,, follows from equation (6.15):

P 1/dN(6p) , dp

b= 773 dey, b (2mh)3”

(6.16)

At T = 0 we have N(ep) = 0 and p,, = 0 so that the whole liquid is superfluid
and ps = p. This shows that p, does not coincide with the non-condensed
density, and ps; does not coincide with the density of the condensate. This is
clearly seen from the calculation of p, at T" < p = ng, where one can put
€p = pcs. On the basis of Eq. (6.16), integrating in parts and using Eq. (5.31)
for the distribution function N(e,) we find:

2 o0 or2h (T \*
p 377271305/0 (ep)p"dp 45¢, <h08> ( )

The normal density behaves as p,, oc T%, whereas we found earlier that the non-
condensed density at such temperatures contains a temperature-independent
term n/(T = 0) x n(na®)'/? originating from quantum fluctuations, and the
term n/. oc T2 related to thermal fluctuations.

At temperatures T' > pu = ng one may put €, = p°/2m. Then, after
integrating in parts, Eq. (6.16) gives

3 m 3/2
pr=m [ N ez = () €672, (6.18)

and p,/m coincides with the non-condensed density n/. (6.7). For obtaining the
difference between n' and p,/m at T > ng one should calculate higher order
corrections to both quantities.

6.3 Beyond Bogoliubov. Beliaev damping of elementary
excitations

Let us now discuss how accurate is the picture of Bogoliubov elementary excita-
tions that we obtained by diagonalizing a bilinear (in ¥’) Hamiltonian Hp (5.2).
So, we substituted ¥ = ¥, + ¥’ into the total Hamiltonian H (2.45) and kept
the terms independent of ¥/ and quadratic in ¥’ (linear terms vanish due to
the Gross-Pitaevskii equation). After diagonalizing the resulting Hamiltonian
Hp, it takes the form (5.9). However, we omitted the terms that are qubic and
fourth-power in ¥’. At temperatures 7' < T, where the non-condensed fraction
is small, the fourth-power terms are much less important than the qubic terms
and will also be omitted here. The qubic terms give the following contribution
to the Hamiltonian:

B /g{qfé(nt)\iﬂ(r,t)\i/’(r,t)\if’(r,t)+\Ifo(r,t)\i/'T(r,t)\if’T(r,t)\if’(r,t)}d?’r. (6.19)
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So, after making the Bogoliubov procedure we actually have the Hamiltonian

H=FEy+» eblb, +H®. (6.20)

The Hamiltonian term H®) describes the interaction of elementary excitations
with each other. Using the Bogoliubov transformation (5.3) and assuming that
Uy = 1o (r) exp(—iut/h) with 1o(r) being real, it takes the form:

—g/dgrwg Z {u,/1 L, exp(ie, t/h) — Uy, by, exp(—ie,, t/h)}

V1,V2,V3

X {(UT/Q - U;‘:g)i)lg exp(isl,2t/h) + (ng — Uy )[;Vz eXp(_ievzt/h)}
x{ttyy by exp(—iey,t/h) — v, bl exp(ie, t/h)}. (6.21)

The Hamiltonian H® is qubic in the operators b,, which leads to a shift of
the eigenenergies of the excitations and to their damping. We will discuss the
damping rates and, hence, omit the terms creating or annihilating three exci-
tations as such processes do not satisfy the energy conservation law and do not
contribute to these rates.

Let us discuss the uniform case, where 1o(r) = /ng, the index v is the
particle momentum k, and the functions u,, v, are given by Egs. (5.10), (5.11),
(5.17), and (5.18). Then, integrating over d*r we rewrite equation (6.21) as

A — 2\/_ Z{ fo fofe 5 B e + B fo g f = F o F)

xbLbY _ bp exp[z(ep — e, — €ppx|)t/h] + h.c. (6.22)

where the functions f,f are given by

o\ E1/2
fi=uw ko, = (—’“) : (6.23)
By,

We now consider T' = 0 and calculate the damping rate for a phonon with
momentum p which was created ”by hands” in the system. In the phonon
branch of the Bogoliubov spectrum one has €, = hc;p, and from the form of the
Hamiltonian H®) (6.22) we conclude that the phonon can decay into two other
phonons with lower energies and momenta (see Fig.6.1). Besides the momentum
conservation, one has the energy conservation law:

€p = €lp—k| T €k (6.24)

and we see that in the phonon branch of the spectrum the vectors p, k, and
p—k are practically parallel to each other. Indeed, writing the phonon dispersion
relation for each of the phonons shown in Fig.6.1 we obtain p = k + |p — k| or

p? + k% — 2pk = p? + k% — 2pk cos b, (6.25)
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—_— >

p-k

Figure 6.1: Diagram for the decay of a phonon with momentum p into two other
phonons. The red wiggle line indicates that the phonon-phonon interaction
occurs through the condensate as is seen from the Hamiltonian (6.22).

where 6 is the angle between the vectors p and k. Equation (6.25) shows that
cosf = 1, and writing the dispersion relation more exactly one finds that cosé
is slightly smaller than unity.

The damping rate will be calculated assuming that H® is small and using
the Fermi golden rule. In the Heisenberg picture one should write the following
expression for the damping rate:

1 too
r,= ﬁzf: /_ _ Hip(0)H,z(t)dt, (6.26)

where the indices ¢ and f label initial and final states of the transition, and
Hi;(t) = (i|H®)|f) are the transition matrix elements. In our case the initial
state is the ground state BEC gas plus a phonon with momentum p, and in
the final state instead of this phonon we have two phonons, with momenta k
and p — k, respectively. Using Eq. (6.22) for H® and integrating over dt in
Eq. (6.26) we immediately get

2m A
Ly =73 Itk p=KHDO)[p) (e, — et —eprg),  (6:27)
k

where H®)(0) is given by Eq. (6.22) with ¢ = 0 so that Eq. (6.27) represents
the Fermi golden rule in the Schroedinger picture. We also notice that due to
the energy conservation law the contribution of three last terms in the curly
brackets in Eq. (6.22) is equal to the contribution of the first term. This is
easily established recalling that the free particle energy Fj, is expressed through
the Bogoliubov energy € (5.16) as Ex, = y/€s +ng — ng, and in the phonon
branch where €, < ng we have Ej, = € /2ng — €} /8n3g>. Then, taking into
account that occupation numbers for excitations with momenta k and p — k
are zero at 7' = 0 (the phonon with momentum p was created by hands”), we
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obtain:

2 < onk2dk (! E,ExEjp_y|
I,="x9n 2/ / deos 2P (e — € — €p_x)- (6.28
p h g 0 (27_[_)3 . €p€k6|p_k| ( 4 k p k‘) ( )

Taking into account that one may put Ej, = €3 /2ng for any momentum in the
integrand of Eq. (6.28) and substituting |p — k| = \/p? + k2 — 2pk cos 6, after
integrating over d cosf we find:

9 g Cs 2o 2 2
= —= — . 2
b= o (‘;g) /0 K2 (p— k)*dk (6.29)

We now have to divide the final result by a factor of 2 in order to avoid double
counting of phonon pairs with momenta k and p — k. The final result reads:

3g (hes\° 5 3 h
= =——7p°. 6.30
P 320mh (ng) P 3207 mn” (6.30)

Since we consider the phonon branch of the spectrum where €, = hcsp <
u = ng, recalling that g = 47h%a/m, we can rewrite Eq. (6.30) in the form

37 e\ e
Gy, = Y= (na®)V/? (2] L 6.31
The discussed damping mechanism is called Beliaev damping. It is rather slow at
T — 0. Even close to the border of the phonon branch, i.e. for €, approaching
ng, a characteristic damping time I'; L is of the order of seconds at densities
n~2x 10" cm~? typical for experiments with 8"Rb where a ~ 50 A.

6.4 Landau damping. Small parameter of the theory at
finite temperatures

At finite temperatures one has a more important damping mechanism, the so-
called Landau damping which we will discuss for phonons in the uniform case.
According to this mechanism, a phonon (created ”by hands”) interacts with a
thermal excitation, both get annihilated, and an excitation with a higher energy
is created (see Fig.6.2). Using again the Fermi golden rule we assume that the
number of phonons (created ”by hands”) with momentum p is N, and that the
occupation numbers of thermal excitations are given by the Bose distribution
relation (5.31). Then, in a similar way as in the derivation of Eq. (6.27), we
obtain

dN, 27N, d3k A 7
= =T [ Gl + KA 0 ~ |V b+ 10
d(€|p4x| — €p — €k)- (6.32)

We consider for simplicity temperatures T" > p = ng and present the result
without derivation which is transferred to the section of Problems. The damping
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rate Iy, is obtained from Eq. (6.32) as

1 dNn,
,=-———2 .
PTON, dt’ (6.33)

and the expression for this quantity reads:

_ & 332 T

(na®)'/2, (6.34)

PTh 4 ng

Figure 6.2: Diagram for the Landau dampuing of a phonon with momentum
p- The red wiggle line indicates that the phonon-phonon interaction occurs
through the condensate.

The perturbation theory for a Bose-condensed gas assumes that Bogoliubov
quasiparticles are good elementary excitations and the qubic Hamiltonian term
H® leads to small energy shifts and damping rates. So, we should have the
inequality Al', < €,. According to Eq. (6.33), at T' > ng this requires the
condition

L na?y2 <1, (6.35)
ng
which is much stronger than the inequality (na?’)l/ 2 <« 1 obtained in Lecture 5
for T'— 0.

We should also make here an important remark. The treatment of damping
that we have done requires the relaxation time 7, of thermal excitations to be
slow. One should at least have

1

€p
) , 6.36
h > Trel ( )

In this case we may assume that the phonons (created ”by hands”) do not
disturb the thermal distribution in the cloud. This is usually identified as the
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collisionless regime. For the Landau damping the most important are thermal
excitations with energies ~ p. Their relaxation rate according to Eq. (6.34) is

T
T, =7 ~ %(na?’)l/? (6.37)
So, the collisionless regime that we actually consider here is realized for excita-

tions with energies
€p > T(na®)t/2. (6.38)

Problems 6

6.1 Calculate the rate of Landau damping for a phonon with momentum p in
a uniform finite-temperature Bose-condensed gas. Assume that 7' > p and the
thermal cloud is in the collisionless regime.

According to equations (6.32) and (6.33), the rate of Landau damping is given
by

Fp:%/( 5 P+ KIH PP | (p, kI H P P+ Yo(elpuq—eo—cr)- (6:39)

The transition matrix elements can be expressed as

(p+ K HY|p,k) = \/(Ni(Njp 1) + 1) Hins, (6.40)
(p,k\H \p+k> (N + 1)N|p+k‘ Hiyy, (6.41)
where
Hios = 20y a0 i+ Iy T = 6 T ) (642
Thus, Eq. (6.39) is transformed to
0y = 2 [ 2 P (Ve ~ Nipleipin — ey~ (643

The energy conservation law reads:
€lp+k| = €p T €k- (6.44)

Taking into account Eq. (6.44) the calculation of Hi, yields
Hi = Y1 3<Elp+kEﬁkjf(ﬁp+k|€pEk)1f<€p+k|6kE >/ <6p6kEp+k|>
T2V U\ Epinieen /) \Blpik Eper) \Elpix Eren) \EpEieipiac
- (35, ) (ﬂ)” " @l = 0B/ O (6_17)” L e
2\/]_} €k Ey €p Frep £,
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Here, assuming that p <k we put E|p | = Ex and €p4y = € in the terms
proportional to (E,/¢,)'/2.
Eq. (6.44) for € k| and put

In the terms proportional to (e,/E,)'/? we use

JFEy,

Epyx = Er + e,
Since By = v/€i + p? — p with 1 = ng, we have
3Ek . €L N €L

O JE+u2 Ept+p

Then, taking into account that €,, £, < p, Eq. (6.45) is reduced to

ENBE 22 ENE
Hint=M<—”) {(3—’“ | 6’“)— K }Zg ﬁ(—p> —k<2+ o ) (6.46)
2\/]7 €p €k FEy, Gk(Ek—i—/J) % €p €L Ek—i—u

The equilibrium occupation numbers depend only on the energies of the
excitations. Hence, for p < k we can write

ONy, .
3€k P
Substituting Hing (6.46) and N4y (6.47) into Eq. (6.43) and integrating over
the angle between k and p we obtain

2 0o 2 2
ng” E, / 2 meg E; Iz ONy,

r,=—— k*dk ————F (2 + —— - . 6.48
P 2nh p )y W2k(E) + p) € + Ep+p Oep ( )
The main contribution to the integral in Eq. (6.48) comes from excitations
with energies €, ~ p. Thus, considering temperatures 7' > p we can write
Ny, = T/ej, and, hence, Ny /de, = —T/e2. Then, turning to a dimensionless

variable © = p/ex, Eq. (6.48) is transformed to

mg*nT €, [ dx 2 T 2
r,= » (\/l—i-xz—x) <2+7> . (6.49)

Admphles by 1+ a2 V1t 2

and with g = 47h%a/m and u = ng we eventually obtain:

N|p+k\ = N, + (6.47)

F_37r3/2€_1’£
P4 hng

(na®)t/2. (6.50)

This is equation (6.34) given in Lecture 6 without derivation. So, in order to have
the inequality AI'), < €,, which is necessary for the applicability of the perturba-
tion theory, at T >> ng we should have a small parameter (T'/ng)(na®)*/? < 1
as given by Eq. (6.35).

6.2 An impurity particle is moving in a weakly interacting Bose-condensed gas
with an initial velocity v. The gas is at 7" = 0. The impurity can create
excitations and loose its energy. Calculate how the kinetic energy of the impurity
decreases with time.
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Lecture 7. Vortices in Bose-condensed gases

7.1 Vortices in rotating and non-rotating superfluids. Cir-
culation

In this Lecture we discuss macroscopically excited Bose-condensed states - vor-
tices, that is the states with an orbital angular momentum. First, we give several
qualitative arguments. Let us consider a vessel with a Bose liquid and rotate it
with an angular velocity (frequency) €2 (see Fig.7.1). Only the normal compo-
nent starts to rotate with the vessel due to friction. The superfluid component
stays at rest. So, at T = 0 where the whole liquid is superfluid, nothing happens
and the liquid does not move.

o>

Figure 7.1: Rotating vessel with a superfluid.

However, at sufficiently large 2 this state becomes energetically unfavorable.
The condition of equilibrium is that the energy in the rotating frame,

Eroy = E — L.9Q, (7.1)

is minimum, where F and L, are the energy and orbital angular momentum in
the lab frame. It is the term — L. < 0 that can induce a superfluid motion at
large 2. This looks as a violation of the irrotational character of the superfluid
motion expressed by

curlv, = 0. (7.2)

Excitations are density waves and there can be nothing else than Eq. (7.2). One
should have in mind that the condition (7.2) is violated only at (microscopically)
narrow lines which have measure zero and are called ”vortex lines”. Around
these lines a superfluid undergoes a ”potential rotation”.

Let us calculate the circulation of the superfluid velocity around a vortex

line: 5 -
j{vsdl = f 2vsdl= s, (7.3)
m

m
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The quantity S is given by

S(r,t) = % [mvr — (%va + u) t] , (7.4)

where one may put v = vs. Note that the expression

U(r — vt, t) exp{iS(r,t)}

gives a Galilean transformation for the field operator (and ¥y). So, in the refer-
ence frame where the fluid moves with velocity v, the condensate wavefunction
becomes

o = \/ng exp(iS).

Hence, the superfluid velocity is
h
vs = —V5,
m

and in order to have Wj single valued one should have integer s. Thus, the
circulation is quantized in units of ii/m.

Consider now a straight vortex line along the symmetry axis z of the vessel
in Fig.7.1. The streamlines of v are circles in planes perpendicular to z. From

Eq. (7.3) we have

h
s —5—, 7.5
v Sm’/‘ ( )

where 7 is the distance from the line. Note that vs (7.5) is quite different from
the velocity v = Qr associated with a rapid rotation.
The angular momentum of the fluid is easily calculated:

hps
L,= /psvsrd?’r = wstﬁi, (7.6)
m

with R and £ being the radius and length of the vessel. The energy associated
with the vortex line is dominated by the kinetic energy and is given by

2
E, = / 1,osi)fd?’r = 7pssL <E> In <E> , (7.7)
2 : m Te

where 7. is the size of the vortex core representing the low-distance cut-off for
the integration over dr in Eq. (7.7).

The critical value €. above which the vortex state becomes energetically
favorable follows from the condition

Erot = Ev - QCLZ =0. (78)

Using Egs. (7.6) and (7.7) this gives

gL _ 1y, <E> (7.9)



for |s| = 1. Note that the states with |s| > 1 are unstable. For the same € the
state with two single-charged vortices (|s| = 1) has lower energy than the state
with one double-charged vortex (vortex with |s| = 2).

For a large rotation frequency, 2 > €., one can estimate the equilibrium
number of vortices per unit area minimizing the energy. According to Eq. (7.3)
we have

%Vsdl = QWNUE, (7.10)
m

where N, is the number of vortices inside a contour around the surface area A.

On the other hand, for a large N, we may use the relations for a rotating rigid

body. The rotation of a rigid body leads to vs = Qr and |curlv,| = 2Q. So, one

has ¢ v,dl = 2QA, which gives the number of vortices per unit area
N,  mQ

Ny = ——

o= (7.11)

7.2 Gross-Pitaevskii equation for the vortex state

We now turn to the description of the vortex state on the basis of the Gross-
Pitaevskii equation and consider a single vortex with |s| = 1 in free space,
assuming that the vortex line is a straight linwe along the z-axis. Since we
search for the solution with orbital angular momentum [ = 1, the condensate
wavefunction has the form

Yo = vnof(r) exp(io), (7.12)

with the function f depending only on the distance r = /22 + y? from the
vortex line, and ¢ being the angle around it. In our case the Laplacian takes
the form

0? +1 0 . 1 02

or2  ror  r20¢?’

and using Eq. (7.12) the stationary Gross-Pitaevskii equation (3.9) is trans-
formed to the following equation for the function f:

Ay =

K2 d? 1d 1
5 (gez + 30— 72) £+ moalPF = uf = (7.13)

2m

Putting p = nog and introducing a dimensionless coordinate 7 = r/v/2€, with
¢ = h//mp being the healing length, we have:

?f 1df f 3

— +-=-=—-f"+f=0, 7.14

ar? =~ rdr AR (7-14)
where we assume that f is real. For # — 0 and 7 — oo we obtain

f o 7, : (7.15)

0
) . P . (7.16)



The numerically calculated function f(7) is displayed in Fig.7.2. One clearly
sees that the radius of the vortex core is 7. ~ £ so that substituting pu = ngg
and g = 4wh?a/m we have r. ~ 1/ /nga. Recalling that nga® < 1 we find
Te > ng 1 3, i.e. there are many particles inside the vortex core. This is the
condition that is necessary for the validity of the Gross-Pitaevskii equation at
r<re.

f(T)
A

0.5

Figure 7.2: The function f(7).

The vortex state is a macroscopically excited BEC state, i.e. all particles
are in the same excited quantum state. It has a topological quantum number,
circulation, so that it can not decay in the bulk. The vortex can only decay
when going to the border of the system.

7.3 Excitations of the vortex state. Fundamental modes

Let us now discuss elementary excitations around the vortex state. The Bogoliubov-
de Gennes equations for the vortex in free space are given by Egs. (5.7) and (5.8)
with V(r) = 0 and they read:

h2
<_%Ar + 29WO|2 - M) Uy — g?ﬁ%ﬂu = &ly (7.17)

K2 "
<_%Ar + 29WO|2 - M) Uy — 9%2% = —6&Uy (7.18)
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Far from the vortex line we may put ¢y = /ng exp(i¢) and omit all centrifugal
terms (the terms proportional to 1/r?). Then, setting

Uy, = Uy, exp(ig) (7.19)
vy = ¥y exp(—ig), (7.20)

where 4,, 7, can also depend on ¢, we get equations for the excitation modes
Uy, U, rotationg together with the superfluid. The excitation energies and wave-
functions will be the same as without a vortex.

However, on approach to the vortex line the situation changes. Due to
the absence of translational invariance the momentum k is no longer a good
quantum number. The excitation incident on the vortex with momentum k can
be scattered with a different momentum k’. We will discuss this issue in the
problem section.

Let us now consider the behavior of excitations near the vortex line and,
moreover, analyze excitations related to the motion of the vortex line. In order
to gain insight into the problem it is convinient to find first the so-called fun-
damental modes, that is the modes with ¢, = 0. Assuming that the functions
u, v are independent of the coordinate z along the straight vortex line we write
the Bogoliubov-de Gennes equations (7.17) and (7.18) for these modes as

h2<62 19 1 07

=L 2D + 2ol [P — guiRv, — = 03(7.21
Lot s )+ 2l — g, — g, = 05721

2m
R (0% 10 1 02

—— sttt 555 v +2 20, — gi?u, — pv, = 0.(7.22
2m<arg+rar+rza¢2>v+glwo|v 9o Uy — pv (7.22)

An obvious fundamental mode is the one with u = \/ngexp(ip) = 1o and v =

1o exp(—id) = o exp(—2i¢), and it trivially reproduces 1pg. The fundamental

mode that will be of interest for us is the mode with

1 f o of
I :
v = Tt (F - E) exp(—2ig¢), (7.24)

where the function f is expressed through the condensate wavefunction by
Eq. (7.12) and obeys the Gross-Pitaevskii equation (7.13), and £ is the length of
the vortex line in the z-direction. One can easily check that the u, v-functions
of Egs. (7.23) and (7.24) satisfy the normalization condition (5.6) and the
Bogoliubov-de Gennes equations (7.21) and (7.22). Indeed, substituting u (7.23)
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and v (7.24) into equations (7.21) and (7.22) we represent them in the form

: n” (ng %%— 3—f+2f>+3n fzi j{ﬂ]
R

The first term in square brackets in each of the obtained equations is nothing
else than equation (7.13) differentiated with respect to 7, and the second term
is the same Eq. (7.13) divided by r. Thus, equalities (7.25) and (7.26) are
automatically satisfied.

Going back to Egs. (7.19) and (7.20) we see that the Bogoliubov functions
(7.23) and (7.24) of the fundamental mode under consideration, in the reference
frame rotating with the superfluid are {@, 9} o exp(—i¢). Thus, this mode
describes a rotation in the direction opposite to the rotation direction of the

superfluid.
It is worth noting that there is another fundamental mode:
[ of ,
= === 2
u=C (r B exp(2id),

/ 8f
or

(%)

with C' being a normalization constant. This mode describes a rotation in the
same direction in which the superfluid rotates. However, the norm [(|u|? —
|v|?)d3r for this mode is negative and it has to be omitted.

7.4 Kelvin modes and vortex contrast

We now try to understand the physical meaning of the obtained fundamental
mode. Let us assume that the motion in the z-direction is also excited and

(7.27)
(7.28)

Uy = Ugexp(iqz)

v, = g exp(igz — 2i¢).

Then, instead of Egs. (7.21) and (7.22) we have

R /0> 190 1 0%\ _ 9 9 _ h2q%\ _
o (W + o + 7w>uq+2nogf Ug—gnof Uq—,uuq=<eq—%>uq;(7.29)
R /0> 190 1 92 B Rg?\ _
o (ﬁ Trar T2 a¢2> Uq+2n0g f20,—n09 f g — Awq=<—€q— 2m)l&;-(7-5’)())
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We will consider low wavevectors ¢ satisfying the inequality ¢¢ < 1. Then, at
distances r < ¢~! we can omit the terms proportional to (+e, — h?¢*/2m). We
then return to Egs. (7.21) and (7.22), and the solution is given by Egs. (7.23)
and (7.24).

At distances where r > ¢, we may use the asymptotoc expression f =
(1 — &/4r?) given by Eq. (7.16). Then, putting p = nog and £ = hy/mngg
, and turning to the functions fF* = @, £ 74, equations (7.29) and 7.30) are
transformed to

R (d® 1d 1 L\ ., h?

- - _ e — = _— e . 1
2m (dr2+rdr r2 q) q <€q+mr2> a’ (7.31)
/2 1d 1 . R L,

“om (W*W*?z‘q *2”‘)9) fo= <+W> o (152

Equations (7.31) and (7.32) are valid at any distance r > &, including distances
where ¢=! > r > ¢ and the functions f*, f= follow from Egs. (7.23) and
(7.24). Using f = (1 — £2/4r?%) of Eq. (7.16), equations (7.23) and (7.24) give
|f~| < |fT] and this relation is also expected to be valid at larger r. Then,
omitting the terms proportional to f,” in Eq. (7.31) we reduce it to the Bessel
equation and obtain .
fi= NS qKi(qr), (7.33)

where K is the decaying Bessel function. The normalization coefficient in
Eq. (7.33) is chosen such that in the interval of distances ¢=! > r >> £ equation
(7.33) yields fq+ = 1/v/nLr, which coincides with the result following from
Egs. (7.23) and (7.24).

We then notice that the leading terms in Eq. (7.32) are 2nogf, , € ;‘, and
(h?/mr?)fF. We thus find

€ 2
[y = 1 (—q + 3 ) I (7.34)

2 \ nog r2

One can easily check that the main contribution to the normalization integral
[t = toar= [ 55—

comes from distances 7 < ¢! and the (small) g-dependent contribution of larger
distances practically does not change the normalization coefficient obtained for
the fundamental mode.

Note that K;(gr) o exp(—gr) at r — co. So, the modes that we are study-
ing decay exponentially at large distances from the vortex core. These modes
describe oscillations of the vortex line, which takes the form of a spiral rotating
in the direction opposite to the rotation of the superfluid (see Fig.7.3). Such
oscillations are called Kelvin modes or kelvons. They have been discovered by
Kelvin (W. Thompson) for classical vortices. The fundamental mode discussed
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Figure 7.3: Vortex line (black curve) undergoing Kelvin oscillations and rotating
with frequency €/% in the direction opposite to the rotation of the superfluid.

in the previous subsection represents an extreme case of ¢ — 0 and undergoes
a power law decay at r — oo.

For obtaining the dispersion relation for kelvons we return to Egs. (7.27),
(7.28), (7.29) and (7.30) and, putting u = ngg, consider them at distances
r < ¢~ ! where the functions @, and 9, follow from Eqs. (7.23) and (7.24) and

are given by
R AV B
YT \r T ) T ame \5 T ar )

We then multiply Eq. (7.29) by 44, and Eq. (7.30) by 9,. Integrating the
resulting equations over dr we add them to each other. With above written @,
and 7y, the left hand sides of Egs. (7.29) and (7.30) give zero, and we obtain:

€4 /(ag — D) dPr = —— [ (a2 +v2)d’r. (7.35)
Considering distances r < ¢! we have to put the limits of integration 0 and
~ q~1. Then the integral in the left hand side of Eq. (7.35) is practically equal
to the normalization integral and, hence, equals unity. For the integral in the
right hand side, we may replace the lower limit of integration by ~ £ and then
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take uy, = v, = (V4rLr)~!. This gives with logarithmic accuracy:

2 2
g = h—qln<1 ) (7.36)

2m E

The average density profile near the vortex line is influenced by quantum and
thermal fluctuations due to kelvons. The density averaged over the z-direction
is given by

(n) = ool + (&T"), (7.37)
where
U = Z[ﬂq(r) exp(iqz)l;q — 04(r) exp(—igz + 22’@5)(;};], (7.38)
q

with Bq, l;g being the creation and annihilation operators of kelvons. We thus
obtain:

o0 dq B B B
(0 = lol? + [ G+ 02)N, + a2, (7.39)
where N, = [exp(e,/T) — 1]~ are equilibrium occupation numbers for the

kelvons. We thus see that the average density at the vortex core (n(0)) # 0,
and the vortex contrast
(n(0))

Co=" (7.40)

has a non-zero value. The calculation of the vortex contrast due to kelvons is
transferred to the problem section.

Problems 7

7.1 Consider a streaight vortex line in a BEC in the trapping geometry of an
ideal cylinder (see Fig.7.1). The z-direction is free, and in the z,y-plane one
has a harmonic confining potential V' (r) = mw?r?/2, where r? = 22 4+ y%. Write
the condensate wavefunction in the Thomas-Fermi regime assuming that the
trap is not rotating. Find an eigenfrequency and wavefunction of an excitation
corresponding to the rotation of the vortex line around the z-axis.

As we are looking for the solution of the stationary Gross-Pitaevskii equation
with orbital angular momentum 1, we write this equation in the form:

R /d> 14 1 2p2
- ( + ) o + T Yo + glvo|*1o — papo = 0. (7.41)

om \dr2 " rdr 12 2
In the Thomas-Fermi regime the radius of the trapped BEC in the z,y-plane

is Rrp = v/2u/mw?. The chemical potential is pt & nppaeg, With Ny, being
the maximum density, and the Thomas-Fermi radius is Rrp > £ where £ =
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v/ 2 /myu is the size of the vortex core. In this case one can write an approximate
solution of Eq. (7.41) as

o = [Bbrr (1) 0/€) expli). (7.42)

where the function f(r/€) is determined by Eq. (7.14) and
o 7.43
Yrp=4/1— 72, (7.43)

for r < Rpp and zero otherwise. The density profile corresponding to the
solution (7.42) is displayed in Fig.7.4.

A 2
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II{ r

TF

Figure 7.4: Density profile for the vortex state in a trapped condensate.

The mode that we have to find is analogous to the fundamental mode dis-
cussed in this Lecture. In this mode the vortex line rotates countercklockwise
with respect to the BEC (which itself rotates clockwise). So, we have

u(r) =a; v(r) =vexp(—2i¢),

and the Bogoliubov-de Gennes equations for the functions u, v read:

h? [ d? 1dY _ 9_ 5 mw?r? _ _

2m <W+;§>U+2g¢o u = gltol"v + U~ pi = €t, (7.44)
h? [ d? 1d 4\ _ 9_ 5 mwir? _ _

“om (WJ“;E_T_?)UHWO Vo v e (1)

We now use a perturbative approach. First of all, in the absence of trapping
the solutions of Eqs. (7.44) and (7.45) are given by equations (7.23) and (7.24)
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and we assume that to zero order they locally remain the same for a trapped
condensate. So, they should be simply multiplied by 7, and we thus have

1 (f oy
U= \/m ( + 87‘) Yre, (7.46)
1 fof
v = T ( ) YrE. (7.47)

Using the Gross-Pitaevskii equation (7.41) we rewrite equations (7.44) and
(7.45) in the form:

h2 1 [(d*po  1dipy
—v) = 4
L/)o<dr2+rdr>+r} + gi(u — v) = eq, (7.48)
h2 1 [ d*y L1 1 dipy
o \ dr2 7 dr
Substituting the zero order solutions (7.46) and (7.47) and the condensate wave-

function (7.42) into Egs. (7.48) and (7.49), we multiply the sum of the two
equations by (u + 9) and integrate over d3r. This yields

202 [ f? [(dPyrp  ldyrr | 2dyredf | dPr
m Jy 12| dr? r o dr f dr drf 4rl

4 72} v— gUR(a—1) = —ev.  (749)

(7.50)

The main contribution to the integral in the left hand side of Eq. (7.50) comes
from distances where £ < r < R. We then put f ~ 1 and ¢4 = (1/r)¢)p =
(1/R2.;) and find

€=—

4h? / 2mrdr

mR2. .
where the lower limit of integration should be put equal to &, and the upper
limit to Rrr. This gives with logarithmic accuracy:

2 2, .2
e 2712 In (RTF> :_hw In (RTF>. (7.52)
mRTF 13 M 13

Thus, the obtained eigenfrequency is negative. This indicates the presence
of thermodynamic (energetic) instability, as one may expect in a non-rotating
trap where the vortex state is not the ground state.

7.2 Consider a straight vortex line in an ideal cylinder of length £. Assume that
the line is fixed at the edges. Find a quantization rule for kelvons and calculate
the density profile taking into account quantum and thermal fluctuations due
to kelvons.
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Lecture 8. True and phase-fluctuating condensates
in 2D Bose gases

8.1 Coupling constant for the interaction between parti-
cles

In this Lecture we discuss BEC in weakly interacting two-dimensional (2D) Bose
gases and introduce the notion of phase-fluctuating condensates, or quasicon-
densdates. As well as in the 3D case, we have the Hamiltonian (2.45) and the
non-linear Heisenberg equation of motion for the field operator, (3.4). We will
consider later the criterion of the weakly interacting regime, which contains the
coupling constant g. Let us first discuss what is g in the 2D case.

This question is, in general, beyond the scope of this lecturing course. We
consider the situation where a 3D gas is strongly confined by a harmonic poten-
tial Vo(2) = mw@z?/2 in one direction (z). Then, if it is confined to zero point
oscillations, and the wavefunction of the particle motion in the z-direction is

_ 1 22 (8.1)
¢Z - 71-1/4[(1)/2 €Xp QZg ) .

with Iy = (h/mwo)'/? being the harmonic oscillator length for the tight con-
finement. Since only one mode of the motion in the z-direction is occupied, the
field operator can be represented as

d(z,r) = P(x)e=(2), (8.2)

where r = {z,y}. Substituting ¢ (8.2) into the three-dimensional Hamiltonian
(2.45) and integrating over dz we obtain an effective 2D Hamiltonian

= [ e [ @ (— i wade + HevEie) 6

LW / i (e (e (e)i(r) )

= [ it { gt + V) + £ @00 | i), (5.4
where g3p = 4wh?a/m and the coupling constant g is given by
93D 2v2rh2a (8.5)
g vV 27lg mly )

The quantity V(r) in Eq. (8.4) is an external shallow potential in the r-plane. So,
the 2D Hamiltonian has the form (2.45) with the coupling constant determined
by Eq. (8.5). Including the term



in the 3D Hamiltonian in Eq. (8.3) simply shifts the chemical potential by Fuwg /2.

Note that since we used a 3D Hamiltonian for deriving the efffective two-
dimensional Hamiltonian (8.4), the validity of this result requires the condition
la] < lp.

8.2 Bose-Einstein condensation at zero temperature. Small
parameter of the theory

Let us now consider a 2D weakly interacting gas of bosons repulsively interacting
with each other and described by the Hamiltonian (8.4), at 7' = 0. Assuming
that most of the particles are in the condensate we act in the same way as in
the 3D case. We write ¥ = W, + ¥’ and obtain the Gross-Pitaevskii equation
(3.6) for the Heisenberg-picture condensate wavefunction ¥y and the stationary
Gross-Pitaevskii equation (3.9) for the Schroedinger-picture wavefunction .
Then, using the Bogoliubov transformation (5.3) we arrive at the Bogoliubov-
de Gennes equations (5.7) and (5.8) for the excitations. In the uniform case we
have 19 = |/ng, and the u, v functions of the excitations are given by Egs. (5.10),
(5.11), (5.17), and (5.18) with the excitation eigenenergy ¢ (5.16). Accordingly,
the density of non-condensed particles at T' = 0 is given by equation (5.32). The
only difference is that now k is the two-dimensional vector. So, for the non-
condensed density we obtain:

Y Ek Ek ko N mg

We thus see two important consequences. First of all, equation (8.6) is
consistent with the apriori assumption that there is a true BEC in the 2D Bose
gas at zero temperature. Second, the requirement of the weakly interacting
regime, n’ < n, shows that the small parameter of the theory for this regime is

mg
4mh?
Using the coupling constant g from Eq. (8.5) we find that in the 2D regime

obtained by tightly confining the motion of particles in one direction the small
parameter (8.7) takes the form

< 1 (8.7)

— < 1. (8.8)
lo

The calculation of the one-body density matrix in the uniform case shows
qualitatively the same picture as displayed in Fig.5.3 for the 3D case. It is
tending to ng at r — oo, i.e. there is a long-range order. Rewriting equations
(5.37) and (5.38) in terms of Schroedinger-picture field operators and bearing
in mind that k is now a two-dimensional vector, we obtain
d2

() = no + (X' (0)) = no + / e

e 20 () (5)]
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where I; and K, are the growing and decaying Bessel functions. At distances
r > £ equation (8.9) gives

91(r) =no (1 + 47:22 g) 33 (8.10)

Comparing Eq. (8.10) with Eq. (5.39) one sees that in 2D at zero temperature
g1(r) approaches its asymptotic value ng much slower than in 3D.

8.3 Phase-fluctuating condensates at finite temperatures

We now turn to the case of finite temperatures. Then the non-condensed den-
sity is given by Eq. (6.1), where the vacuum (zero-temperature) contribution
V=157 v} is the one of Eq. (8.6) and for the thermal contribution we have a
2D analog of Eq. (6.3):

d2k‘ kdk €k Ek
Y ) 2 _ Rak (€ | Lk
np = / = (v + uj) Ng /0 5 <2Ek + 2€k> . (8.11)

For k — 0 the excitation energy €, o k, and since the single particle energy
E) o< k? we have kdk/k? in the integrand of Eq. (8.11). The integral is diver-
gent, which rules out the assumption of the presence of a true Bose-Einstein
condensate.

The origin of this infrared divergence is related to long-wave fluctuations of
the phase, which can be understood turning to the density-phase representation
and writing the field operators in the form given by equations (5.40) and (5.41),
with the commutation relation (5.42). Substituting U(r,¢) (5.40) and Ui (r,t)
(5.41) into the non-linear Schroedinger equation (3.4) and equalizing real and
imaginary parts, we get coupled continuity and Euler hydrodynamic equations
for the density and phase operators:

awﬁ h2

_h(z—f\/—— (V¢)2\/———A\/—+V( Wi+ gn®?. (8.13)

We now assume that fluctuations of the density are small on any distance scale.
Eq. (8.12) then shows that fluctuations of the phase gradient are also small.
Writing the density operator as 7 = n(r) + én and shifting the phase by —ut/#h,
we linearize Eqs. (8.12) and (8.13) with respect to 67 and V¢ around the sta-
tionary solution n = n, Vq?) = 0. The zero order terms give the Gross-Pitaevskii
equation for the mean density n:

B2 AyVn
2m \/— ()+gn—

w=0. (8.14)
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The first order terms provide equations for the density and phase fluctuations:

aén h? R
h\/—at = [——mA +V(r)+gn— /J:| 2v/ne, (8.15)
2 n
285/;(;5 = [—;—mA +V(r) +3gn — ,u] % (8.16)

Solutions of Egs. (8.15) and (8.16) are obtained in terms of elementary excita-
tions:

=/n ny r) exp(—ie, t/h)b, + h.c. (8.17)

exp(—ieyt/h)b, + h.c., (8.18)

&)

J_Zf”

where fF(r) = u,(r) £ v, (r) and the functions u,, v, satisfy the Bogoliubov-de
Gennes equations (5.7) and (5.8), with |¥g|? replaced by n. We thus see that
the assumption of small density fluctuations is sufficient for having the Bogoli-
ubov wavefunctions of the excitations and the Bogoliubov excitation spectrum,
irrespective of the presence or absence of a true Bose-Einstein condensate.

Let us now return to the uniform case and check that the density fluctuations
are really small in 2D. Like in 3D in Lecture 5, we divide the system of excitations
into two parts: the high-energy free-particle part with e; > ng, and the low-
energy phonon part with €¢; < ng, so that

5 = &y, + Oy, (8.19)
b= dp + 0y, (8.20)

where the subscript p stands for the phonon part, and f for the free-particle
part. For the free-particle branch of the spectrum we have vy — 0 and uy — 1.
Denoting the field operator of this part as \i/f(r, t), for the density of ”free
particles” we have:

R . A’k T T
(0,00 ~ — N <n—In| —
00T 00~ [ SN <z (F).

with T; = 27h?n/m being the temperature of quantum degeneracy. At tem-
peratures T' < Ty we then have <\il}(0,0)\i/f(0,0)> < n. As the density fluc-
tuations related to the free particle part of the spectrum are of the order of
(@}(0,0)\if 7(0,0)) or smaller, we conclude that they are small. The inequality
<\il}\il #) < n shows that the high-energy fluctuations of the phase are also small.

In order to estimate the low-energy fluctuations of the density we calculate
the density-density correlation function (§7:(0)dn(r)) at equal times. A straight-
forward calculation using Eq. (8.17) yields

(62 (0)0A(r)) 1 / &2k By

77‘2 E r<ng (27r)26’€

T
(14 2N;,) coskr < max { = 4:’:22 } (8.21)
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and at temperatures T' < T, these density fluctuations are also small.

We thus see that omitting small fluctuations of the density the one-body
density matrix can be found by using the field operators given by Egs. (5.40)
and (5.41), with Vv replaced by the square root of the mean density, \/n. Since
at T' <« T, the high-energy part of the phase fluctuations is also small, we may
confine ourselves to the low-energy part gigp in the phase operator and use the
field operator in the form

U = /nexp(idy). (8.22)
For the one-body density matrix at equal times we then have:
g1(r) = (F1(r,00¥(0,0)) = n(expilgy(r,0) = d,(0,0)]).  (8.23)

Relying on the Taylor expansion of the exponent one proves directly that

(expildy (r,0) — b,(0,0)]) = exp{~ 5 {[8,(r,0) — H(0,0))}.

Vacuum low-energy fluctuations of the phase are small as mg/2nh%. How-
ever, thermal phase fluctuations grow logarithmically for r — co. Using Eq. (8.18)
we obtain:

d*k (1 — coskr) e 2T r
AT

([¢p(r,0) — ésp(o,o)]2>:/k<€1(%)2 = E_ka -7 In —>, (8.24)

where \r = { = h/\/mng for T > ng = p. In the limit of very low tem-
peratures, T' < ng, we have Ap equal to the thermal de Broglie wavelength of
the excitations, i.e. Ap = heg/T. Accordingly, the correlation function gi(r)
undergoes a slow power law decay at large 7:

g\ T/
gi(r) =n (7) N (8.25)

This is drastically different from the 3D case. In 2D long-wave fluctuations of
the phase destroy the long-range order and true BEC.

What kind of state we get? Let us first introduce the distance /4 at which the
correlation function g;(r) significantly decreases, the so-called phase coherence
length. From Eq. (8.25) we obtain

T,
ly ~ Ap exp (%) > €. (8.26)

Using this quantity the dependence ¢1(r) given by Eq. (8.25) is displayed in
Fig.8.1. Since [y > &, the system can be divided into blocks of size L such that
£ € L < ly. Then, inside each block one has a true condensate, but the phases
of different blocks are not correlated to each other (see Fig.8.2). This state is
called phase-fluctuating Bose-Einstein condensate, or quasicondensate.
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Figure 8.1: One-body density matrix g;(r) for a 2D Bose gas at T < Ty.

8.4 Kosterlitz-Thouless phase transition

Equation (8.25) shows that the correlation function ¢, (r) obtained at T' <« Ty is
strongly different from that in a thermal 2D Bose gas. Thus, one expects that
there is a phase transition. How does it occur? It is called Kosterlitz- Thouless
transition and it occurs through the formation of bound vortex-antivortex pairs.
That is, vortices with an opposite circulation (s = 1 and s = —1) form bound
pairs.

A detailed scenario of this phase transition is beyond the scope of this lec-
turing course. Nevertheless, we will consider ”supporting arguments”. Let us
calculate the free energy

F=FE-TS, (8.27)

with S being the entropy. In Lecture 7 we have found that the energy of a single
vortex is given by Eq. (7.7) and is proportional to the length of the vortex line.
In 2D there are no vortex lines, but one has vortex points. The energy of a
single-charged vortex in 2D is obtained from Eq. (7.7) by replacing the product
of the 3D superfluid density ps/m and the length of the vortex line £ by the 2D

(superfluid) density n:
h? R?
E= g—mn In <—> : (8.28)

2
Te

where R is the size of the 2D gas. The entropy is given by

S=In (g) , (8.29)

c
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Figure 8.2: Picture of the phase-fluctuating condensate. The phases of blocks
that are separated by a distance ~ [, or larger are not correlated with each
other.

since there are approximately R?/r? possible positions for the vortex core. So,
for the free energy we have

h2 2
F= {g—mn - T} In <7f—2> . (8.30)

We thus see that for T < T, = wh®*ns/2m the appearance of single vortices
increases the free energy. Therefore, the probability of having single vortices
will be vanishingly small. On the other hand, for T" > T, the appearance of
single vortices decreases the free energy and they spontaneously appear in the

system. So, the temperature

h2
T, = g—mn (8.31)

is expected to correspond to a phase transition. Note that the superfluid density
ns depends itself on temperature. A detaled analysis of the Kosterlitz-Thouless
phase transition shows that n, entering Eq. (8.31) is the superfluid density just
below the transition temperature 7.

We now briefly discuss BEC in 2D trapped Bose gases. If a harmonically
trapped gas is in the Thomas-Fermi regime, it has a size Rpp = (2ng/mw2)1/2,
where w is the trap frequency. Then, one should compare Rppr with the phase
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coherence length [, (8.26). For I, < Rrp the situation is similar to that in
an infinite system. There is a quasicondensate. However, if Iy 2 Rrp, then
one has a true BEC. This is a finite size effect. The finite size of the system
introduced by the trapping potential provides a low-momentum cut-off for the
phase fluctuations and thus reduces them.

Note that correlation properties of a quasicondensate on a distance scale
smaller than [y are the same as those of a true condensate. Only the properties
on a distance scale larger than [y are different.

Problems 8

8.1 Consider a 2D finite-temperature Bose-condensed gas in a harmonic po-
tential V(r) = mw?r?/2. Assume the Thomas-Fermi regime and express the
condition of having a quasicondensate in terms of the number of particles N
and temperature 7.

Using the Gross-Pitaevskii equation for the mean density (8.14) and omitting
the Laplacian term, the Thomas-Fermi density profile is given by

n(r) = g (1 - RT;F) , (8.32)

where the chemical potential is p = nyaeg, With 1,4, = 1(0) being the maxi-
mum density, and Rrp = \/2p/mw? is the Thomas-Fermi radius. The one-body
density matrix at equal times and at a distance r from the origin is

1 (x) = (81(,0)9(0,0)) = VT exp { 5 (9(r,0) = 50,00 |

and the BEC state is a quasicondensate if the mean square fluctuations of the
phase, ([¢(r,0)—¢(0,0)]2), are of the order of unity or larger on a distanse scale
~ Rpp. At temperatures T' > p the main contribution to these fluctuations
comes from excitations with energies much larger than fiw. These excitations
are quasiclassical, and we have

([6(Rrr,0) — $(0,0)]2) ~ (27:22) %m (%) . (8.33)

The ratio Rrr/£(0) is

Rre (20 \"° (mnmazg)? V2
0)  \mw? h  hw

From the normalization condition and Eq. (8.32) we obtain the chemical pio-
tential in terms of the number of particles and the trap frequency:

(8.34)

Rrr
N = / n(r)2mrdr = MR%F
0 29
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and, hence,

mh?2

Accordingly, Eq. (8.34) is transformed to

RTF_ 2ng 1/2
s~ ()

Substituting this ratio and p (8.35) into Eq. (8.33) we obtain with logarithmic
accuracy:

1= hw (ng>l/2. (8.35)

(8.36)

. R T mg\1/2
Ryr,0) — $(0,0)]2) ~ (—) In N. 8.37
<[¢( TF ) d)( )] > 2\/th Th2 n ( )
Assuming a Kosterlitz-Thouless type of phase transition we should have the
transition temperature to the BEC regime
h2

Tc ~ ——Nmazx-

At the transition the trapped sample has a thermal size ~ Ry ~ (T /mw?)/2.
Hence, Moz ~ N/R% ~ mw?N/T.. This gives T. ~ v/ Nhw. So, the first two
multiples in Eq. (8.37) are small, just because T' < T, and mg/4mh? is a small
parameter of the theory. Therefore, in order to to have a quasicondensate one
should have a very large number of particles satisfying the condition

1/2
L( mg ) InN > 1.
/' Nhw \4mh? ~

8.2 Calculate the one-body density matrix for a 2D Bose-condensed gas at T' = 0
in a harmonic potential V(1) = mw?r?/2 assuming the Thomas-Fermi regime.

Lecture 9. Regimes of quantum degeneracy in a
weakly interacting 1D Bose gas

9.1 Coupling constant and criterion of weak interactions
in 1D

In this Lecture we consider weakly interacting one-dimensional (1D) Bose gases
and discuss the emerging regimes of quantum degeneracy. The first question is
related to the value of the coupling constant g. Let us assume that there is a
3D gas tightly confined by a harmonic potential Vo (p) = mw3r?/2 to zero point
oscillations in the x,y-directions (22 4+ y? = 72, see Fig.9.1). Then the motion
of particles in these directions is governed by the wavefunction

_ 1 r2 91
wr—meXp<—2—l%>, ( . )
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where Iy = (h/mwg)'/? is the harmonic oscillator length for the tight confine-

ment. The field operator can be written in the form:

b(r, 2) = P(2)r. (9.2)

We then act in a similar way as in the 2D case in Lecture 8. Substituting 1 (9.2)
into the three-dimensional Hamiltonian (2.45) with the 3D coupling constant
g3p = 4mh?a/m, and integrating over d*r we obtain an effective 1D Hamiltonian

= [Tomar{uz [ (- @n006) + P EVEE ) 02
+ 22t [ @b ()0 ()0 )0}
- [t g a4 Vi) + B ) (9.4

where V(z) is a shallow external potential in the z-direction, and the coupling
constant g is expressesd through [y and the 3D scattering length a as

2h%a

T (9.5)

g:

Adding the term

. K2 1 .
t _n L 2.2
@0 (~ et gmds?) D
in the 3D Hamiltonian in Eq. (9.3) shifts the chemical potential by fiwg. Strick-
tly speaking, since we started with the 3D Hamiltonian (2.45), the validity of
Eq. (9.5) requires the inequality |a| < lo.

—

r

Q ®

»
>

Z

Figure 9.1: One-dimensional quantum gas obtained by tightly confining the
motion of particles in two directions

We now obtain the criterion of the weakly interacting regime in 1D in a
similar way as we did in Lecture 1 for the 3D case. Consider particles in a
segment with a length of the order of the mean interparticle separation 7 ~ 1/n.
On average there is only one particle in such a segment, and at T' = 0 its
characteristic kinetic energy is K ~ h?/m#? ~ h?n?/m. This is because in the
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weakly interacting regime the wavefunction of particles is not influenced by the
interaction at interparticle disatances ~ 7. For the same reason one should have
K > I where I = n|g| is the energy of interaction per particle. So, we have

h2n?

> ng,

which gives a small parameter of the weakly interacting regime

_ mjg|
.

= 1. .
ol < (9.6)

Note that the criterion of the weakly interacting regime given by Eq. (9.6) shows
that the 1D gas becomes more non-ideal (strongly interacting) with decreasing
density.

9.2 QuasiBEC regime

We first consider a 1D Bose gas at T' = 0 in a large segment of length L. As-
sume that there is a true condensate and calculate the density of non-condensed
particles n’ = (U/TW’). Writing the Bogoliubov transformation as

U = Z [urby exp(ikz — iept/h) — vklA)l,TC exp(ikz + iext/h)],
k<m/L

like in 3D we obtain equations (5.16), (5.17), and (5.18) for the energy spectrum
of elementary excitations and for the functions uy, vg. We thus find the following
result for the non-condensed fraction:

“_':/:O %ﬁ:\ﬂln<£>, (9.7)

n /L TN T emé

where § = h/,/mng is the healing length.

From Eq. (9.7) we see two important circumstances. First of all, for L — oo
one does not satisfy the condition n’ < n. So, there is no true BEC in an
infinite 1D system even at T" = 0. Second, since 7 < 1, the true BEC can be
present in a finite size system where equation (9.7) gives n’ < n.

Let us now discuss a large 1D Bose gas and use the same hydrodynamic
approach as in the 2D case at T' # 0. Writing again the field operators in the
density-phase representation according to Egs. (5.40) and (5.41), substituting
them into the non-linear Schroedinger equation (3.4), and thus obtaining equa-
tions (8.12) and (8.13), we then assume small fluctuations of the density and
write 7 = n + dn. Shifting the phase by —ut/h and linearizing Eqgs. (8.12) and
(8.13) with respect to 67 and VQAS around the stationary solution n = n, VQAS =0
leads to Eq. (8.14) for the mean density n and to Eqgs. (8.17) and (8.18) for dn
and ¢. We then consider a uniform infinite 1D Bose gas and obtain the condi-
tions under which the density fluctuations are small. Dividing the fluctuations
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into the low-energy (phonon) and high-energy (free-particle) parts we calcu-
late the density-density correlation function at equal times due to low-energy
fluctuations of the density,

<5ﬁ(z)5ﬁ(0)>p:n/ d—(1+2Nk)%coskz%<L>1/2max{%,l}, (9.8)

ep<p

where the chemical potential is y = ng, and the temperature of quantum de-
generacy is defined as
p  h*n?
;% = . 9.9
d m (9:9)

Like in the 2D case at T' # 0, for the high-energy part we again estimate the
density of ”free particles”:

<\iff(o,0)\i/f(o,0)>z/ %Nan T (9.10)

ER>N 2m /MleD’

and note that the contribution of vacuum fluctuations to this quantity is neg-
ligible. So, from equations (9.8) and (9.10) we see that in order to have small
fluctuations of the density we should satisfy the inequality

T < (TiPng)Y? ~ AT, (9.11)

Note that the condition u = ng < TiP is automatically satisfied at v << 1. We
have ng/TiP = v < 1.

We thus obtain that in 1D it is not sufficient to have T < T}” in order to
get small density fluctuations. One should have the inequality (9.11) which is
much stronger. Let us understand what this means and calculate the one-body
density matrix at equal times, g1 (z) = (¥f(z,0)¥(0,0)), using the field operator
in the form (8.22). As well as in the 2D case, we then get

1 . .
() = nexp { =5 [,(2) - 4012} 912)
and the mean square fluctuations of the phase are now given by

(8(2) = ,(0)]2) = / ) Ak S (1 L 9N (1 = coskz)

o 21 By,
ml VA (|2
At T = 0 the one-body density matrix undergoes a power law decay at large
2
ﬂ/27r
91(z) = nexp —ﬂln 2] =n £ . (9.14)
2r 3 ||
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In this respect the situation is similar to that in 2D at finite temperatures,
and the phase coherence length is exponentially large compared to the healing
length;
27
lp = Eexp (\/7) . (9.15)

We can, therefore, divide the system into segments of size L such that £ <
L < Iy, and there is a true BEC inside each segment but the phases of dif-
ferent segments are not correlated to each other. So, one has the regime of a
quasicondensate in 1D at 7" = 0.

At a finite and sufficiently large temperature, but still satisfying the criterion
(9.11), omitting the contribution of vacuum fluctuations given by the second
term in the right hand side of Eq. (9.13) we obtain:

g1(2) = nexp (-%m) (9.16)

and see that the one-body density matrix decays exponentially at large dis-
tances. The phase coherence length in this case is

. h2n

¢ T
The inequality (9.11) is equivalent to ls > £. Repeating the same arguments
as in the previous paragraph we then conclude that there is a quasicondensate

at finite temperatures satisfying the condition (9.11). Note that this condition
is required for the validity of Eqgs. (9.13) and (9.16).

(9.17)

9.3 Quantum decoherent regime

At temperatures in the range T;7 > T > /7T P the gas is still quantum
degenerate, but fluctuations of the density are strong and there is no quasiBEC.
This regime is called quantum decoherent. Since for T' > |/ T1P we automati-
cally have T' > ng, the quantum decoherent Bose gas can be treated as almost
ideal. Then, assuming that the chemical potential u < 0, we have the following
expression for the one-body density matrix at equal times:

g1(z) = <@T(Z,0)@(0,0)> = ZNk exp(ikz) = /oo dk exp(tkz)
k

oo 2mexp{(Er — p)/T} — 1

mT? 2m|p]
= — . 9.18
o exp< use (9.18)

For z = 0 we have

mT?
0)=n=4)oo—.
N
This gives
T2 T2
- <T, (9.19)

M= 42z = arpp
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and the inequality |u| < T was used in the calculation of the integral in
Eq. (9.18). Using Eq. (9.19) equation (9.18) can be rewritten as

91(2) = nexp (—%) : (9.20)

and we see that the correlation function gi(z) qualitatively does not change
compared to that in the quasiBEC regime. Only the exponential factor acquires
an extra factor 2.

A qualitative difference between the quantum decoherent and quasiBEC
regimes is seen in the behavior of two-body correlation functions. Let us calcu-
late the local density correlation go = (@T@T\iﬂif}, where all field operators are
taken at equal times and equal coordinates. In the quantum decoherent regime,
using the ideal gas approach we have

1,5 5 . . 2 ot ot
92= D, Talah, kg ki) = T3 D (0,00 (4, 00) = 0% (9:21)
k1,k2,k3 k1,ka

On the other hand, in the quasiBEC regime where the density fluctuations are
suppressed, we can use the field operators in the form U = \/ﬁexp(iqg), Ut =
\/ﬁexp(—iq%). This immediately gives gz = n?, the result inherent for a Bose-
condensed gas.

The phase diagram for a finite-temperature weakly interacting 1D Bose gas
is displayed in Fig.9.2. The quasiBEC regime where the density fluctuations
are suppressed but the phase fluctuates on a long distance scale l4, is realized
at low temperatures T < /7T3P. At T ~ /7 T3P the phase coherence length
ly (9.17) becomes of the order of &, the density fluctuations become large, and
the gas continuously transforms into the quantum decoherent regime. This is
a crossover, not a phase transition. At temperatures T > T1P the decoherent
regime transforms from quantum into classical, with |u| > T (u < 0).

9.4 Trapped 1D weakly interacting Bose gas

As we already saw in the previous subsection, in a finite geometry one can have
both true and quasi condensates. We now analyze the weakly interacting 1D
Bose gas in an external harmonic potential V(2) = mw?2%/2 at zero tempera-
ture and transfer the discussion of the finite-temperature case to the problem
section. For a harmonically trapped gas, in addition to the parameter v (9.6),
one introduces a complementary dimensionless parameter

a= TZ—K;Z, (9.22)
where | = (h/mw)'/? is the harmonic oscillator length. The parameter « is the
ratio of [ to the characteristic interaction length r, = h?/mg (g > 0), i.e. the
length at which the contact interaction can appreciably change the wavefunction
of the relative motion of two particles in 1D.
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Figure 9.2: Phase diagram for a finite-temperature weakly interacting 1D Bose
gas.

Since the smallest possible size of the cloud is [, for a large number of particles
N the maximum density 1,4, > [~1. Therefore, writing a = mgl/h? = ynl
we see that for @ < 1 we always have v < 1. As the maximum density is
Nmaz ~ N/L, where L is the size of the cloud, for Naw < 1 we have

h2
N ~npee L € —, (9.23)
mgl

which is equivalent to the inequality
< i < hw (9.24)
Nmax o 7T . .
ISmeEL~

So, the mean field interaction is much smaller than than the level spacing in the
trapping potential, and we have a Gaussian density profile. This is a true BEC.
For Na > 1 we have the Thomas-Fermi regime with the density profile

22 1/2
n(z) = Nnaz <1 — E) ,

at |z| < Lyp and zero otherwise. The Thomas-Fermi size is Lpp = (2p/mw2)1/2,
with the chemical potential pt = n429. The normalization condition ffooo n(z)dz =
N gives a relation between p and the number of particles:

1= hw (%) " (9.25)

which justifies that for Na > 1 we have the condition of the Thomas-Fermi
regime, Nypazg > hw.
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We estimate the phase coherence length in this case by using £ and v at the
maximum density. This gives

2 1\"? 2w N1/3

Using Eq. (9.25) the Thomas-Fermi size can be written as Lrr ~ [(Na)/3. We
then clearly see that for o in the range 1 > a > N ! the phase coherence length
is much smaller than the size of the system, L7 . We thus have a true Thomas-
Fermi condensate. For large o we first have to check whether the criterion of the
weakly interacting regime, v < 1, is satisfied, at least at the maximum density.
We have

mg @ /3

h2nmaz - nmaa:l - N2/3.

Thus, the gas is weakly interacting only if the inequality

'Y(nmar) =

N> N, =ao? (9.27)

is satisfied. Then, rewriting the expressions for the Thomas-Fermi size and

phase coherence length as
N\ V2
LTF ~la (E)

1/ N3 N\ /3
l¢ma<N*> exp 27 (N*> ,
we obtain the ratio

1 /N \%/6 N /3
LZ—;F N3 (E) exp {271' (E) } . (9.28)
In principle, one can think of having very large @ and N, while maintaining the
ratio N/N, ~ 10. Then, according to Eq. (9.28), the phase coherence length
can be smaller than Lpp, which corresponds to the zero-temperature regime of
quasiBEC in 1D. However, for all N and a achieved so far in experiments with
weakly interacting bosonic clouds the ratio (9.28) is large, and one expects a

true BEC at T'— 0. The phase diagram for the trapped 1D weakly interacting
Bose gas at T = 0 is shown in Fig.9.3.

and

Problems 9

9.1 Calculate the one-body density matrix for a finite-temperature 1D Bose-
condensed gas in a harmonic potential V(r) = mw?2?/2 in the Thomas-Fermi
regime. Find conditionms under which it is a true condensate.
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Figure 9.3: Phase diagram for a trapped weakly interacting 1D Bose gas at
T =0.

The Thomas-Fermi density profile of the trapped gas at sufficiently low temper-

atures is
22 1/2
n(z) = Nmaz <1 — 2—)
L7k

at |z| < Ly and zero otherwise, with the Thomas-Fermi size Lrp = (21/mw?)'/?
and the chemical potential p = n,,4,g.Irrespective of whether one has a true or
quasiBEC, the wavefunctions and energies of elementary excitations follow from
the Bogoliubov-de Gennes equations (5.7) and (5.8). In the case of quasiBEC
we should only replace 1| by \/n(z). Writing Eqgs. (5.7) and (5.8) in terms of
the functions fF = u, +v, we will have a one-dimensional version of equations
(5.55) and (5.56):

h2 d2
2 d?
(“gaz +VE #30E =) fy = ki (030
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Using the Gross-Pitaevskii equation (8.14) for the mean density n(z) we rewrite
Egs. (5.55) and (5.56) in the form:

h? d? h? d*\/n(z) .
<_%@ M 2my/n(z) d2? ) L=l (9.31)
h* d? R? d?\/n(z)
“md?  ami/n(e) d2?

Considering low-energy excitations (¢, < p) we can omit two first terms
in the left hand side of Eq. (9.32) since away from the Thomas-Fermi boarder
of the cloud they are small as (Aw/u)? compared to the third term. Then,
substituting f, from Eq. (9.31) into Eq. (9.32) we obtain an equation for the
function f,F which is responsible for the phase fluctuations:

h2 2 d? f+ 2 d? 2
“A <1— z ) f;’ - 1—22— T z +efF=0. (9.33)
m L, ) dz LY dz L%

The solution reads:

. 1/2
A 1— P —, 9.34
/i { e Lrr Lip "\ Lrr 934
where the quantum number j is an integer, and P; are Legendre polynomials.
This solution is obtained by turning to the variable y = 22/L2 .. and introducing

the function W, = f,f //T —y. Then Eq. (9.33) is reduced to a hypergeometri-
cal equation

+ 2n<z)g> fr=eafl. (9.32)

d*w, 1 3 \dw, 1 é

1-— ———y | — +==5=W, = .

y(1 =) dz? (2 23/) dz + 2h2w2W 0 (9.35)
which has two linearly independent solutions that are analytical in \/y at y = 0.
The first one is

WI/ = F(av /87 v, y)7 (936)

where F' is the hypergeometrical function, and

atf=ry=1/2, (9.37)
2
af = —% (%) . (9.38)

The hypergeometrical series for the function (9.36) is convergent at y = 1 (|z| =
Lyp) only if either o or 3 is a negative integer (see arguments in the problem
5.1). So, we have a = —g and § = 1/2+ g or vice versa, with ¢ being a positive
integer. This leads to

1 1
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The other solution of Eq. (9.35) is
WV:F(O[_’Y+17/B_’Y+]—72_77:U)7 (940)

with the same relations (9.37) and (9.38) for «, 3,. Since the hypergeometrical
series for the function (9.40) is convergent at y = 1 if a« +1/2 0or 4+ 1/2 is a
negative integer, this function becomes

3 3
Wl/ =F <_Qaq + 57 57?-/) X P2q+1(\/§)' (941)

So, equations (9.39) and (9.41) together yield W, o P;(\/y), with j being a

positive integer. Including the normalization factor this leads to Eq. (9.34),
where we changed the subscript v to j. Equation (9.38) leads to the spectrum

e; = hw /GG +1)/2. (9.42)

Let us now calculate the one-body density matrix at equal times. According
to Eq. (9.12) we have

71(2) = (01 (2, 008(0.0)) = nexp { - (6(:) ~ G012 }.

For the mean square fluctuations, using Egs. (8.18) and (9.34) we obtain

<[¢3(z)—¢3(0)}2>=z(j+1/2) il {PJ( z )—Pj(mr. (9.43)

Lrr  Nmaz€j Lrp

There is an upper bound for the summation over j in Eq. (9.43), equal to ~ p.
For |z| > &, excitations with energies much smaller than p are just the ones that
give the main contribution to the sum and are described by equations (9.34)
and (9.42). The summation gives

([(2) - B(O)]2) = —ri—1n E - Hﬁ;ﬂ ,

3T} Phw
where the temperature of quantum degeneracy for the trapped 1D Bose gas is
T}P = Nhw. We thus see that there is a characteristic temperature

(9.44)

h
T, = T;DF“’ < TIP (9.45)

which separates the true and quasiBEC states. For T > Ty the phase fluctua-
tions on a distance scale ~ Ly are large and one has quasiBEC. For T' <« T}
these fluctuations are small and the state is a true BEC.

9.2 Do the same as in the problem 9.1 for a 1D Bose gas in a rectangular box
(see Fig.9.4).
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Figure 9.4: 1D Bose gas in a rectangular box.

Lecture 10. Solitons in Bose-condensed gases

10.1 Bright solitons

We now continue to discuss one-dimensional Bose gases and turn to Bose-
condensed states called solitons. Our discussion will rely on the Gross-Pitaevskii
equation for the consdensate wavefunction. In view of the conclusions made in
Lecture 9 we thus consider a weakly interacting 1D Bose-condensed gas on a
length scale smaller than the phase coherence length. This is relevant at very
low temperatures, in particular at 7' = 0 where the phase coherence length is
exponentially large compared to the healing length. We will not deal with phase
coherence phenomena and omit the discussion of quantum fluctuations etc.

As we already saw, in 3D an infinite Bose-Einstein condensate of attractively
interacting particles (the coupling constant g < 0) collapses. What is the situa-
tion in 1D? Let us consider a stationary Gross-Pitaevskii equation for g < 0 in
free 1D space and assume that the condensate wavefunction ¢ is real:

h? d? 9
—%@—\QW) —p )y =0. (10.1)
Multiplying Eq. (10.1) by di/dz and integrating over dz we have:
W (AN gl 4 ps
ML (o S A 10.2
am (dz) 4 2¢ ¢ (102)

with C being the integration constant. Assuming that at a certain point, let
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say z = 0, we have dv/dz = 0, equation (10.2) gives

2 _

9l o 1 o gl 4 woa o\
- <—I¢ - §¢ +I¢ (0)+§¢ (0)> .

Placing the boundary condition ¥ (co0) = 0 and integrating this equation we find:

V1o (10.3)

v= cosh(z/€)’

where
h

Vmlglno ’
with ng = ¥?(0) being the central density.
The solution (10.3) is called bright soliton. The number of particles N in this

state and the central density ng are related to each other by the normalization
condition

= (10.4)

N :/ V2 (2)dz.
Using Eq. (10.3) it gives N = 2n(&, or

~ mlg|

no = 7 NZ, (10.5)
2h2
f —_ m. (10-6)

So, a given number of attractively interacting bosons forms the bright soli-
ton state with a maximum density no and width £ given by Egs. (10.5) and
(10.6). With increasing the number of particles, the maximum density increases,
whereas the width decreases (see Fig.10.1).

Note that equation (10.5) can be rewritten as

mlgl 4
= = — ]_. ]. .
= 120, T N2 < (10.7)

Equation (10.7) clearly shows that the bright soliton state satisfies the criterion
of the weakly interacting regime for a large number of particles N.
The energy of the bright soliton is

= n &y gl o4 mg®
E— _ _ dz = ——"_N3, 10.8
/,oo ( om’ d22 2 ) T oz (108)
This gives the chemical potential
2
mg< | o 1
=2 N2—-__ . 10.

LA Snolo| (10.9)

Why do we have such a striking difference from the 3D case? Let us compare
a 3D system which has a linear size L and with a 1D system of the same linear
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Figure 10.1: Density profile n(z) = 12(z) for the bright soliton state. A change
of colour from blue to red corresponds to an increase in the number of particles.

size. In both cases the kinetic energy is ~ h?N/mL?. However, in 3D the
interaction energy is ~ —|gsp|N?/L3, whereas in 1D it is ~ —|g|N?/L. So,
omitting numerical coefficients we can write

BN |gIN?

Eip(L) = ——5 = 75 (10.10)
R2N N2

Esp(L) = — ~ %. (10.11)

The energies F1p(L) and E3p(L) are displayed in Fig.10.2. In the 3D case
the energy decreases with decreasing L and this is the origin of collapse (the
region to the right of the shallow maximum corresponds to the case where the
level spacing in the finite size system is larger than the interaction energy per
particle, and one expects a stable BEC at a relatively small number of particles
N < L/lal, with a being the 3D scattering length). In contrast, in 1D the
energy E1p(L) has a minimum at L ~ h?/m|g|N ~ &, and it is this minimum
that corresponds to the bright soliton state.

10.2 Dynamical stability. Moving bright soliton as a particle-
like object

The bright soliton state is the ground state of the 1D Bose gas of N particles
at ¢ < 0. It is dynamically stable, which is seen from the solution of the
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Figure 10.2: Energy F of a Bose-condensed state versus the linear system size
L for the 1D and 3D cases.

Bogoliubov-de Gennes equations for the excitations. Using the Gross-Pitaevskii
equation (10.1), in analogy with Eqs. (9.31) and (9.32) we write these equations
in terms of the functions fF as

n&fr  nfS d(z)
C2m dz2  2mp(z) dz?
nd&f, K f, ()
C2m dz2  2m(z) dz?

=ef, (10.12)

=2(gl*(2)f, = eff. (10.13)

One should simply put ¥(z) instead of \/n(z) in Egs. (9.31) and (9.32) and

replace g by —|g|. The solutions of equations (10.12) and (10.13) read:

P ]2€2 — 1 + 2ik€ tanh(z/€)
L (k+1)2

k262 — 1+ 2ik€ tanh(z/€) + 2/ cosh®(2/€)

i = CEDE expikz, (10.15)

expikz, (10.14)

where we put the excitation momentum k at an infinite separation from the
soliton as the index v. The excitation spectrum is given by

= 10.16
=+ |ul (10.16)



and it has a gap equal to |u|. The derivation of equations (10.14), (10.15), and
(10.16) is transferred to the problem section.

The energy of a bright soliton decreases with the number of particles N.
So, one can think that the 1D system has a tendency to form one big soliton.
However, if one creates several moving solitons they freely pass through each
other. This property is a consequence of integrability of the system. There is an
infinite number of the integrals of motion. The potential g|t|? is reflectionless:
elementary excitations go through the soliton without reflection. Thus, the
formation of one big soliton requires lifting the integrability.

Let us now write down the solution for a moving bright soliton. Writing the
condensate wavefunction as W(z,t)exp(—iut/h) we have the time-dependent
Gross-Pitaevskii equation in the form:

ov h? 9?w

ih— =

8t _%W +g|\If|2\If—u\If. (1017)

The solution of this equation reads:

= L exp(imuvz
V= cosh[(z — vt) /€] p( /h), (10.18)

where v is the soliton velocity, and the chemical potential is given by

1 muv?
= —= —_ 10.19
" 2nog+ 5 ( )

Thus, the energy of the moving bright soliton is

mg? NP4 mNv?

E=-
24h2 2

(10.20)

So, we see that the form of the bright soliton is independent of its velocity, and
it can be viewed as a particle-like object with mass Nm.

10.3 Dark solitons

We now turn to soliton solutions of the Gross-Pitaevskii equation at g > 0.
Consider an infinite Bose-condensed gas and assume that far from the soliton
the Schroedinger-picture condensate wavefunction is ¢y = /n, where n is the
density. Assuming that 1 is real, the stationary Gross-Pitaevskii equation reads:

2 2
( LA u) ¢ =0, (10.21)

2md?

and considering this equation at an infinite separation from the soliton we see
that © = ng. Multiplying Eq. (10.21) by dv/dz and integrating over dz we find

R(AON® g p
_R<E> T TR =C
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Since ;& = ng and at an infinite separation from the soliton we have 1? = n, the
integrtation constant should be put equal to C' = —n?g/4. This gives

di 1/2
W (29) (- ). (10.22)

Integrating Eq. (10.22) we immediately obtain

1 = 4++/ntanh(z/€), (10.23)

where £ = h/,/mng is the healing length at an infinite separation from the
soliton, and we selected z = 0 as the point where the condensate wavefunction is
equal to zero. This Bose-condensed state is called dark soliton. The condensate
wavefunction (10.23) is shown in Fig.10.3. It can also be written in the density-

phase representation:
U =+/n(z)expid(z). (10.24)

Then, from equation (10.23) (with, for example, the sign +) we obtain the
density and phase of the dark soliton:

n(z) = tanh?(z/¢), (10.25)
d(z) =7(1—0(2)). (10.26)

Just the fact that the density vanishes at a certain point z = 0 has led to the
term dark soliton. The phase of the dark soliton undergoes a jump by 7 at this
point (see Fig.10.4).

10.4 Grey soliton. Particle-like object with a negative
mass

Let us now analyze moving dark solitons which obey the time-dependent Gross-
Pitaevskii equation. Writing the condensate wavefunction as ¥(z, t) exp(—iut/h)
this equation is similar to Eq. (10.17):

ih = —o——— + g|¥|?¥ — pb. (10.27)
m oz

We then assume that the function ¥ depends only on the variable z — vt, where
v is the soliton velocity and represent ¥ as /nf[(z — vt)/€]. So, we have f — 1
and df /dx = 0 for |z| = |z — vt|/§ — oo. Equation (10.27) then reduces to

cv df 1d%f 9
—_ < ) 1— 10.28
i = s =1L, (10.28)
where we took into account that
o _ v
Eng ¢’
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Figure 10.3: Condensate wavefunction for the dark soliton state.

with ¢s = 1/ng/m being the velocity of sound. Writing f = f1 + ifa, where
f1 and f5 are real, we look for the solution with fo = const. Then, equation
(10.28) leads to two equations:

d
C%% =(1-fi =)L (10.29)
1d?

B dxle +(1-fi-fh=0 (10.30)

Integrating Eq. (10.30) we find

fi=14/1— f2tanh (\/1— QZCSUfo),

and substituting this solution in Eq. (10.29) we obtain f; = v/cs. Thus, return-
ing to the variable z — vt the soliton solution is

\I/:\/ﬁ<i§+1/l—2—jtanhl(z_gvt) 1-2-21). (10.31)

The solution (10.31) is called grey soliton. In the density-phase represen-
tation where we write ¥(z,t) = y/n(z,t) exp{i¢(z,t)}, we obtain the following
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Figure 10.4: Density and phase for the dark soliton state.

density and phase profiles for the grey soliton:

n(zt) =0 =n(1- L-vted (10.32)
’ cosh?[(z — vt)\/1 —0v2/c2/€] )’ '

d(z,t) = g —arctan{ V1 —02/c2 tanh[(z — vt)\/1 — v?/c2 /f} (10.33)

These profiles are displayed in Fig.10.5 and Fig.10.6. With increasing velocity v
the density dip becomes smaller and so does the phase change A¢ = ¢(—o0) —
@(00). For v = ¢ the density dip is zero, as well as the phase change. The grey
soliton transforms into a uniform BEC state with ¥ = \/n.

So, the grey soliton exists at v < ¢s. It is a macroscopically excited Bose-
condensed state, the ground state being a uniform BEC. Using ¥ (10.31) in the

Hamiltonian 2y
H= d ——sz*— |
/ { TR =R }

we calculate the expectation value (H). Then, substracting the ground state
energy Fy = Nng/2 we obtain the energy of the grey soliton:

Mc? v 8/2
By=(H)—Ey=="=(1-2) | 10.34
=t - = (1- %) (10.34)
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Figure 10.5: Density profile for the grey soliton. A change of colour from blue
to brown corresponds to increasing the soliton velocity v.
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Figure 10.6: Phase profile for the grey soliton. A change of colour from blue to
brown corresponds to increasing the soliton velocity v.
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where the quantity
M = 4n&m (10.35)

can be identified as the soliton mass. For v < ¢ the soliton energy (10.34)
becomes
Mc2  Mwv?

3 2
Thus, the grey soliton can be viewed as a particle-like object with a negative
mass so that any friction force, if present, accelerates the soliton.

Equation (10.34) demonstrates an important kinematic property of the grey

soliton. As the soliton momentum is

0E; A
P="5 :—M<1——2> v,

B, =

(10.36)

S

the quantity —M (1—v?/c?) can be considered as a kinematic mass of the soliton.
Its modulus decreases with increasing v and it becomes easier to accelerate the
soliton by applying a friction force. This is in contrast to the case of a relativistic
particle, where the kinematic mass is increasing with v, and an infinite force is
required to accelerate the particle to the speed of light. Here, the grey soliton
can ultimately reach the velocity of sound and disappear.

However, the problem is integrable and the soliton is transparent for the ex-
citations. So, in order to provide a friction force one should lift the integrability.
In this respect, the situation is quite different from that in the case of vortices,
where the decay in the bulk is prevented by the presence of the topological
charge, circulation. The grey soliton does not have a topological charge, but
its decay in the bulk requires to lift the integrability, for example by adding an
extra non-linearity to the Gross-Pitaevskii equation.

Problems 10

10.1 Calculate the excitation spectrum and wavefunctions for a standing bright
soliton.

We first use Eq. (10.3) and rewrite the Bogoliubov-de Gennes equations (10.12)
and (10.13) in the form:

_h_QdeIj_ +n ‘ ‘ (1 _ ;
2m dz? 09I 3 cosh2(z/£)
n? &2 f (1 3
2m dz? olg] 2 cosh2(z/§)

) fF=aly.  (10.37)

)fk_ =erfi, (10.38)

where we again use the excitation momentum at an infinite separation from the
soliton, k, as the excitation quantum number v. Turning to the variable x = z/£
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and introducing a dimensionless energy ¢, we reduce Egs. (10.37) and (10.38)
to

Hofif =&y, (10.39)
H_fy = &f, (10.40)

where the operators Hy are given by

. 14 —-241 1
H =-———+—-—+-]. 10.41
* < 2dx2+cosh2x+2> ( )

We then transform Egs. (10.39) and (10.40) to two fourth order differential
equations:

(H-Hy) [ =& (10.42)
(HeHO)fy =&fi (10.43)

The operator products read:

PR 1 d* 2 1\ d? 2sinhz d 1
g, =4-% (=2 2y & 2t 2l 044
* {4 dazt (cosh2 x 2) dz?  cosh® x dx * 4} { )
PSRN 1 d* 2 1 2 sinh
H+H_:{_d_ _ 2 )4 Gsmhrd
4 dat cosh’z 2/ dax?  cosh®z dz
1 2 6sinh® x
L1 + } 10.45
(4 cosh’z  cosh*z ) ( )
Differentiatiating equation (10.42) and using Egs. (10.44), (10.45) we then ob-
tain: N N
oo df o df
H H )=k =1k, 10.46
G- SEELT (10.46)

This is the same equation as Eq. (10.43) for f, , which allows us to conclude
that we may put

fe =Cf, (10.47)
where C' is a numerical constant. Then equation (10.39) reduces to
1 d? d 1 1
e GO — — ———+ = | fiF =0. 10.48
< 2de? e Cosh2x+2> L’ ( )

For |2| — oo one should have f,j x expiqx, where ¢ = k€ is a dimensionless
momentum. We then set f," = Wy (z)expigz, where W, = const for |z — oo,
and transform equation (10.48) to an equation for the function W, :

1 d? d k? 1 1
=Y gty s e o —— YW, =0, (1049
( 2 dz? (ig+& )dx+ 2 +2 "¢ cosh2x> * o )

119



where we changed the subscript from & to ¢. Since for || — oo the function
W, = const, we should have

1 2
_ it (10.50)
2q¢q
which transforms Eq. (10.49) to
L& i(®-1)d 1
——— = -— = W, =0. 10.51
< 2 dx? 2q dx  cosh’z + ( )

Introducing a new variable y = (1 — tanhz)/2 equation (10.51) becomes a
hypergeometrical equation

d2W+ ’L(q2 — 1) dW+
1-— 1l——— -2y | — +2W, =0. 10.52
y(1—y) o +< 5 y) =g 2 ( )
The solution of this equation that is analytical at y — 0 (x — 00) is a simple
first order polynomial:

W 2y
pu— 1 _—e—_— —
- 1—i(q®?—-1)/2¢

or
_ ¢> — 1+ 2igtanhz

W, =
* (q+1)?

Accordingly, we have

¢ —1+2igtanhz

I G+ )2 expiqx, (10.53)
2 : 2
_ . qg°—1+42igtanhz +2/cosh”x .
fq =1qC Qi) / exp iqz. (10.54)

The function v, = (f;7 — f;7)/2 should tend to zero for x — oo since it
is localized in the spatial area of the soliton (for £ — £oo the density vanishes
and excitations are supposed to be single particles). This immediately gives

c=-1 (10.55)
q
Substituting this result into Eq. (10.54) and returning to the momentum & and
coordinate z equations (10.53) and (10.54) become Egs. (10.14) and (10.15).
From Egs. (10.50) and (10.55) we obtain the dispersion relation &, = (1+¢2)/2,
which in terms of the momentum k& and excitation energy € leads to equation
(10.16):

10.2 Calculate the wavefunctions of the excitations for the (standing) dark soli-
ton.
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Lecture 11. Strongly interacting 1D Bose gases

11.1 Two-particle problem in 1D. Transmission and re-
flection

In this Lecture we discuss the strongly interacting regime for 1D Bose gases,
where the condition (9.6) is not fulfilled and, moreover, we have

_ mlg|

h2n

We consider g > 0 and focus on the case of impenetrable bosons, where v — oc.
Then, instead of the usual Hamiltonian which in first quantization has the form

(1.59):
. hZ 2
= ; 2m dx 925 ~ %),

>

> 1. (11.1)

with indices 7 and j labeling particles, we consider only the kinetic energy part

- h? d?
Hig = - 11.2
K zz: 2m dx? (11.2)
and put a constraint that the wavefunction vanishes when two particles approach
each other to a zero distance (see Fig.11.1).

P

A

Figure 11.1: Behavior of the wavefunction of the 1D gas of impenetrable bosons
when two of them (i and j) approach each other.

The behavior of the wavefunction displayed in Fig.11.1 is clearly seen from
the solution of the Schroedinger equation for 2 particles interacting with each
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other via a potential gé(x). The Schroedinger equation for their relative motion
reads:

—— 3 tg8(z) = EY. (11.3)
Integrating equation (11.3) over dz from = — 3 to z 4+ 8 (8 — 0) we obtain:
limg_.o[¢)'(8) — ¢'(=B)] = %w(oy (11.4)

Considering E > 0 we actually have the scattering problem, where an inci-
dent particle with mass m/2 and momentum k = vmE/h is reflected (trans-
mitted) by the potential gd(z) (see Fig.11.2).

e ikx De

—_— >

Re—ikx
\o A
\ X

d(x)

Figure 11.2: Reflection/transmission of a particle by the potential 6(z).

For z < 0 we have the incident and reflected waves, and for z > 0 the
transmitted wave:

1 = exp(ikx) + Rexp(—ikx), x <0, (11.5)
¥ = Dexp(ikz), x>0, (11.6)
with |D|? and |R|? being the transmission and reflection coefficients satisfying

the relation |D|? + |R|? = 1. Since ¢ is continuous at z = 0, we should have
D =1+ R. Then, from Eqgs.(11.4), (11.5) and (11.6) we obtain:

2k
D=—"7""—/— 11.
2k +img/h?’ (11.7)
img/h?
=9 11.
A= T img 2 (11.8)

We thus see that for ¢ — oo the transmission coefficient |D|? — 0 and |R|? — 1.
Bosons do not go through each other, which is the origin of the term ”impene-
trable bosons”. We also see that

Y —0 for x—0 if g— o0 (11.9)
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11.2 Many-body wavefunction and energy

The results of the previous section have very important consequencies. Consider
two impenetrable bosons in a large box (see Fig.11.3). One can not satisfy the
condition (11.9) putting both bosons in the ground state (labeled 0). The lowest
energy of the pair is achieved when one of the impenetrable bosons is in the
state 0 and the other one in the first excited state labeled 1. The corresponding
wavefunction is

Y(z1,22) = [to(z1)1(22) — Yo (w2)Y1(21)],s (11.10)

where 1o and 17 are the single-particle eigenfunctions of the states 0 and 1.
The wavefunction v (11.10) is symmetrical with respect to interchanging the
bosons and is tending to zero for z; — xo.

Figure 11.3: Two impenetrable bosons (red balls) in a large box.

In analogy with Eq. (11.10), considering N impenetrable bosons one can
write their wavefunction as a modulus of the Slater determinant:

vo(z1)  ri(ze) ... Yn—i(zwn)
Yo(r2)  Yr(ws) ... Pn-1(m1)
Y(x1,x9,...xN5) = Abs . . . (11.11)

¢0(9.UN) 1/)1(;1”1) ¢N71(.$N71)

Note that for N free fermions the wavefunction is just the Slater determinant.
So, |1|? is the same and in this sense an infinite repulsion plays a role of the Pauli
principle. All thermodynamic quantities are the same since they are determined
by |¢|>. The same statement holds for the energy spectrum.

Let us calculate the energy at T = 0. Free N fermions occupy the lowest N
single-particle eigenstates. These are the states with momenta from k = 0 to

k = kp and from k = 0 to k = —kp, where kp is called the Fermi momentum
and is determined by the relation
kr
/ %L =N,
—kp 21

where L is the length of the box. Thus, kp = 7N/L = mn, and the corresponding
eigenenergy Er = h?k%/2m is called Fermi energy (see Fig.11.4).
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Figure 11.4: Distribution of impenetrable bosons (free fermions) over the energy
states in a large box at T =0

The total energy of the 1D gas of free fermions (impenetrable bosons) is
given by

kr h2k2 Ldk h2k3 h2 2 N3
E:/ SR ) R (11.12)
ke 2m 2T 6mm 6m L
The energy per particle, or chemical potential is
O0FE  R’m?n?
H= o = = Ep. (11.13)

11.3 Excitation spectrum

We now discuss the excitation spectrum of 1D impenetrable bosons relying on
its analogy with the spectrum of free fermions. Consider T = 0 and put a
particle out of the filled energy space in Fig.11.4 (filled momentum space in
Fig.11.5) outside this space. Let say, put a particle with momentum kg — g to
the state with momentum kr + k (g, k > 0, see Fig.11.5). Then the energy of
the formed particle-hole pair is

[(kr +k)* = (kr — 9)]. (11.14)

2
= 2m
For k, ¢ < kr we then get

e =hvp(k+q) = hvpp, p<kp, (11.15)
where vp = hkp/m is the Fermi velocity. So, for small p the excitations are

phonons and the ”speed of sound” is the Fermi velocity vp.
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- 0
ke kg

Figure 11.5: Creation of a particle-hole pair in the momentum distribution of
free fermions at 7' = 0

For k, g comparable with kr the situation changes. Putting k = p — ¢ in
Eq. (11.14) we have:

: 2krp+ (p—q)° — ¢°].  (11.16)

€pq =

2 h
— | (k —q)? — (kr — )% = —
5 (ke +p—0)° = (ke —0)°] = 5
As we see, the excitation energy also depends on ¢, and for this reason we write
€ with the subscript pq. Note that 0 < g < 2k and for p = 2kp we have
0 < €pq < 4EFr. The energy spectrum is shown in Fig.11.6.

€pq
A

4E,

Figure 11.6: Excitation spectrum of 1D impenetrable bosons. Depending on
the value of ¢ the excitation energy can take any value in between the blue and
brown curves.

11.4 Hydrodynamic equations. One-body density matrix

Since the low-energy excitations are phonons, the 1D gas of impenetrable bosons
should obey hydrodynamic equations. In order to see this, we consider a general
case of finite g > 0 and go back to equations (8.12) and (8.13) for the density and
pghase operators. Assuming that at least on a long distance scale fluctuations of
the phase gradient and density are small, we will only keep terms that are linear
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in 07 and V¢. Then, we put V2 = /n in the right hand side of Eq. (8.12),
where n is the mean density. In the left hand side of this equation we put
Vi = 6n/2y/n. In the right hand side of Eq. (8.13) we omit the first term
which is quadratic in V¢. Multiplying both sides of this equation by (v/7)™*!
and comparing the right hand side with that of Eq. (8.14) we then notice that
it can be written as p(n). The corresponding therm that is linear in i is
(Op/On)dn. For the uniform case, we thus obtain the continuity and Euler
equations in the form:

0on hn o -
9  1ou

which allows us to consider the limit g — oco. R
Differentiating Eq. (11.17) with respect to t and substituting d¢/d¢ from
Eq. (11.18) we obtain:

9%6n
022"’

0267 B ﬁ@_ﬂ@%ﬁ
At2  mon 022

=0 (11.19)
where we used Eq. (11.13) for the chemical potential of a uniform gas of impene-
trable bosons. Equation (11.19) immediately gives the energy spectrum (11.15):
€r = hvpk, and quantization relations for én and ¢:

A E\ Y2 . ’ )
on = Zk: <7T_L> exp(ikz — iext/h)by + h.c. (11.20)
; T\ 1/2 .
¢ = (1) Z (k—L) exp(ikz — iegt/h)by + h.c. (11.21)

k

We can now calculate the long-distance form of the one-body density matrix
assuming that fluctuations of the density are small on a large distance scale
and writing the field operator in the form (8.22): ¥ = /mexp(ig,). Like in
previous lectures, the subscript p means that we have to restrict the summa-
tion in Eq. (11.21) only to the phonon part of the excitation spectrum. For
impenetrable bosons this is equivalent to putting a high-momentum cut-off
kmaz ~ krp ~ 1/n. For the mean square fluctuations of the phase we then
have:

k ;
- A mae 2m(1 — coskz) dk _
(60(2:0) = dy0,07) = [ ZEZED R ), o,

k
(11.22)
This gives the long-distance form of the one-body density matrix at equal times:

—Kkmax

71(2) = (7 (2. 008(0.0)) = nexp { -5 [6,(.0) = 0.0 | x

(11.23)
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Accordingly, the momentum distribution of impenetrable bosons is

e . 1
n(p) = / g1(z) expipzdz o« —— Ip| < pr. (11.24)

o Vol

This is very different from the Fermi-step n(p) of free fermions (see Fig.11.7).
We thus conclude that although the thermodynamic quantities and excitation
spectrum of impenetrable bosons are the same as those of free fermions, the
correlation properties are quite different.

n(p) n(p)

A A

impenetrable bosons

free fermions

P, P p, P

Figure 11.7: Momentum distribution of impenetrable bosons and free fermions.

Problems 11

11.1 Consider a 1D gas of impenetrable bosons in a harmonic potential V' (z) =
mw?22/2. Calculate the excitation spectrum and wavefunctions assuming the
Thomas-Fermi regime.

The density profile in the Thomas-Fermi regime follows from the local density

approximation:

mw2z2

5 + p(n(z)) = p. (11.25)
In this approximation in every small piece of the system one has a local value
of the chemical potential determined from the relation for a uniform system
at density equal to the density in a given piece. For the case of impenetrable
bosons we have p = 72h?n?/2m and Eq. (11.25) yields

n(z) = n(0)(1 — 22/ L2 )/? (11.26)

for |z| < Lrp and zero otherwise. The Thomas-Ferm size of the sample is given
by Lrp = (2p/mw?)'/2.
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The continuity and Euler equations are obtained in the same way as equa-
tions (11.17) and (11.18), but taking into account that now the mean density is
coordinate-dependent. This gives

26h  h .
==V (n(=)V4), (11.27)
an Lop .

Again, differentiating Eq. (11.27) with respect to ¢ and substituting 8@3/(‘% from

Eq. (11.28) we obtain
%60 w2h? gn(z)g
o2 m? 0z 0z

Writing quatization relations for the density and phase fluctuations in the form:

on = ZA fi(2) exp(—iejt/h)b; + h.c. (11.30)

n(z)on. (11.29)

=(—1 ZB i (2) exp(—ie;t/h)b; + h.c. (11.31)

where ¢; are eigenmode energies and f;(z) eigenfunctions, and using n(z) (11.26)
we transform equation (11.29) into

d 2 1/2 d 2 1/2
02 (0)— (1 - Z—) = (1 - Z—) fi+w2f; =0, (11.32)

dz L2, dz L2,
with w; = ¢;/h. Introducing a new variable 7 = arcsin(z/Lrp) we reduce
Eq. (11.32) to
d* f;
-7+ —f] =0 (11.33)
and obtain odd and even solutions;
f; = sin (%T) : (11.34)
f; = cos (ﬂf) . (11.35)
w
Since
df; 1 df;

dz 1o 22/L% . dr
and it should be finite at the Thomas-Fermi boarder where 2 = £Lyp and 7 =
+m/2, the derivative df;/dr should be zero for this value of 7. This immediately

gives the spectrum
wj = wj, (11.36)

with j being a positive integer, and the eigenfunctions (11.34) and (11.35) be-
come

fj =sin(jarcsinz/Lyp), j odd (11.37)
fj =cos(jarcsinz/Lrp). j even (11.38)
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Lecture 12. Rapidly rotating Bose gases

12.1 Single-particle problem for a rapidly rotating har-
monically trapped atom

In this Lecture which is the last one in the part of Bose-condensed gases, we
discuss rapidly rotating bosons. It will be shown that in some sense this problem
also belongs to the class of one-dimensional problems.

Let us consider a Bose gas confined to two dimensions, z and y, and rotating
with frequency €2 around the z axis in an external (shallow) harmonic potential
V(r) = mw?r?/2 (r? = 22 + y?). We first discuss the single-particle problem.
The corresponding Hamiltonian reads:

mw2r2

2
m

where the operator of orbital angular momentum is

A 0 0
L,=ily——z=—. 12.2
! (y ox x@y) (12.2)
We certainly consider 2 < w, otherwise the centrifugal force exceeds the restor-
ing force and the sample disintegrates.
The Hamiltonian (12.1) can be reduced to the form:

R h2 mr?
HY = ——(V, —iA)? + (w? - Q%) — 12.3
o (Ve — AP+ (@~ ) (12.3
where A = mQ(z x r)/h with z being a unit vector in the z direction. Equation
(12.3) is identical to the Hamiltonian of a particle with a unit charge in a uniform
magnetic field (2m2/h)z and confined in a harmonic potential m(w? —Q?)r? /2.
A common eigenbasis of L, and H() is (without a normalization coefficient):

VAN A r’
®(r) = exp (ﬁ) (%—i_lﬁ_y) <%—26—y> exp <—l—2>, (12.4)

where I = (h/mw)'/? is the (initial) harmonic oscillator length, and j, k are
non-negative integers. The corresponding eigenenergies are given by

Eji = hw + hw — Q)j + h(w + Q)k. (12.5)

Let us consider w very close to  so that dw = (w — Q) < Q. Then, for
dw = 0 we have zero remaining confinement (put infinite walls at a large distance
in order to prevent the disintegration of the cloud), which corresponds to a free
charged particle in a uniform magnetic field and the well-known structure of
Landau levels (see Fig.12.1):

Ej, = hQ(2k + 1). (12.6)
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0w=w—-Q >0 (dw<<Q)

k=2
k=2
o LLL
LLL
7 } i
j=1
k=0 b o k=0 =0

Figure 12.1: Structure of Landau levels for rotating trapped atom for Q = w
and for Q <w (dw = (w— Q) K Q).

The distance between the lowest Landau levels is 2A£2. In the lowest Landau
level (LLL, k = 0), the wavefunction of a particle is

2

() = F(z)exp (—g) , (12.7)

where z = x 41y, and f is any analytic function of z so that the LLL is infinitely
degenerate.
If w > Q, then each Landau level has sublevels (dw < Q) and

Eji, = hw + h(Q + w)k + héw. (12.8)

So, the LLL is no longer degenerate (see Fig.12.1). For each j the wavefunction
has the form (12.7) with

/gl
The quantity 27 is equal to r7 exp(ij¢), where ¢ is the asimuthal angle. So, the
quantum number j is the orbital angular momentum of the eigenstate.

fi(2) (12.9)

12.2 Rapidly rotating Bose-Einstein condensate

Let us now consider a rapidly rotating Bose-Einstein condensate at T = 0,
assuming that dw <  and the interaction energy per particle is ng < hQ.
We then can say that there is a Bose-Einstein condensate in the lowest Landau
level. The condensate wavefunction has to be of the form

Yo = Vif(z) exp (—g) , (12.10)
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where again z = x+1iy, and to zero order we do not distinguish between the total
density n and the condensate density. The Gross-Pitaevskii equation reads:

{_

h2
At m“; " ino <y3 . lﬁ) +ngly? — u} Yo =0, (12.11)

or dy

and substituting 1o (12.10) we reduce it to

exp (

;;2) [h&uzdi +ngf(z)f*(z)exp (—;—2) — ,&] f(z) =0, (12.12)

where Z = ¢ — 1y, and i1 = p — hw. We can now write

= chfj(z), (12.13)

where f;(z) are given by Eq. (12.9). Then, multiplying Eq. (12.12) by ¢; =
fa(Z) exp(—r?/21?), where ¢ is a non-negative integer, and integrating over d*r
we obtain:

héw+/q(q = 1) Cq—1 — jiCq

ngz

J1,72,9

C, C; C*
—Jl ENER (G g+ 1)27 727 T (G + DT (G2 + 1)0(g + DI (1 + j2 — g 4

This is a 1D equation. It gives the coeflicients C;, which provides the wavefunc-
tion of the problem following from equations (12.10) and (12.13). Thus, in the
space of orbital angular momenta the LLL problem becomes one-dimensional.
However, being based on the solution of Eq. (12.14) it is a difficult problem,
and in the next section we show a more convinient approach.

12.3 Projected Gross-Pitaevskii equation. Vortex lattice

The more convinient approach assumes that one first of all projects the mean
field equation (12.12) onto the LLL. The projection operator has the form:

- 1
pP= 7 exp(zz' — 2'7'/2), (12.15)

where we now use the coordinates z, z in units of /, which is equivalent to putting
[ = 1. The action of P on a certain function 1 reads:

7) = i/1#(2’,2’) exp(zz' — 2'2'/2) dz'd?, (12.16)
T

and it projects the function v onto the LLL. Acting with the operator P on
Eq. (12.12) we obtain:

héw

”g/f2 #)exp(zz — 22'7) d2'dZ — juf (z) = 0. (12.17)
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The easyest case is the one with dw = 0, i.e. in the absence of remaining
trapping. Then the solution of Eq. (12.17) gives a vortex lattice described by
the wavefunction

o = 0(2) exp(2%/2 — 22/2), (12.18)

where 6(z) is the Jacobi @-function which for a square lattice is given by

oo

0(z) = > (1) exp(—m(j +1/2)* +iv/m(2j + 1)z. (12.19)

j=—00

Actually, the ground state is a triangular lattice, with a somewhat more com-
plicated expression for 6(z).

The mean-field approach for describing the vortex lattice is valid if the num-
ber of vortices is much smaller than the number of particles. The period of the
vortex lattice and the size of the vortex core are of the order of [. Hence, the
number of vortices is N, ~ A/I?, where A is the suerface area. The number of
particles is N ~ nA. So, the condition N, < N takes the form

nl® > 1. (12.20)

Problems 12

12.1 Consider a 2D Bose-condensed gas trapped in a harmonic potential with
frequency w and rotating with frequency 2 such that dw = (w—Q) < Q. Find a
condition under which the ground state is a condensate without vortices. Obtain
a quantum transition to the state with one vortex and identify the order of the
transition.

For the state without vortices we have fo(z) = 1/+/m, where the subscript of f
indicates the number of vortices and the harmonic oscillator length [ is again
put equal to unity. From Eq. (12.17) we then find the chemical potential

- ng

Ho =75

(12.21)
where n is the mean density equal to the number of particles N once [ is set
equal to unity. This corresponds to the energy

N2%g
E=—. 12.22
p (12.22)
For the state with one vortex we have f1(z) = z//7, and equation (12.17)
yields
. n
fin = how + ﬁ, (12.23)
which leads to the energy
N2
By = howN + —2. (12.24)
8m
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The state without vortices remains the ground state when Ey < E1, or

ng
how < == 12.25
w< oo (12.25)

At the point where

29— how, (12.26)
8w

one has a quantum phase transition to the state with one vortex. The chemical
potential undergoes a jump at this point (see Fig.12.2):

fir — jip = —héw. (12.27)

The quantum phase transition, i.e. the transition at 7' = 0 under a change of
one of the parameters of the system (for example, ¢ in our particular case), at
which the chemical potential has a jump is called first order quantum transition.

E,

g* 9

Figure 12.2: Energy of a rapidly rotating trapped Bose gas, E, versus the
coupling constant g for the BEC state without vortices and for the one-vortex
BEC in the lowest Landau level. The red ball shows the point of quantum
transition between these states, which occurs at the coupling constant following
from Eq. (12.26).
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Abstract

This is the second part of our lecturing course on ultracold quantum
gases. It discusses ultracold degenerate gases of fermionic atoms and is
focused on the role of interactions and on superfluidity. After creating
quantum degenerate atomic Fermi gases, experiments have reached the
so-called strongly interacting regime bringing analigies with neutron stars
and high temperature superconductivity. Therefore, aside from an Intro-
duction to the theory of degenerate fermions, the lecturing course includes
several modern developments in this domain.
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Lecture 1. Key quantities. Elastic and inelastic
interaction between atoms

1.1 Length and energy scales

Characteristic length scales for a gas of atomic fermions are the same as in the
case of bosonic atoms. They have been introduced in Part 1 of the lecturing
course in section 1.1. So, there is the thermal de Broglie wavelength Ap =
(2wh? /mT)'/?, where m is the atom mass, and T the gas temperature, and this
length scale is inversly proportional to the thermal wavevector of atoms, kr.
Then, there is a characteristic radius of interaction between atoms, R.. The
wavefunction of the atoms is influenced by the interaction only at interatomic
distances of the order of or smaller than R., and at much larger distances their
motion is free. The third length scale is the mean interatomic separation, n~1/3,
with n being the gas density.

The so-called dilute and ultracold limits have been also introduced in section
1.1 of Part 1. The dilute limit assumes that the mean interparticle distance is
much larger than the characteristic radius of interaction, i.e. n~'/3 > R, or
nR3 < 1. Note that this condition is necessary for considering the system as a
gas.

The ultracold limit relies on the condition Ar > R., i.e. it assumes that
the de Broglie wavelength of particles greatly exceeds the radius of interaction



between them. In a dilute ultracold gas we usually consider only pair interac-
tions and collisions between the particles. The inequality Apr > R, provides
the dominant role of s-wave collisions, that is the collisions with zero orbital
angular momentum. However, for identical fermions the s-wave scattering is
not possible because the wavefunction of the relative motion should change sign
under permutation of the fermions. Thus, only the scattering with odd orbital
angular momenta is allowed, and the leading channel is the p-wave scattering,
i.e. the scattering with orbital angular momentum [ = 1. We will see that this
leads to a crucial difference of fermions from bosons with respect to collisional
properties.

As well as in the case of bosons, we introduce the degeneracy parameter
nA%. When the de Broglie wavelength A7 is much smaller than the mean
interparticle separation n~'/% and hence nA3. < 1, then the gas is classical and
it obeys the Boltzmann statistics. In the case of nA3. > 1, which in principle can
be achieved either by decreasing the temperature or by increasing the density,
the gas becomes degenerate and quantum statistics comes into play. For fermions
this leads to the formation of Fermi sea.

Let us consider a gas of non-interacting single-component fermions in free
space (the term single-component means that all particles are in the same inter-
nal quantum state). Then the particle wavevector k is a good quantum number
and the mean occupation number of the state with a given k is governed by the

Fermi distribution: 1

" op{(Be —p)/TI+ 1

where p is the chemical potential, and Ej, = h?k?/2m is the single particle
kinetic energy. The dependence of the chemical potential on 7" and n follows
from the normalization condition:

3
N:zk:Nk:/NkédT)];, (1.2)

with IV being the total number of particles, and V' the volume of the system.
For T' = 0 one has to have p > 0 and

(1.1)

N =0; for Ey, > po,
N =1; for By < Ho- (13)

In other words, N identical fermions in the ground state occupy IV lowest quan-
tum states, so that there is one fermion in each such state. This is clear from
the idea of Fermi statistics, where due to the Pauli principle there is not more
than one fermion in a given quantum state. Then, equation (1.2) at 7' = 0 takes

the form: . , ;
F_Anksdk Vk

N _ e 1.4

/0 v &3 672’ (14)

where the quantities h%k2 /2m = po = Er and hkp are called Fermi energy and
Fermi momentum.



The zero-temperature distribution function N has a stepwise behavior and
is shown in black in Fig 1.1. At a finite T such that T < Ep, the mean
occupation number N is smaller than 1 at £k < kg, and there are occupied
states (N > 0) at k > kp. The corresponding distribution function is given by
the blue curve in Fig. 1.1.

Ny

A

|

kp k

Figure 1.1: The distribution function Ny as a function of the fermion momentum
k at zero temperature (in black) and at a finite temperature ' < Er (in blue).

From Eq. (1.4) we obtain the Fermi momentum as a function of the density
at T' = 0:

2N 1/3
hkp = b (67TV ) = h(67%n)Y/3. (1.5)

Accordingly, for the Fermi energy we have:

6r2)2/3 R2p2/3
Ep = % s (1.6)

The de Broglie wavelength of particles with energies ~ Er is

1/2 1/3
AF = 27Th2 = 7’),_1/3 i / . (17)

So, we have nA%. ~ 1, which is obvious as the Fermi energy is of the order of the
temperature of quantum degeneracy. At T' < Er the Fermi gas is degenerate




and for this reason the distribution function displayed in Fig. 1.1 is drastically
different from that for the classical gas. It is called the Fermi sea.

We thus see that without interactions there are two energy scales in the
Fermi gas, temperature 1" and Fermi energy Er. The first quantum degenerate
Fermi gas has been obtained at JILA in 1998 (D. Jin, °K), and presently tens
of labs all over the world are working with degenerate fermions. As well as
ultracold bosonic atoms, they are created by evaporative and optical cooling
in magnetic and optical traps as discussed in the course of J.T.M. Walraven.
Ongoing experiments are commonly dealing with temperatures from 100 nK to
1 pK and densities ranging from 102 to 10'* cm™3. The number of fermionic
atoms is usually in the range from 10* to 107.

1.2 Interaction between identical fermions

The third energy scale is established by the interaction between particles. In the
dilute limit where the condition nR? < 1 is satisfied, the total interaction energy
in the system is the sum of all pair interactions, Ejns = (N?/2)¢€int, where N > 1
is the number of particles, N2 /2 is the number of pairs, and €, is the interaction
energy for a pair of atoms. Two important circumstances should be mentioned
at this point. First of all, we consider here elastic interaction between particles,
i.e. the interaction which does not change their internal states. Second, we
assume the regime of weak interactions, where the interaction between particles
can be taken into account in a sort of many-body perturbative approach. The
related criterion will be discussed later in this Lecture.

The quantity €;,: has been calculated in section 1.2 of Part 1 of the course.
Tt is expressed through the phase shift (amplitude) of scattering of two particles
with relative wavevector k£ and orbital angular momentum /. The derivation in
section 1.2 of Part 1 is given for the s-wave scattering (I = 0), but it remains
exactly the same for [ # 0. So, for given values of k£ and [ we have:

e L (1.9

v m

where 0;(k) is the scattering phase shift for the orbital angular momentum
I, and the symbol () stands for the average over the momentum distribution
of particles. Note that equation (1.8) does not take into account correlations
between particles and for momentum-dependent g; a special care should be
taken in this respect.

The scattering phase shift follows from the condition that in the limit of
interatomic separations 7 — oo the wavefunction of the relative motion of two
atoms with orbital angular momentum [ takes the form

sin(kr — wl/2 4 6;)

Yi(r) ~ o :

The calculation of §; relies on the knowledge of the potential of interaction
between the atoms, U(r). This is done in Problem 1.1 to this lecture. The



interaction potential U(r) for the atoms has a Van der Waals long-range tail,
i.e. it decays at large distances as 1/7®. In this case, for identical fermions the
leading interaction (scattering) channel is the p-wave scattering and away from
resonances the corresponding phase shift is

(kb)®

01(k) = — 3 (1.9)

where b is a characteristic distance which depends on the shape of U(r), and we
assume the inequality k|b| < 1.

For small k the p-wave scattering phase shift is much smaller than the phase
shift for the s-wave scattering. The latter is given by g = —ka, where a is
the so-called scattering length. This is because for [ = 1 the centrifugal barrier
reduces the probability for particles to approach each other at short distances
where the potential U (r) provides an efficient scattering (see Problem 1.1 to this
lecture).

In the case of identical fermions, using equations (1.8) and (1.9) we obtain

g(k) = ——(k*v*). (1.10)

The total interaction energy then becomes

N? Amh?b3 5, N?
Eint = W(Q(k» = 3V (k >77 (1.11)
and the interaction energy per particle is given by
8l;int
= 1.12
St~ nfg(h), (112)

assuming that (g(k)) is independent of the density. Note, however, that the
presence of this dependence only changes the numerical coefficient.

At T <« Ef characteristic momenta of fermions are of the order of hkg
and from Egs. (1.10) and (1.12) we find the interaction energy per particle
n(g(k)) ~ Er(nb®). In the opposite limit of a classical Fermi gas, T > Ep,
where characteristic particle momenta are of the order of the thermal momentum
hkp = h(mT/h?)Y/?, we obtain n(g(k)) ~ T(nb®). The atomic distance |b| is
generally of the order of R., and hence in the dilute limit we have the inequality
n|b]?> < 1. We thus see that at both low and high temperatures the interaction
energy is smaller than the kinetic energy of particles by a factor of n|b3. At
realistic densities n ~ 10'? —10'* cm ™3 this factor is ranging from 10~° to 10—
(away from p-wave resonances) and therefore the interaction between identical
fermions is usually omitted.

1.3 Elastic and inelastic collisions

The characteristic distance b is directly related to all parameters of elastic p-
wave scattering. The two-body scattering problem has been discussed in detail



in section 1.3 of Part 1 of the course. This problem is equivalent to the scatter-
ing of a particle with mass m/2 from a force center, due to the particle-center
interaction via the potential U(r). As a result of the interaction, an incident
particle moving along the axis z with momentum k is scattered on an angle 6
and acquires the momentum k’ (see section 1.3 of Part 1). For elastic scattering
we have |k’| = |k|. At an infinite separation from the center the particle wave-
function is a superposition of the incident plane wave and scattered spherical

wave:
¥ = exp(ikz) + %9) exp(tkr), (1.13)
where f(0) is called the scattering amplitude. The probability a(k) for the
scattered wave to pass through the surface of a sphere of radius r per unit time
is equal to the intensity of the scattered wave |f(0)|?/r? multiplied by vr2dQ
and integrated over the solid angle Q. Here v = 2hk/m is the velocity of the
incident particle or, returning to the two-body scattering problem, the relative
velocity of colliding atoms. We thus have a(k) = [ v|f(6)|?dS?, and this quantity
is called the rate constant of elastic collisions. The number of scattering events
per unit time and unit volume is given by @N?/2V, where @ is the rate constant
averaged over the momentum distribution of particles. The number of collisions
that a given particle experiences per unit time is an, and the quantity (an)=!
can be identified as a characteristic collisional or kinetic time 7x. The quantity
o(k) = a(k)/v = [|f(0)*dQ has a dimension of surface area and is called the
elastic cross section. The mean free path of a particle is A ~ 1/(no).
For finding the scattering amplitude f(6) one commonly expands it in Leg-

endre polynomials:
o0

£(8) = (21 + 1) fiPi(cos ),
1=0
where f; are called partial scattering amplitudes. They correspond to the scat-
tering with orbital angular momentum /. The solution of the two-body scatter-
ing problem in section 1.3 of Part 1 and in Problem 1.1 to this lecture establish
a relation between the partial scattering amplitude f; and the scattering phase
shift d;:
tan d;
k(1 —itand;)

For k|b| < 1, using Eq. (1.9) we immediately obtain the p-wave scattering
amplitude

fi=

hi= —%b(kb)? (1.14)

This amplitude is actually very small. Since the parameter b is generally of the
order of R., we have |f1| < R.. The scattering cross section is o ~ b?(kb)*
and in the ultracold limit it is at least several orders of magnitude smaller
than R2. The rate of elastic collisions is a; = o1v x k° and is generally
very slow. For realistic parameters in cold gases we have the collisional time
1K = (an)~! exceeding seconds. Therefore, elastic collisions between identical
fermions usually do not play an important role.



We now discuss inelastic collisions, i.e. collisions changing the internal states
of the colliding atoms. Consider a gas of atoms which can be in two different
internal states, the ground state A; and an excited (hyperfine) state As. Then,
binary collisions involving atoms in the state A can lead to their relaxation
transition to the ground state. One may consider, for example, the following
inelastic collisional process:

A2+A2 = A1—|—A1+2AE,

where AFE is the difference between energies of the internal states As and Aj.
Usually in cold gases AE greatly exceeds the kinetic energy of colliding atoms,
so that the final state of the pair is independent of the initial collision energy
(momentum). In this respect, inelastic collisions in cold gases can be identified
as ”deep inelastic processes”.

Inelastic collisions involving the s-wave in the incoming channel have been
discussed in section 1.4 of Part 1 of the course. For collisions of identical fermions
only odd angular momenta [ in the incoming channel are possible and usually
the p-wave (I = 1) is the most important. This makes inelastic collisions rather
slow in the dilute ultracold limit, which is already seen without any calculations.
Consider two fermions at large separations r from each other, where the inter-
action potential U(r) is no longer important. Then the wavefunction of their
relative motion is simply an antisymmetrized superposition of plane waves

Y= % [exp(ikr) — exp(—ikr)].

In the ultracold limit the inequality kR, < 1 is satisfied, and there is a large
interval of distances where R, < r < 1/k and the interaction is still not im-
portant. In this interval, expanding the exponents in powers of (kr) we obtain
¥ o (kr). So, we may say that ”cold identical fermions do not like to approach
each other”. The dependence v < k is preserved with decreasing the interatomic
separation r and making it of the order of or smaller than R.. The interaction
only changes the coordinate dependence of 1 irrespective of the value of k. The
rate of an inelastic decay process is proportional to the square of the transition
matrix element of an inelastic interaction between the initial and final states.
For deep inelastic processes, the wavefunction and energy of the final state are
practically independent of the initial momentum k. Thus, the only quantity
that depends on k is the initial wavefunction ¢, which immediately shows that
the inelastic rate is ay, o k2.

This conclusion is confirmed by calculations in Problem 1.2 to this lecture.
In general, the rate of inelastic processes depends on the shape of the interaction
potential U(r) and on the interaction providing inelastic transitions. In order
to obtain the dependence of the inelastic rate on the relative momentum k& of
colliding atoms we simplified the problem and assumed that the internal states
of the atoms are completely changed once the interatomic distance reaches a
certain value rg. At the same time it is assumed that inelastic transitions do
not occur at r > rg. This is equivalent to putting a perfectly absorbing wall



at r = rg, so that there is only an incoming spherical flux at this point (see
Problem 1 to this Lecture).

As the rate of inelastic collisions between identical fermions is proportional
to k2, it is usually not very important in ultracold gases.

1.4 Two-component Fermi gas. Weakly interacting regime.

The situation with interparticle interaction drastically changes in a two-component
Fermi gas, i.e. when fermionic atoms in two different internal states are present.
The interaction between fermions of different components originates from their
s-wave scattering. The phase shift for the s-wave scattering is given by dp = —ka
assuming that k|a| < 1, where the quantity a is called the scattering length and
it depends on the shape of the potential U(r) (see section 1.2 of Part 1). The
s-wave scattering amplitude is fo = —a as follows from equation (1.37) in Part

1 at kla] < 1 and Problem 1.1 to this lecture. Accordingly, the contribution of
the intercomponent interaction to the interaction energy in the system is

0o _ drh’a

B0 —
int mV

N1 Ny, (1.15)
where the first multiple is the interaction energy for an atomic pair consisting
of fermions in different internal states, and the second multiple represents the
number of such pairs, with V7 and N3 being the number of particles in the first
and second component.

Let us now assume that Ny = No = N and compare the energy of the inter-
component interaction (1.15) with the energy of interaction between fermions
in the same internal state (intracomponent interaction). The latter originates
from the p-wave scattering and follows from Eq. (1.11):

1 4Th?b?

int — 3ImV <k2>N2a (116)

where N2 appears as (NZ/2+ N3 /2) for Ny = Ny = N. On the other hand, for
N; = Ny = N equation (1.15) gives

47h2a
E% = N2 1.17
nt mV ( )

Generally, we have |a| ~ |b] ~ R, and in the ultracold dilute limit the ratio of
the intra- to intercomponent interaction energy is

E}
EZTM ~ (K*)R? < 1.

wnt
The intercomponent interaction leads to the interaction energy per particle

_ 4drh2a

m

ng n ~ Ep(kpa) ~ Ep(na®)'/? (1.18)



and it can no longer be omitted. Moreover, as we will see later in the course,
this interaction leads to all interesting physics in dilute Fermi gases.

Usually, the interaction between particles in quantum gases is treated within
the many-body perturbation theory. For Fermi gases this assumes that the
interaction energy per particle is much smaller than the characteristic kinetic
energy of particles. In the case of quantum degenerate fermions, the latter is
~ Ep. Then, from Eq. (1.18) we immediately find the condition of such weakly
interacting regime:

krla) <1 — (n|a®)Y?® < 1. (1.19)

This condition should be certainly completed by the criterion of the dilute limit,
nR3 < 1, which is especially important if for a given potential U(r) the scat-
tering length a turns out to be anomalously small.

Problems 1

1.1 Calculate the phase shift and scattering amplitude for elastic scattering with
orbital angular momentum [ in the limit of low collision energies. Show that
the scattering with [ > 0 is much weaker than the s-wave scattering (I = 0).

The scattering problem for two particles with equal masses m is equivalent to
the scattering of a particle with mass m/2 from the force center, due to the
particle-center interaction via the potential U(r). The Schroedinger equation
for the relative motion of these particles then reads:

Lo+ 0] wtr) = Boio), (1.20)

where E = h?k?/m is the collision energy. We now expand the wavefunction of
the relative motion of colliding atoms, ¥ (r) in Legendre polynomials:

o(r) = (2l + 1) Pi(cos O)vu(r), (1.21)

l

where 6 is the scattering angle, and ;(r) is the wavefunction of the relative
motion with orbital angular momentum [. Since we took the z axis (the axis
along the wave vector of the incident plane wave) as the axis of quantization,
due to the axial symmetry of our scattering problem the wavefunction (r)
(1.21) is independent of the azimuthal angle ¢. Substituting ¢ (r) (1.21) into
the Schroedinger equation (1.20), multiplying both sides of the equation by
Py (cosf) and integrating over the solid angle we obtain an equation for the
relative motion with a given orbital angular momentum I:

R 2d I(1+1) Wi(r) + Ur)(r) = %m(r), (1.22)

m | dr2  rdr 72
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When obtaining Eq. (1.22) we took into account the well-known expression for
the Laplacian in spherical coordinates:

32+2£+1 82+ t@a 1 92
T or2  ror €0

A= =
062 89 sin? § 92

and the fact that
d2
(W—i—cotede) Pi(cosf) = —I(l + 1)Pi(cosb).

Equation (1.22) can be rewritten in the form:

h2 d? 2 d h%k?
I+ 2w + Ut = S, )
with BI04 1)
+1
Uess(r) =U(r) + — —5— (1.24)
being the so-called effective potential (see Fig. 1.2).
Ueff
centrifugal barrier
r

Figure 1.2: Effective potential Uess(r) = U(r) + h%l(l + 1) /mr? for the relative
motion with orbital angular momentum /.

At distances r > R, we can drop U(r) from Eq. (1.22), which transforms it
to the equation of free motion with orbital angular momentum /. The solution

then reads:
¥ o [fi(kr) + Cni(kr)] . (1.25)
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The spherical Bessel and Neumann functions, j; and 7;, have the following
asymptotic behavior at large arguments:
sin(x —7l/2)

Ji(x) = — 5 oo (1.26)

m(z) = —M; T — 00 (1.27)

The scattering phase shift ¢; is defined by writing ¢; at r — oo as
sin(kr — wl/2 4 6;)
kr ’

For U(r) = 0 we have §; = 0 and ¢; x jj(kr). Comparing Eq. (1.28) with
Eq. (1.25) we obtain:

P (1.28)

tand; = —C. (1.29)

At distances where R, < r < k~!, we may drop both U(r) and h?k2/m
from the Schroedinger equation (1.22) and then obtain

. b2l+1
Yroc |\ T — 0T ) (1.30)

where the length b is independent of k. Importantly, we assume that U(r)
decays faster than r=2=3 and, hence, the term b2+ /7243 originating from the
kinetic energy exceeds the potential energy term U (r)r!. Within a normalization
coefficient, Eq. (1.30) should coincide with ¢; following from Eq. (1.25) at kr <
1. Taking into account asymptotic expressions for the spherical Bessel and
Neumann functions at small arguments:

gi(z) = W%xl r <1 (1.31)
L Y
ma) = () e e, (1.32)

we reduce 9 (1.25) at kr < 1 to

JE 2E
¢l X m(k’r)l + (_1)l0m(k’r) !

The comparison of this expression with Eq. (1.30) immediately gives

b\ r(1/2 - 1)

and Eq. (1.29) yields

20+1
@> Tra/z-y (1.34)

tand; = (-1) ( >)  Ta+sn)

12



Using the expansion of the scattering amplitude in Legendre polynomials
given by Eq. (1.21) and recalling that at » — oo the total wavefunction v is
given by Eq. (1.13), we write the [-wave part of ¢ as

_ sin(kr — mwl/2)

i kr

+ % exp(ikr)
and after a certain algebra transform it to
Y x %{(1 + ik fi) sin(kr — 7l /2) + k fi cos(kr — wl/2)}.
Since this expression should coincide within a normalization coefficient with

(1.28) we immediately find a relation between the scattering phase shift and
scattering amplitude:

tan exp(2id;) — 1

= R itano) = 2ik (1.35)
In the limit of low collision energies we put k|b| < 1 and obtain;
N = N
then the I-wave scattering cross section is
o =4r(2L+ V| fi|* = 1—2(21 + 1) sin? §; o< k*. (1.37)

We thus see that for slow particles the I-wave scattering (away from [-wave
resonances) is much weaker than the s-wave scattering. The physical reason
is that the centrifugal barrier of the effective potential Ueyss(r) reduces the
amplitude of the wavefunction at short distances where the interaction potential
U(r) acts.

1.2 Calculate the inelastic rate constant for collisions of identical ultracold
fermions interacting with each other via the potential U(r) representing a per-
fectly absorbing wall at » = ¢y and having a deep potential well for ro < 7 < Ry
(see Fig. 1.3).

We start with Eq. (1.23) for the wavefunction ;(r) of the relative motion
with orbital angular momentum /. We assume that the collision energy Ej and
the centrifugal potential A%[(I 4+ 1)/mr3 are much smaller than the well depth
Uy. Then, for ro < r < Ry the solution of Eq. (1.23) reads:

i(r) = A{j1(kor) + Bhy(kor)}, (1.38)
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Figure 1.3: The interaction potential U(r) having a perfectly absorbing wall at
r = ro and a deep potential well for rg < 7 < Ry. The brown curve shows the
effective piotential Ues¢(r) = U(r) + 2l + 1) /mr?.

where j; and h; are spherical Bessel and Hankel functions, kg = +mUy/h,
and the coefficients A and B have to be determined. The presence of the
perfectly absorbing wall at 7 = rg means that for r — ry we only have an
incoming spherical flux and hence v;(r) o« exp[—iko(r — ro)]. The assumption
Rl + 1)/mr¢ < Uy is equivalent to korg > 1, i.e. the arguments of the
Bessel and Hankel functions in Eq. (1.38) are large. This allows us to use the
asymptotic expression (1.26) and a similar asymptotic expression for h;:

_; exp(ixz — iml/2)

hi(z) = ;X — o0. (1.39)

x
Then, in order to satisfy the boundary condition for r — 7y we should put
B = —1/2, and the wavefunction in the interval of distances ro < r < R takes
the form .

iA

wl (T) - 2]607“

For » > Ry the motion is free and we write the solution as

exp(—ikor +iml/2). (1.40)

Ui(r) = i [y (kr) + ik fihy (kr)] (1.41)

so that at » — oo the second term in Eq. (1.41) becomes (f;/r)exp(ikr) and
thus describes an outgoing spherical wave with orbital angular momentum I,

14



with f; being the l-wave scattering amplitude. Note that multiplying Eq. (1.41)
by (2 + 1) P;(cos #), making the summation over I, and using the relations

exp(ikz) = Y i'(2l+1)ji(kr)Pi(cos);  f(6) = (20 +1)fiP(cos ),
l l

where f(6) is the total scattering amplitude, we obtain the required expression
for the wavefunction 9 (r) at r — oo:

f(9)
r
In the ultracold limit we have kRyp < 1 and at r close to Ry in Eq. (1.41)
we may use the asymptotic expression (1.31) and the asymptotic expression

i(—1)Hr 2 .
ra/2-1) at+t’

Then, equalizing the wavefunctions (1.41) and (1.40) and their derivatives at
r = Ry and using the inequality koRy > 1, we obtain:

¥(r) = exp(ikz) + exp(ikr).

hl (.r) =

<1 (1.42)

Ciji(kRo) [, (204+1)i] (=)D /2-1)(kRo)? [, (20+1)i
fi= khl(kP:JO) |:1_ koRo :|_ I'(1 + 3/2)220+1 - |:1— 7R ]Ro, (1.43)
|A‘ 22(2l+1)jl(kR0)— M(lﬂRo)l. (1.44)

- 2(1 + 3/2)

The inelastic rate constant is equal to the incoming flux at r — rg, multiplied
by the surface area 4mr3:

Qjn, = h {(dn i (h dqbl) X 47TT2} . (1.45)

im dr Ve

Using t; (1.40) with |A] (1.44), we obtain
C2ahAP? 2ah [ (20+1) 17 (kRo\”

 mko  mko |[T(1+3/2) 2

For identical fermions only odd [ are possible, and the leading decay channel
is related to the p-wave scattering (I = 1). Thus, we have
8mh

oo 2 1.2
Qi o (kRo)* ox k=. (1.47)

(1.46)

in

Taking into account that for identical fermions the wavefunction should be an-
tisymmetrized, we have to multiply Eq. (1.47) by a factor of 2.

The obtauined result (1.47) justifies the dimensional estimate c;,, o k? ob-
tained in subsection 1.3.

1.3. Find the [-wave scattering amplitude and the inelastic rate constant in
the limit of & — 0 for the scattering potential which has the form U(r) = —3/r*
at r > rg and and has a perfectly absorbing wall at r = rg (see Fig. 1.4). Assume
the validity of the WKB approximation at r — rg.
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U()

Figure 1.4: The scattering potential U(r) = —8/r* (r > rq) with a perfectly
absorbing wall at » = ro (brown curve). The effective potential Uess(r) =
U(r) + h21(1 4+ 1)/mr? is shown by the blue curve.

Lecture 2. Second quantization. Ideal Fermi gas

2.1 Second quantization

We now introduce the method of second quantization for fermions. For sim-
plicity we first consider N identical fermions in a large but finite volume and
assume that they do not interact with each other, so that the Hamiltonian is

- h? 0?
Hyin = —%;@» (2.1)

where particles are labelled by the index « and r,, are their coordinates. The
many-body wavefunction is antisymmetric with respect to an interchange of
fermionic particles and has the form of a Slater determinant:

¢p1 (rl) ¢p1 (I‘g) %1 (rN)
1 ¢P2 (1‘1) ¢P2 (1‘2) 'lppz (rN)

Y

(2.2)

wPN .(rl) 1ﬁPN .(I‘g) pr .(rN)

where 1, (r;) are wavefunctions of single-particle states. In order to establish
the sign of ¢ we numerate the states by the numbers

P <p2<p3<..<pn. (2.3)

All p; (2.3) are different from each other so that the occupation numbers N; can
be only 1 or 0.
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Consider now an operator
P =" fra). (2.4)

Its matrix elements will be non-zero only between the states with the same
Ny, Ny, ... or between the states in which one of these numbers increases by 1
and another one decreases by 1. For the diagonal matrix element we have:

D= Z PN, (2.5)
as well as in the case of bosons, and the notation

1= / () 7O () () (2.6)

is again used for the matrix element between the single particle states ¢ and k.
For the matrix element between the many-body states 1;, 0y and 0;, 1 (in the
initial state Ny = 1, N; = 0 and in the final state Ny = 0, N; = 1, and it is
assumed that i < k) we have

(Li, 0k |FD] 0, 1) = £ (=1)A, (2.7)

where A;j is the sum of the occupation numbers for the states from 7 4+ 1 to

k—1:
k-1
Aig= > Nj. (2.8)
j=it1
For i = k — 1 one should put A;z = 0.

3 . 3 °
Py 2 2 e
® 1 'y 1 1
a) b) c)

Figure 2.1: Two identical fermions (red balls) in three possible single-particle
states (blue lines). The configurations from left to right show two-particle states
a), b), and c) (see text).

As an example, consider 2 identical fermions and assume that each of them
can be in one of the 3 states as depicted in Fig. 2.1. There are 3 two-particle
states:

(a) %{7/)1(1‘1)1/)2(1”2) — b1 (r2)iha(r1)}, (2.9)
(b) %{7/)1(1‘1)1/)3(1”2) — b1 (r2)tha(r1)}, (2.10)
(c) %Wz(rl)%(rz) — b2 (r2)ihs(r1)} (2.11)
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Matrix elements of the operator F' = f(r1)+ f(rs)+ f(r3) between these states
are:

Foa = f32
Fca = _f31
Fop = fa1

Foa = f11 + fo2

Foy = fi1 + fas

Foe = f22 + f33.
One can easily check that these relations coincide with what we get from Egs. (2.5)
and (2.7).

We now turn to the operators a; which act not on the functions of particle
coordinates, but on the functions of occupation numbers:

di‘N],NQ, ...N; > = ‘N],NQ, ..N; — ]., >, (212)
al[N1, Ny, ...Ni,..) = [Ny, No, . Ny 41, ...). (2.13)

The operators a; and dZT are called annihilation and creation operators of parti-
cles. In order to write the operator F'}) as

PO =3 rWMalay, (2.14)
i,k

like in the case of bosons, the annihilation and creation operators should be
determined as matrices with elements

(Olail Li) = (Lifaf]0:) = (=1)"". (2.15)
For the product of such matrices we find (for i < k):

(14, Oklafar|0s, 1) = (13, 0@l 105, 0x) X (0, 0x]ag |0, 1) = (—1)lAorAox],
(2.16)
Since in the second matrix element the occupation number N; = 0, we may
write

k—1 i—1 k-1
Ao = ZNJ = ZNJ + Z Nj = Aoi + Aig.-
j=1 j=1 j=it1
We then obtain
(13, 0c]ala|0s, 1) = (—1)%. (2.17)
t

For i = k the matrix a,a; is diagonal:
ala; = N; (2.18)

(zero element for N; = 0 and unity for N; = 1).
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Reversing the order of the operators we again obtain the result of Eq. (2.16)
(i < k):

(13, 0 lakal |05, 1k} = (15, 0lan|1s, 0k) x (15, 1x]al]0;, 1) = (—1)kostoxl,
However, now in the first matrix element the occupation number N; = 1 and,

hence,
i—1

k—1 k—1
AOi:ZNj:ZNj—Z:AOk—Aik—l.
=1 j=1 j=i

Thus, we get
(15, 0k |aral|0;, 15) = (—1)2Aos A= = (1) x (—1)4u (2.19)
So, comparing Eq. (2.19) with Eq. (2.17) we see that
alag +aral =0, i#k. (2.20)
For the diagonal matrix we can write:
aial =1— N, (2.21)

so that
a0l +ala; = 1. (2.22)

A general relation can be written as
aal + ala; = o (2.23)
Similarly, we can obtain
a;ar + arpa; = 0. (2.24)

The Hamiltonian (2.1) has only diagonal matrix elements. In free space the
particle momentum is a good quantum number and plane waves form a complete
set of basis functions. Thus, in terms of the operators dyx and lev equation (2.1)
can be written as

Hyin = B, (2.25)
k
with Ey = h%k?/2m being the single particle kinetic energy.

Relying on Egs. (2.23) and (2.24) we can establish commutation relations
for the field operators 1(r) and v (r) defined as

h(r) = Z a;i(r), (2.26)
Pi(r) = Z aly; (r), (2.27)
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and representing annihilation and creation operators of a fermionic particle at
the point r. We have

w*( ') + ) f(r)= 5(r—r’)~ (2.28)
D)) +d(')d(r) = (2.29)

In terms of the field operators ¢ (r), ¢'(r) the Hamiltonian (2.25) takes the
form:

Hyin = / Eryte)—Au(r). (2.30)

We thus see that the fermionic operators antlcommute, in contrast to bosonic
operators which commute. In a mixture of bosons and fermions, the operators
of the fermions commute with bosonic operators. In a multicomponent Fermi
system, the operators of different fermions can be considered as both commu-
tative or anticommutative. The final results for physical quantities remain the
same.

We finally present a useful relation for the square of the matrix element of
the operator dek for i # k:

[(N; + 1, Ny, — 1|alag| Ni, Ni)[2= (N, Nylazalalag| Ni, Ni) =N (1 - N;).  (2.31)

Let us now consider a two-component Fermi gas and omit the interaction
between identical fermions. Then we only have the s-wave interaction between
fermions of different components (internal states), which we denote as 1 and |.
In the first quantization the interaction Hamiltonian reads:

Hipp = Y Ulrar —r5)), (2.32)
atl,Bl

where ro1 and rg| are coordinates of T and | fermions, and U(r) is the potential
of pair interaction between such fermions. The amplitude of the s-wave scat-
tering in the ultracold limit is momentum independent and equal to —a, where
a is the scattering length. The corresponding coupling constant for the inter-
particle interaction is g = 4wh?a/m. Then, the secondly quantized interaction
Hamiltonian in terms of the field operators ¢ (r), 1 (r) takes the form:

it =g [ {2061, (001 o) (2.33)

In free space, where the wavevector k of a particle is a good quantum number,
equation (2.33) can be rewritten through the creation and annihilation operators
in the momentum space:

Hipy = % S al Ak, g (2.34)
k1,ko ks

and there is a momentum conservation law ki + ks = k3 + k4. The derivation

of equations (2.34) and (2.33) is exactly the same as in the case of bosons in

subsections 2.2 and 2.3 of Lecture 2in Part 1 of the course and we do not repeat

this derivation here.
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2.2 Thermodynamics of an ideal Fermi gas

We now turn to thermodynamic properties of an ideal Fermi gas. For simplicity,
we first consider a single-component Fermi gas in free space. It is described by
the Hamiltonian (2.25). As we discussed in subsection 1.1 of Lecture 1, the
distribution function (occupation number averaged over the ensemble) at T' =0
is a filled Fermi sphere: Ny = 0(kr — k), where the Fermi wavevector kr and
Fermi energy EF are given by Egs. (1.5) and (1.6), and 6(z) is the step function
equal to zero for negative arguments and to unity for positive ones. So, all states
with F < Ep or k < kg are occupied, and the states with higher energies (above
the Fermi surface) are empty. The zero-temperature distribution function Ny is
given in black in Fig. 1.1. It is the limiting case of the general Fermi distribution
(1.1) at T — 0, and the zero-temperature chemical potential is ug = Er (see
subsection 1.1 of Lecture 1). The energy of the ideal single-component Fermi
gasat T'=0is

5/3 3
=-ErN, (235)

VAk _ [*TR? Vil _RRSV B2V (67T2N>

E=|NyFE — = =
/k Mor)3 2)3  Jo m  4wx? 20m®m 20732m 14

where we used equation (1.4) providing a relation between the Fermi momentum
hkp and the total number of particles N.

Let us now consider temperatures 7' < FEpr and develop calculations of
thermodynamic functions of the ideal Fermi gas. At these temperatures the
chemical potential is close to the Fermi energy and our first step will be to find
the deviation of pu from Ep. For this purpose we turn from the integration over
k to the integration over Ej, = h?k%/2m in the expression providing a rela-
tion between the density and chemical potential through the Fermi distribution
function. Using Eq. (1.1) we have:

[Pk  [CAnk?dk 1 > V(E)dE
n_/WNk—/O (2m)3 exp{(Ek_N)/T}+1_/() expl(E—p)/T}+1’ (2.36)

where
3/2 p1/2
v(E) = <h2 ) (2.37)

A2

is the density of states. We then represent Eq. (2.36) as

. /0 V(E — p+ p)d(E — p) /°° V(E — p+ p)d(E — p)

p P{E—p)/TH+1 o exp{(E—p)/T}+1
and write in the first integral
1 L e{(B-w/Ty 1
pU(E— /Ty +1 oxp{(BE—m/Th+1  exple/T)+ 1’

where € =  — E. In the second integral we write E — p = €. Then we have:

B Bov(p — €e)de  v(p+e)de "
== At egmeit ), vEeE e
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The values of € which give the main contribution to the first two integrals are
of the order of T" < p. Therefore, we extend the integration to infinity in the
first integral, and then we expand the density of states v(u £ €) in powers of €
up to the linear term:

Wk €)= w(p) & e e
This yields
n:/# (B)aE + o2 W )/oo vde
0 dp Jo exp(z)+1
Using Eq. (2.37) and the fact that fo xlexp(x) + 1]~ tdz = 72 /12 we then find
5 3/2
_ (6% + 4;2) (2;”—2“) . (2.39)

The second term in Eq. (2.39) is much smaller than the first one and we may
put 4 = Er in this term, whereas in the first term we should write y = Ep + 9,
where § is a small deviation of the chemical potential from the Fermi energy.
We thus obtain a linear equation for §, which gives

72 [T \?
0= —— (EF> Ep. (2.40)

In a similar way we calculate the energy of the gas:

Vdik Ey [ EBu(BE)dE
R e e Rk T Lo
B  el(E - w)/T) ~ Bu(E)(E ~ )
= V/ Bv(E)dE {1 S ((E — /1) + 1} g (B — )/T} +1

_V/ Ev(E dE+2vw|E:MX/OO (E — p)d(E — p)
0

dE exp{(E —w)/T}+1
3 p\*? 2 e, 3 372 (T \?
=-FEpN — TV = -EpN (5N — | — | ErN
5 F (EF> v R L Vo
3 72 T?
= SEpN + ZE_FN (2.41)
The free energy F' is related to the energy E by
0 F
E=-T77 2.42
<8T T) (2:42)
and the entropy is given by the relation
oF
S=—|(—=— . 2.43
(57), 249
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The relation for the pressure is

P=- (g_‘li)f (2.44)

These thermodynamic quantities are easily calculated using Eq. (2.41) for the
energy FE.

The generalization to multicomponent ideal Fermi gases is straightforward.
In the absence of interactions, fermionic components behave themselves as in-
dependent ideal gases. For example, in the case of two components which we
again denote as T and |, the distribution of particles in these components is
given by

1

Ny = , 2.45
P (B — p)/TE 1 (2.45)
1
Np, = ; 2.46
P (B — ) T (240
where the corresponding chemical potentials are py = Epy + 01 and p) =

Ep| + 0. The quantities 6; and ¢, are given by Eq. (2.40) with Er = Ep;
and Er = Ep|, respectively. The Fermi energies of the two components, Ery
and Ep| follow from Eq. (1.6). One should simply put n = ny = N;/V for
the T-component, and n =n| = N|/V for the |-component. The energy of the
two-component gas is £ = E; + E|, where E; and E| are given by Eq. (2.41)
with Fr = Ep1, N = Ny and Efp = Ep|, N = N|, respectively.

2.3 Particle and hole excitations

We now consider T' = 0 and discuss excitations of an ideal Fermi gas in free
space. The ground state is a filled Fermi sphere, and let us create an excited
state by transferring a particle with momentum /k; (Jki| < kr) to the state
with momentum #ks (|k2| > kr) as depicted in Fig. 2.2. The change of the
energy is

_ R?k3 RPR}

FE—E
O Tom om’
and it can be written in the form
27.2 27,2
E—Ey= th—EF + EF—hkl . (2.47)
2m 2m

By taking a particle out of the Fermi sphere and putting it into an excited state
above the Fermi surface we create a hole in the Fermi sphere. Thus, we can
distinguish between particle and hole excitations.

Consider first particle excitations. Acting with the operator &L on the ground
state of N particles we have &L\N ) # 0 only for k > kp. In the latter case we
create an excited state of the system of (N + 1) particles. The excitation energy
is given by

h?k?
€k=Ek+E0(N)—EO(N+1)=%—EF>O; k> kp, (2.48)
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Figure 2.2: The creation of particle and hole excitations.

i.e. it is represented by the first term in the right hand side of equation (2.47).
So, for k > kp the quantity € (2.48) can be identified as a particle excitation.

Let us now consider hole excitations. Acting with the operator ay on the
ground state of N particles we have ax|N) # 0 only for k < kp. Then, if k < kp,
we create an excited state of (N — 1) particles. The corresponding excitation
energy is

2>
e = Eo(N) = Eo(N —1) = By = Ep — 5 >0k <kp, (2.49)

and is equivalent to the second term in the right hand side of Eq. (2.47). Thus,
for k < kp the quantity € (2.49) can be treated as a hole excitation. The
particle and hole excitation branches are displayed in Fig. 2.3. In both cases
one can write the excitation energy as

_ PPk? — k|

o (2.50)

€L

Problems 2

2.1 Calculate the chemical potential and total energy of a single-component
ideal two-dimensional Fermi gas at a finite temperature.

We first introduce the density of states in two dimensions (2D):

v(E) = / dz—k(S(E — h2k?/2m) = const. (2.51)

(2m)?

Then, we obtain the following relation between the chemical potential and den-
sity:

m
T 2wh?

" /OOO eXp{(Ey(—E;jfT} 1 27:;; In (1 + exp(p/T)] . (2.52)

24



hole excitations particle excitations

i /

k

Figure 2.3: The energies of particle and hole excitations versus the momentum
hk.

We thus obtain:

w=Tlnlexp(Ty/T) — 1], (2.53)
where the temperature of quantum degeneracy is given by
271h?
Ty=""n (2.54)
m

and is equal to the 2D Fermi energy Ep.
At high temperatures, T' > T, equation (2.53) gives the well-known classical
result:

w=—-Tln (%) = T'ln(nA2). (2.55)

At low temperatures, T < Ty = EF, we have
w=Ep—Texp(—Er/T). (2.56)

We thus see that the temperature-dependent part of 1 is exponential, in contrast
to the 3D case where it is proportional to T2.
For the total energy at T' < Er we find
o /°° v(E)EdE mVu?  wT*mV
o exp{(

E—u)/Ty+1  47mh? 12h2

1 w2 (T \?

where we used the same method of integration as in 3D and omitted exponen-
tially small corrections to p.

2.2 Calculate the chemical potential and total energy for the one-dimensional
ideal Fermi gas at temperatures 7' < Ep.
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Lecture 3. Repulsively interacting Fermi gas. Lan-
dau’s Fermi liquid theory

3.1 Weakly interacting Fermi gas with repulsion between
particles

We now consider a degenerate interacting two-component Fermi system and
start with the weakly interacting Fermi gas. We only include the s-wave inter-
action between fermions of different components and in this Lecture discuss the
case where the interaction is repulsive. So, in free space the Hamiltonian is the
sum of the kinetic and interaction energy terms which in the momentum space
second quantization are given by Eqs. (2.25) and (2.34), respectively:

A k2 . . g e
H= Z T (a%{aTk + aIkalk) + v Z a1T‘k3aIk4alk2aTk1’ (3.1)
k ki,ka2 ks ka

where g = 4rwh?a/m with a > 0 being the scattering length, the symbols T
and | label the two fermionic components, and the momentum conservation law
ki + ko = ks + ky is satisfied. As we discussed in subsection 1.4 of Lecture
1, the weakly interacting regime is characterized by the condition na® < 1
which ensures that the interaction energy is much smaller than the Fermi energy
(kinetic energy of particles) and allows one to treat the interaction part of
the Hamiltonian within a many-body perturbation theory. To zero order the
total energy of the system at T = 0 is equal to the ideal gas energy Ey =
(3/5)[Er1 Nt + EpN|], where Epy, Ny and Ep|, N| are Fermi energies and
particle numbers in the 7 and | components (see subsection 2.2 of Lecture 2).

In the first order of perturbation theory, we have to add the diagonal matrix
element of the interaction term (the second term of Eq. (3.1)). It is easy to see
that then we should have ks = ki and k4 = ks, otherwise the diagonal matrix
element is zero. So, the contribution of the interaction term to the total energy
is

g At A P A g g
Bint = 3 >l e ) aly, dp) = v > Npg Ny, = yN. o (3:2)
ki,ko ki,ko
Thus, the total energy of the Fermi gas is given by
3 g
Eo = - (EptNy + Ep N|) + NN, (3.3)

and for the chemical potentials of the | and | components we have:

0Ey
= — = E 3.4
= BN, F1 g, (3.4)
0E,
- _F 3.5
= BN, FL+ N9, (3.5)
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If the concentrations of the two fermionic components are equal, i.e. Ny =
N| = N/2 and Epy; = Ep| = Ep, then equations (3.3), (3.4), and (3.5) yield

3 1 3 5 ng\ 3 10
Eo=(2Ep+ -ng)N="EpN (14 29 )= BN (14 = .
0 (5 F+4”g> 5 ( 1 EF> 5 F ( +9wk”>’(36)

1 4
pr=py=p=Ep+ong F( + 2EF> F( + 37rkFa> (3.7)

The small parameter of the perturbation theory is (ng/Er) ~ krpa < 1. As we
see, the first order correction to the energy is ~ kra. The second order correction
turns out to be ~ (kra)?. The calculation of this correction is beyond the scope
of the present course.

kot

k¢

2
Az 2 -
E-E, = 2 EF) ( )
/
particle excitation hole excitation

Figure 3.1: Particle and hole excitations in a two-component Fermi gas.

Let us now discuss excitations of a weakly interacting Fermi gas with in-
terparticle repulsion. The picture of particle and hole excitations in the two-
component gas remains the same as discussed in subsection 2.3 for a single-
component gas. For T = 0, transferring for example a T particle from the
state with wavevector k; inside the Fermi sphere to the state with wavevector
ko above the Fermi surface we change the energy by an amount E — Ey =
(h2k3/2m — h2k?/2m) and create both a particle and a hole excitation as shown
in Fig.3.1. The particle excitation is an excited state of the system of (N + 1)
particles. By bringing an extra [-particle from infinity and putting it above
the Fermi surface we increase the energy by (h%k2/2m — Er) compared to the
ground state of (N + 1) particles. The interaction energy does not change as it
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is momentum independent. The hole excitation is an excited state of (N — 1)
particles. Making a hole we increase the energy by (Er — h?k?/2m) compared
to the ground state of (N — 1) particles. Again, the interaction energy does not
change. So, the excitation branches behave themselves exactly in the same way
as depicted in Fig.2.2 for the ideal gas.

Does the interaction do something with the excitations? The answer is yes,
it does. In contrast to the ideal gas, the excitations of an interacting Fermi
gas interact with each other and have a finite lifetime, i.e. they are damped.
Consider a particle excitation with momentum fik; (k1 > kp) at T = 0. It
interacts with a particle which has momentum hks and is located inside the
Fermi sphere (k2 < kp), makes a hole and creates two particle excitations,
with momenta 7ik] and 7k). Using the terminology of the scattering theory, 1
and | particles with momenta hk; and hks, collide and go to the states with
momenta hkj] and hk). In the language of particle and hole excitations, a
particle excitation with wavevector k; (close to kr) and energy E = h?k?/2m —
Er decays into two particle excitations and one hole excitation. This process is
caused by the interaction Hamiltonian (2.34):

g At AT A oA
v Z aTk,lalk,zalkgaTkl.
ko, k]

The decay rate is obtained by using the Fermi Golden rule:

1 2 . 2 h2 k2 h2 k2 h2 k/2 h2 k/2
—=> k’l,ikaHmtukz,Tkn]é( Lp—2_—1__-2 ) (3.8)
2,k

T 2m 2m 2m 2m

k

and there is a momentum conservation law k; + ko = kj + k5.

We now write k% = |ki + ka|? + k2 — 2k]|k; + ko|cos @, where ¢ is the
angle between the vectors (k; + ko) and k. Since all momenta are close to
hkp, we may put k1 = ko = ki = kr and set |k; + ko| = 2kpcosf/2 (6
is the angle between k; and ki) in the energy conservation law, i.e. in the
argument of the §-function in Eq. (3.8). Then this argument becomes equal to
(2h%k% /m)[cos? 0/2 — cos0/2 cos '], and we rewrite Eq. (3.8) as

1 2ng® [ 20kPdk, 2wk3dks sinfdf d cos @’
= — 2(%)6 Ny (k2)(1 — Ny (K}))(1 = Ny(k3))

9 21.2
<& (%[COSQ 0/2 — cosf/2 cosG']) , (3.9)

where the occupation numbers N;(k) and N| (k) are equal to unity for k < kp
and to zero for k > kp, and k) = \/k} + k3 — k/?. The integration over d cos ¢’
and then over df gives

1 2mg?kd [ / /
_:7(27%)3 dqidgs Ny (kp+q2)(1=N1(kp+47))(1=N, (kr+q1 +q2—q}))- (3.10)

T
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Here ¢1 = k1 — kp, go = ko — kr, ¢} = k| — kr, and hence ¢y = q1 + g2 — q}. In
order to have N|(kp +q2) =1, Ny(kp+¢}) =0, Ny (kr +¢1+q2 — ¢;) =0, the
momenta should satisfy the inequalities

2 <0; ¢1>0; q1+q—d >0

Since we consider the decay of a particle excitation we have ¢; > 0, and these
inequalities are equivalent to

0<q; <q1+a, (3.11)
—q1 < g2 <0. (3.12)

Equations (3.11) and (3.12) determine the limits of integration over dq; and dgs
in Eq. (3.10). We then obtain:
1 E2.0202
) Ay (3.13)
T (2mh)3
As we consider the decay of an excitation with momentum k; close to the
Fermi surface, the excitation energy can be written in the form E = h2k?/2m —
Er = hvpq, where vp = hikp/m is the Fermi velocity. Recalling that k3 =
3m2n and g = 4wh%a/m we then rewrite equation (3.13) as

1 3 E\?
; = 57’LU’UF <E—F> 5 (314)

where o = 4ma? is the cross section of elastic collisions. We thus see that
the presence of the filled Fermi sphere (Pauli blocking) makes the lifetime of
excitations rather large. It is clear that

1 E
— —. 1
<5 (3.15)
The ratio E7/h is
Er @ (Er 1
ST S s 1
B 4<E>(kpa)2>> (3.16)

3.2 Quasiparticles in Landau’s Fermi liquid theory

We now turn to the discussion of Landau’s Fermi liquid theory which was de-
signed for the description of strongly (repulsively) interacting Fermi systems,
such as liquid *He. In a strongly interacting Fermi system instead of consider-
ing particles one introduces dressed particles, or quasiparticles. The number of
quasiparticles is equal to the total number of particles and they also obey Fermi
statistics. In free space each quasiparticle has momentum p and energy e(p) (in
the rest of this Lecture p is the true momentum, not the wavevector). Let n(p)
be the distribution function of quasiparticles. Then, in a two-component Fermi
liquid, assuming that €¢(p) and n(p) are spin independent, we have

3
2 [ o) = (3.17)
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where N is the total number of particles. However, the total energy FE is not
equal to 2 [ n(p)e(p)Vd®p/(2wh)®. The energy E is a functional of n(p). Con-
sidering a change of E under an infinitesimally small variation én of n(p) we

have
3
=2 [ i) (3.18)

So, €(p) is a variational derivative of E with respect to n(p).

The classification of energy levels in a Fermi liquid is similar to that in an
ideal Fermi gas. The only difference is that particles are replaced by quasipar-
ticles. Therefore, the entropy is given by the well-known expression:

S d3p
7= =2 [ G (n(e) lon(p) + (1 = n(E) I (1= (@)}, (.19
and the distribution of quasiparticles at equilibrium obeys the Fermi-Dirac re-

lation:
1

n(p) = .

)= ol — /1) +1

At T = 0 the chemical potential coincides with the boundary energy at the
Fermi sphere:

(3.20)

to = p(T =0) =ep = €e(pr). (3.21)

Note, however, that e(p) itself may depend on n(p). The distribution of quasi-
particles at T' = 0 represents a step function:

1a p<pr
3.22
Oa p>DpFr ( )

n(p) = 0(pr — p) = {

and the Fermi momentum is related to the total density n by the same expression
as in an ideal Fermi gas: pr = h(372n)1/3. At finite low temperatures the
distribution function is different from the step function (3.22) in the energy
interval ~ T near the boundary energy ep.

The fact that a quasiparticle has momentum and energy means, in particu-
lar, that the uncertainty in the energy should be smaller than the least of the
important energy scales in the system. As we saw in previous lectures of the
course, in a weakly interacting Fermi gas at temperatures T' < Er only particles
next to the Fermi surface participate in the response of the system to external
perturbations. The energy width of the distribution function n(p) where this
happens is ~ T'. The situation is similar in the Fermi liquid, so that the least
important energy scale is 7. The quantum uncertainty of the quasiparticle en-
ergy is ~ A/7 where 7 is the relaxation time of the quasiparticles. So, we should
have the inequality

her (3.23)
.

As we understand, only quasiparticles at energies within the width ~ T" next
to the Fermi surface can scatter, and they stay in the same energy interval. Since
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the scattering occurs in binary collisions, we have

1
-~ T2 3.24
- (3:24)
and the inequality (3.23) is surely satisfied at T — 0. For a strongly interacting
Fermi liquid at 7" — 0 all energy parameters are ~ ep. Hence, Eq. (3.24) may
be written as 77 ~ T2 /h|er|, and the condition (3.23) is equivalent to

T < ler|. (3.25)

Equations (3.24) and (3.25) are consistent with our discussion of the decay
rate T 1 of an excitation with energy E in a weakly interacting Fermi gas
in the previous subsection. We found Eq. (3.14), and the finite-temperature
relaxation rate that we discuss now is obtained by putting £ ~ T. Then,
with o = 4ma?, vp = prp/m, pr ~ In'/3, and E ~ T, equation (3.14) gives
771 ~ (na®)?/*T?/hEpr. Approaching strong interactions one has na® ~ 1, so
that we have 771 ~ T2 /hEp and the condition (3.23) reduces to T < EF.

For low-temperature distributions which are close to the step-wise distri-
bution (3.22), to first approximation one can take n(p) in the form (3.22) for
calculating e(p). Then the latter becomes a definite function of p. Next to the
Fermi surface where €(p) makes sense, it can be expanded in powers of (p—pr).
Confining ourselves to the linear term we have

€—€er ~vp(p—pr), (3.26)
where 9
€

VEp = % |p:pp (327)

is the velocity of quasiparticles at the Fermi surface, and we may introduce an
effective mass of a quasiparticle:

m* =L, (3.28)
v
Let us now briefly discuss the interaction between quasiparticles. The de-
viation dn of the distribution function n(p) from the step-wise behavior (3.22)
achieved for non-interacting quasiparticles, leads to a change in the quasiparticle
energy. Assuming that both quantities are spin independent we have

3./
3e(w) = [ f0.0)50(0") 1 (3.29)

The function f(p,p’) is called interaction function of quasiparticles. Then, near
the Fermi surface the quasiparticle energy can be written as

3/
) - er = velp—pr) + [ Fo BV (330
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The deviation dn is significantly different from zero only near the Fermi surface.
For this reason we may write
2R3

Fp.p) = oo F (i), (3:31)

where 9 is the angle between p and p’. Taking into account the exchange
interaction one adds the term o 0/G(¢) to F(9), where o and ¢’ are Pauli ma-
trices acting on spin variables corresponding to the momentum variables p and
p’. Note that in the two-component liquid f represents the second variational
derivative of the total energy with respect to the distribution functions of the
components.

The interaction function f is a very important quantity and the knowledge
of this function allows one to find many observables. In particular, using f
one can establish a relation between the true particle mass m and the effective
mass m*. This is done in Problem 1 to this Lecture. Here we consider a simple
example of the weakly interacting two-component Fermi gas. To first order in
the perturbation theory the total energy is

2
Eo =3 5 (01(0) +0u(p)) + 32 3~ i () (6.

Then, for the quasiparticle energies we have:

_b6Ey,  p* g PP _ (p* — p%)
0By p? _ )
“up) = én,  2m Trg =t T

The interaction function is given by

. 8By
- V(5nT5nl o

3.3 Hydrodynamic regime

Non-equilibrium states of the Fermi liquid are described by distribution func-
tions which depend not only on momenta, but also on coordinates and time.
Such functions n(p,r,t) obey the kinetic equation:

dn
ki .32
o Stn, (3.32)

where Stn is the so-called collisional integral determining the rate of change of
the quasiparticle number in a given element of the phase volume, due to their
collisions with each other. For only slightly non-equilibrium states we have:

n(p,r,t) = no(p) + on(p,r,t), (3.33)
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and the quasiparticle energy is € = ¢y + de¢, where

% B 666 /f 3671 (p/,r,t) d3p
or or  @rh?

(3.34)

The full time derivative of n(p,r,t) is expressed through partial derivatives as

dn 9én  Oon . 371 .
- o + — or r+ — ap (3.35)

For quasiparticles the role of the Hamiltonian function is played by e. So, the
Hamiltonian equations read:

P (3.36)
. Oe
P (3.37)

Then, confining ourselves to zero and linear order terms in dn we obtain:

én  Oeg Odn  Ode Ong
En + ap or ar Op Stn. (3.38)
Equations (3.36), (3.37), and (3.38) are classical. Hence, the de Broglie
wavelength of quasiparticles i/pr should be much smaller than the character-
istic distance L at which the distribution function changes: L > h/pg. So, the
frequency of change of the distribution function, which is w ~ vp/L, should

satisfy the condition:

hw < |ep|. (3.39)

Let us now discuss the limiting case where
wr L 1, (3.40)

with 771 oc T2 being the relaxation rate of quasiparticles. The criterion (3.40)
corresponds to the hydrodynamic regime. Equation (3.40) is equivalent to the
condition [ < A, where [ is the mean free path of quasiparticles, and A is
their wavelength. In this case quasiparticle collisions establish a local thermal
equilibrium in every elementary volume of the system. This means that we are
dealing with ordinary hydrodynamic waves propagating with velocity

u = a—P, (3.41)
Ip
where P is the pressure, p is the mass density, and at a finite temperature the
partial derivative should be taken at a constant entropy. These waves have the
dispersion relation
w = uk, (3.42)

with k& being their wavevector.
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For the weakly interacting Fermi gas, where 77! is given by Eq. (3.14), the
inequality (3.40) requires extremely small frequencies:

T\° T
w KL Novp <E—F> ~ (na3)2/3 <E—F> T.

For realistic densities in the range from 102 to 10'* cm~3 and typical values of
the scattering length a ~ 100 A, assuming 7'~ 0.1Fp we obtain that w should
be smaller than T by more than 4 orders of magnitude. At commonly used
temperatures ranging from 100 nK to 1 pK this requires frequencies w < 10
s~L. So, it is rather difficult to reach the hydrodynamic regime in the weakly
interacting Fermi gas.

3.4 Collisionless regime. Zero sound

If the condition opposite to Eq. (3.40) is satisfied, i.e.
wr > 1, (3.43)

then there is no equilibrium in each small volume of the system, and quasipar-
ticle collisions do not play a role. This regime is identified as collisionless, and
there is another type of waves called zero sound.

So, under the condition (3.43) we may neglect the collisional integral in the
kinetic equation (3.38) and write it in the form:

oén 0on  Ode Ong

where v = 0¢y/0p is the unperturbed quasiparticle velocity, so that v = vpn
with n being a unit vector. Taking ng = 8(pr — p) from Eq. (3.22) we have

on

a—po — —n5(p - pF) = —V5(6 — EF). (345)
Then, assuming that

on = d(e — ep)v(n) exp(ikr — iwt), (3.46)

where v(n) is an unknown function, and taking

056 05n (p',r,t) dp/
/f Or (2mh)3’ (347)
we reduce Eq. (3.44) to
(w — vpnk)r(n) pF /f (n,n")v(n")dOyp, (3.48)

where n and n’ are unit vectors in the directions of p and p’'.
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We now select k as a polar axis, and let 8, ¢ be the polar and azimuthal
angles of n. Introducing the velocity of zero sound uy = w/k, from Eq. (3.48)

we have: 50
(ﬂ — cos 9) v(0,¢) = cos@/F(cp)u(G',qb')—p/, (3.49)
VR 41

where ¢ is the angle between p and p’, and the function F(p) is given by
Eq. (3.31). Rewriting Eq. (3.49) as

) = cos 9/ G , (3.50)

uo/vp — cos 6’ 47r

where 7 = (ug/k — cos8)v, we see that
Uy > Vf, (351)

otherwise there is a pole in Eq. (3.50) and w will have an imaginary part for
real k.

The zero sound waves deform the Fermi surface. Assuming that f = fy =
const (F' = Fy = const) we make sure that the Fermi surface becomes a surface
of rotation elongated in the direction of the wave propagation. In this case we

obtain ;
cos

= St ———. 3.52

V= eons uo/k — cos 6 (3:52)

Substituting Eq. (3.52) into Eq. (3.49) we find

g cos 6 27 sin 6df
F = 3.53
0 / ug/k — cos 47 ( )
This gives
1 Ug ug +vp
—=—In|—— ). 3.54
FO 2’UF . <uo - UF) ( )

For the weakly (repulsively) interacting two-component Fermi gas we have
f =g and m* =m (see Problem 1 to this Lecture). This yields

pFm 2 pra

Then, from Eq. (3.54) we obtain:

u ~ vp [1 + 2exp (—ﬁﬂ . (3.56)

PFra

Thus, the velocity of zero sound in the weakly interacting Fermi gas almost
coincides with the Fermi velocity.
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Problems 3

3.1 Establish a relation between the true particle mass m and the effective mass
m™ using the interaction function of quasiparticles.

The velocity of a quasiparticle is de/dp. Hence, the flux of quasiparticles is
[ n(0e/Op)d®p/(2m)3. Since the number of quasiparticles coincides with the
number of particles, the transfer of mass by quasiparticles is a product of their
flux and the particle mass m. So, we have

d3 e d3
e = [ menp g, (357)

Making a variation we obtain:

dp e, d’p onp) . ., dpdp
/pan(%rh)?’ ™ | ap° " @nny m/fp ) —pp ) e

As the quantity dn is arbitrary we find:

Taking a step-wise distribution n(p) = 0(pr — p), using Eq. (3.26) for the
quasiparticle energy, and putting p = prn where n is a unit vector, we then

have
1 1

m o mr | @n)em 27r 2h3 / f(@) cos p sinpdep, (3.58)

where ¢ is the angle between p and p’.
For the weakly interacting two-component Fermi gas we have f = g = const,
and Eq. (3.58) gives m* = m.

3.2 Consider a two-component Fermi gas with repulsive interaction between
particles in an external harmonic potential V' (r) = mw?r?/2 at T = 0. Find the
density distribution.

Lecture 4. Attractively interacting Fermi gas. Su-
perfluid pairing

4.1 Cooper problem

This Lecture is dedicated to a weakly interacting two-component Fermi gas with
attractive interaction between fermions of different components. We will discuss
the phenomenon of superfluid pairing and superfluid phase transition.
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In order to get a physical intuition we first consider two attractively inter-
acting particles in vacuum. The wavefunction of their relative motion obeys the
Schroedinger equation

h2
{~=a s vt o = Bo) (4.1)
where r is the relative coordinate. Representing the wavefunction ¢ (r) as

= Z cx exp(ikr), (4.2)
k

we have >y, e [E —2E) —U(r)] exp(ik’r) = 0 with Ej, = h?k?/2m, and obtain
a set of equations for the coefficients cy:

(E —2Ep) ey = ZU (k — K)ew, (4.3)
where
Uk-k)= /drU(r) expli(k’ — k)r], (4.4)

and € is the volume.
We now use the model where

no_ Vo, Ep <w
Ulk - k) = { 0, otherwise (4.5)
Then we obtain Vo1
—Vo .
= (& — Ey
e E—2EkQ§k;ck @ = Bw),

where the #-function is equal to unity for positive values of the argument and
zero for negative arguments. Multiplying both sides of this equation by 6(0— F})
and making a summation over k we arrive at the relation;

chew—Ek QZ E 2Ek ;Ck/ (0 — Ey)
or

w—Ek
=1 4.
QZ E —-2Ey (4.6)

Searching for the solution with a negative energy, that is £ = —2A < 0, we
find:

Vo 0@ — By) /’“O Vo Ark?dk
Q £<20+2E,  Jy (BPR?/m+24) (27)F

where kg = v2ma/h. This gives
mVo ko vV 2mA hko
1-— arctan =1.

2m2h2 hko 2mA (47)
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Assuming that A < @ and, hence, kg = V2m@/h > vV2Am/h, we have

T [A

mk‘o
A= 92212 Vo. (4.9)
Equation (4.8) clearly shows that a bound state of two particles may exist only
for A > 1, which is a known result.

It is now easy to turn to the famous Cooper problem which lies in the basis of
superfluid pairing phenomenon. Consider two attractively interacting fermions
on top of a filled Fermi sphere, so that the states with wavevectors k < kr are
filled and thus blocked for the occupation. Asssume that the center of mass of
the two fermions is at rest and, hence, their wavefunction is

d(r) = Y ccexp(ikr), (4.10)

‘k‘>kF

where

with r being the separation between these fermions. We thus return to the
already discussed problem, where now the coeflicients cx are given by

! Y Uk-K)ae. (4.11)

Ck = &~
E —2FE};
|k|>kp, |k |>kF

We then use the following model:

n_ ) Vo Ex>FEp, Er <Epy <Ep+0
Ulk - k) = { 0, otherwise

We search for the solution in the form F = 2Ep — 2A (A > 0), i.e. for the
bound state of the two fermions on top of the filled Fermi sphere and assume
that the inequality A < © < EF is satisfied. Then we have:

/ké Vo Ack2dk
ke (2A+2E, —2Ep) (2m)3 7

where k, = \/2m(Er + @) = kp + m&/hkp, and (m@/hkr) < kp. Equation
(4.13) then yields:

2 ma/hkp _ 0
mVokF/ d(k — kr) ()21 @
2R J, (2mA/R2) + 2k (k — kp) 27\ A

So, we thus obtain

(4.12)

(4.13)

Az&exp{—%};ﬁo. (4.15)

In other words, two attractively interacting fermions on top of the filled Fermi
sphere always form sort of bound pairs. This phenomenon is called superfluid
pairing, and we will see later in the course how it leads to superfluidity. Note
that it is a collective phenomenon. The presence of the filled Fermi sphere is
crucial.
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4.2 BCS approach. Gapped single-particle excitations

We now consider a weakly (attractively) interacting gas of T and | fermions
with densities ny = n| = n. The grand-canonical Hamiltonian of this system is
obtained by subtracting the term uN (N is the operator of the total number of
particles) from H (3.1) and it reads:

H = Z gka kaa'k+ Z aTkSaIk4alk2aTkl, (4.16)
kio=T,] k17k27k3

where g = 4mh%a/m < 0, the chemical potential is p = h%k%/2m, and we
introduced the notation
h2k? h? 5

=" ——p= %(kQ — k7). (4.17)

We will denote the first term of Eq. (4.16) as Hom and the second (interaction)
term as Hin;. In terms of the field operators wT w |, the term Ho;L is obtained
by subtracting 1 f@ o (r)d?r from Hy (2.30) and reads:

oy = [ @0 S 0400) (=0 =) ). (118)

The interaction part of the Hamiltonian is given by equation (2.33) and we
introduce a significant simplification writing H;,; in the form:

ffmF/d?’r{U (O)[] (x)by (0) +0] ()3 (0)] + A0)] (0)d] (0) + A (0)3), (r)edy (x)},
(4.19)

where the quantities U(r) and A(r) are called the Hartree-Fock potential and
pairing potential, respectively. They are given by the relations:

U(r) = g(] (0)dr(r)) = 9] (x)1 (v)), (4.20)
A(r) = g{ib (x)r (x)). (4.21)

In free space U and A are independent of r and are real, so that A = A*.
Why do we write Eq. (4.19)?7 Note that there is Wick’s theorem in an ideal
gas (however, A in this case is zero):

(IO d1dr) = @b (1)) + (D)) (dbr) + other pairs of averages.

Assuming weak interactions we simply kept in mind this theorem and used a
partial average in Eq. (4.19).

It is also important that the Hartree-Fock potential can be absorbed in the
chemical potential by making a transformation p — p — U, and it essentially
drops out of the problem. We thus may restrict ourselves to the interaction
Hamiltonian

it = & [ @r{6] )5 (x) + 5611 ()] (4.22)
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Then the momentum-space grand-canonical Hamiltonian (4.16) takes the form:
}AIBCS = Z §k&2k&gk +A Z(dlde_k + CAL];?kCAlIk). (4.23)
k;o=T,] k

The approach based on the Hamiltonian (4.23) belongs to Bardeen, Cooper,
and Schrieffer and is commonly identified as BCS approach.

The Hamiltonian (4.23) is bilinear in the particle operators d, x and hence
can be reduced to a diagonal form by using a canonical Bogoliubov transforma-
tion. We employ the Bogoliubov transformation in the form:

bk = upark + de]—k? (4.24)

biic = ki |k — Ukéﬂ_k, (4.25)

where the new (quasiparticle) operators by satisfy the same (anti)commutation
relations as the particle operators a,x:

Bo'kl;j;./k/ + Bsz/k’ lA)ok = 500’5kk’7 (426)
Bo’ki)o’/k/ —|— i)o’/k’ lA)o’k - 0 (427)
From Eq. (4.24) we then have
{I;a'kl;i/k/} = UrUg’ {da'kdi/k/ }"’(2600’ —I)Uk’l]k/ {dl./_kda'—k’} = (ui'i_vlg)ékk’éaa"a

where the symbol { } stands for the anticommutation: {dgkdi,k,} = dgkdjﬂk, +
dj,,k,&gk. We thus obtain the normalization condition

ui +vi = 1. (4.28)

The inverse Bogoliubov transformation reads:
apie = upbne — vpb]_y, (4.29)
apie = urbyic + vieb]_y. (4.30)

Then, for reducing Hgcs (4.23) to the diagonal form
Hgos = Eo+ ) erblybox, (4.31)
o,k
the functions ug, v should satisfy the Bogoliubov-de Gennes equations
Epur + Av = epuy, (4.32)
—&pu + Aup = €. (4.33)

Taking into account the normalization condition (4.28), equations (4.32) and
(4.33) yield:

1
up =3 (1 + f—:) , (4.34)
vi = 1 (1 - 5—’“) , (4.35)
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Figure 4.1: Spectrum of single-particle excitations for an attractively interacting
two-component Fermi gas.

and lead to the dispersion relation

er = \/E2 + A2, (4.36)

k Tk

Q- - - - - -
-

F
Figure 4.2: The functions ug (brown curve) and v (blue curve).

These quantities are shown in Fig. 4.1 and Fig. 4.2. Thus, the spectrum of
single-particle excitations has a gap. This implies that the density of states for
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the excitations has a singularity at ¢ = A as shown in Fig. 4.3:

d3k €
/5 52 + A?) aE =v(EF) 7\/@;

where v(Er) = mkp/272h? is the particle density of states at the Fermi surface.

V(e)

le| > A, (4.37)
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Figure 4.3: Density of states for single-particle excitations.

4.3 Order parameter and transition temperature

We now have to find the gap A. It is given by equation (4.21) and is, therefore,
also termed order parameter. We write Eq. (4.21) in the form:

= g{y ()b (1)) = 5 D (@ wine) = 77 D {(sbi e+ by (urbise — vib] )

k k
Z ukvk kaka - bl kbl k)> = —% Zukvk(l — 2Nk).
k k

<|<e

Single-particle excitations obey Fermi statistics and their occupation numbers
Ny, are given by the Fermi-Dirac relation:

1
—exp(er/T) + 1

Using the relation ugvy = A/2¢, following from Eqgs. (4.34) and (4.35) we then
transform Eq. (4.38) to

‘g‘/tanh(ek/QT) d3k

o~ b (4.39)

42

(4.38)



Equation (4.39) is called the gap equation. At T' = 0 it becomes
1 dk
|g|/ — 5 =1 (4.40)
2/AZ+ &7 (2m)

The main contribution to the integral in Eq. (4.40) comes from momenta k close
to krp and we may write |€;| ~ Aivp|k — kr| < Ep. We thus obtain:

lglv(Er)
0

S <i> -1, (4.41)
VE + A2 Ao
where recalling that g = 47h?a/m we have A\ = 2kr|a|/7, and the high-energy
cut-off ©® may be put of the order of Er. This gives the zero-temperature gap:

Ag =~ Epexp(—1/)) = Ep exp(—7/2kp|a]) < EF. (4.42)

Let us now return to the initial gap equation (4.39). The highest temperature
at which this equation has a non-trivial solution is the critical temperature 7.
Only below this temperature the spectrum of single-particle excitations has a
gap. The calculation of T, and A(T) is presented in Problem 1 to this Lecture.
The critical temperature is related to the zero-temperature gap as

T, = 0.57A,, (4.43)

and the temperature dependence of the gap is given by

2T
A=Ay|1- ,/X— exp(—Ao/T)|; T < Ao, (4.44)
0
1/2
A = 3.06T, (1 - T) : T T, (4.45)

The dependence A(T) is displayed in Fig. 4.4.

The spectrum of single-particle excitations, e(k), satisfies the Landau crite-
rion of superfluidity discussed in Lecture 6 of Part 1 of the course. The minimum
value of €(k)/k is non-zero. Therefore, the weakly interacting two-component
Fermi gas with intercomponent attraction is superfluid. We will discuss the
issue of fermionic superfluidity in Lecture 5. Here we only mention that since
A(T) decreases with increasing temperature and becomes zero for T > T, the
temperature T, is the superfluid transition temperature. For T' > T, the spec-
trum is not gapped and is in some sense similar to the spectrum of an ideal gas
(Fermi liquid), so that there is no superfluidity.

Note that the picture of pairing near the Fermi surface is better imaged
as correlation between states in k-space, which allows two particles to have
zero total momentum. The momentum interval Jk in the region of correlations
corresponds to the energy interval A. So, we have dk ~ A/hvgp. The related
length is ¢ ~ hvp/A. Tt determines a characteristic distance between particles
with correlated momenta. At T' = 0 it is called coherence length and is given by

hvgp 1 s ~1/3
- L= - . 4.46
Co Ao s exp <2|kpa> >n ( )
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Figure 4.4: The gap in the spectrum of single-particle excitations as a function
of temperature.

Problems 4

4.1 Find a relation between the zero-temperature gap Ay and the critical tem-
perature T,. Calculate A(T) in the limit of ultralow temperatures T' < Ay.

At T = T, the gap vanishes and the excitation energy is e, = |&| = h?|k? —
k%|/2m. Thus the gap equation (4.39) becomes:

n 3
oG

On the other hand, at T = 0 we have ¢, = /& + A% and the gap equation
(4.40). Substracting Eq. (4.40) from Eq. (4.47) and turning to the integration
over d¢ we obtain:

/°° tanh(|&|/2T,) 1
_Bp 2|&| 2:/& + A2 | 2m 2h

Assuming that both Ay and T, are very small we divide the area of integration
in Eq. (4.48) into two parts: from —w to w, and from w to infinity plus from —Ep
to —w. The quantity w is chosen such that Er > w > Ay, T.. In the second
area, i.e. from w to oo and from —Ep to —w, we may put tanh(|£k|/2TC) =1
and Ag = 0. Hence, the integrand vanishes, and we are left with the integration
from —w to w for which we put & = kr outside the square brackets. Taking into

Sdéy = (4.48)
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account that the integrand becomes an even function of £ we reduce Eq. (4.48)

to
/w [tanh(ﬁk /2T.) 1
0

26 2/ 1A2
Integrating the first term in the square brackets we turn to the integration

variable £/2T,, and integrating the second term to the integration variable
&k /Ap. The integration yields:

w/2T. 2
w w Inz w w
1 tanh - ———dr —In{ — I+ =
n<2TC> an <2TC> /0 cosh?z H{Ao+ +Ag} 0

Since w > T.,Ap, we may put tanh(w/2T.) = 1, set the upper limit of inte-
gration over dz equal to infinity, and write the last term as In(2w/Ag). This
gives:

déy, = 0. (4.49)

In Ao :/ lnisgdlenﬂ—2ln2—0,
4T, o cosh“x

where C' = 0.577 is the Euler constant. We thus obtain equation (4.43):

T

— eXiCAO — 0.57A,.

For calculating A(T') at T' < A we substract the gap equation (4.39) from
the zero-temperature gap equation (4.40) and thus obtain:

/°° 1 _ tanh(\/&F + A?/2T) | K2k 0
o |2VE+ A 2/ + A2 om?

Again, turning to the integration over d¢; and dividing the area of integration
into two parts: from —w to w, and from w to oo plus from —Er to —w, we select
w such that Ay < w < Fr and find:

/“’ 1 tanh(/&% + A%/2T) i = 0 (4.50)
Using a relation
tanhz =1 — — 29P(T)
exp z + exp(—x)
we reduce equation (4.50) to
w e LT AT
lnA-i-?/ man )dﬁk =0,
Ao 0 VE + A2

where we took into account that w > Ag. Since T' < A, A¢ the main contribu-
tion to the remaining integral over d¢; comes from &, < A. We then represent

V€2 + A? in the exponent as /&2 + A2 = A + £2/2A and put this quantity
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equal to & in the denominator of the integrand. After the integration over d&y

we have:
Ao o 27T A

Writing A = Ag — 0A and assuming that JA < T, from Eq. (4.51) we obtain:

OA = /27 AoT exp (—%) .

This equation justifies the assumption that A < T'. So, the final result is given

by equation (4.44):
21T Ao
A(T) = AO [1 — 1/ A—Oexp <—T>

4.2 Calculate A(T') at temperatures near T, where A < T and (T, - T) <
T..

Lecture 5. Superfluidity in Fermi gases

5.1 Landau criterion in Fermi gases

In this Lecture we discuss the phenomenon of superfluidity in attractively in-
teracting Fermi gases. As we have established in Lecture 4, the spectrum of

single-particle excitations is e(p) = (/A2 +&2, where §, = vr(p — pr) (p is

here the true momentum, not the wavevector). The gap A is exponentially
small in the limit of weak interactions and becomes zero for T' > T, = 0.57A,
with Ag being the zero-temperature gap. In Fig. 5.1 we compare the spectra
of attractively and repulsively interacting Fermi gases. As we see, there is a
drastic difference. For the attractively interacting gas there is a minimum value
(e(p)/D)min > 0, whereas for repulsive interactions it is zero.

Let us repeat the arguments given in Lecture 6 of Part 1 of the course,
now on support of superfluidity in attractively interacting Fermi gases. Imagine
that an excitation with energy e(p) and momentum p appears in such a system.
Then the energy and momentum of the gas become €(p) and fip. The excitation
appears, for example, if the gas is in a capillary and the latter is moving with
velocity —v. Then, in the reference frame where the capillary is at rest but the
gas is moving with velocity v, we have the energy and momentum:

2

Muv
E =¢€(p) +pov + 5

p'=p+Mv,

where M is the mass of the gas. The term Mv?/2 is the initial kinetic energy of
the gas, and e+ pv is the energy change due to the appearance of the excitation.
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attractive interaction repulsive interaction

(S/P )min =0

\
1 A (g/p) >0

min

>

p
PF PF

Figure 5.1: Spectrum of single-particle excitations for attractively and repul-
sively interacting Fermi gases.

So, at T' = 0 we should have € + pv < 0, otherwise the excitation can not
appear. This is possible only if v > (¢/p). Thus, if there is a minimum value
(¢/D)min = ve, for velocities v < v, the excitations do not appear. Then, there
is no friction between the capillary and the gas, and one has superfluidity.

So, the superfluidity requires the condition

<@> > 0’
p min
and the velocity of the motion

For the attractively interacting Fermi gas we have a very small critical velocity:

A T
A T ). 5.1
Ve o vFeXp< 2kFa|> (5.1)

5.2 Superfluid current

Let us now discuss the superfluid current. First of all, we write the Bogoliubov-
de Gennes equations for the coordinate-space wavefunctions of the excitations.
In free space they read (see Problem 1 to this Lecture):

Hou, + Av, = €EpUy, (5.2)
—Hyv, + A*uy, = e,0,, (5.3)
where Hy = (—h2/2m)(d?/dr?) — p, and the index v labels quantum states of
the excitations. Assuming that in the presence of current the order parameter

(gap) is complex we write B
A = Aexp(2i9). (5.4)
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Comparing equations (5.2) and (5.3) with the Bogoliubov-de Gennes equations
for a Bose-condensed gas (see Lecture 5 of Part 1) we see that A plays a role of
the ”wavefunction of a condensate of Cooper pairs”. We now write

U, = U, exp(ig), (5.5)
vy = Ty exp(—i¢). (5.6)
For small gradients of ¢ and vanishingly low momenta of the excitations the
quantities @, © coincide with uy, /v/V, v, /v/V where uy, vy, are given by Eqs. (4.34)
and (4.35). This is clear from the Bogoliubov-de Gennes equations obtained af-
ter substituting u, (5.5) and v, (5.6) into Eqgs. (5.2) and (5.3):
Hoti, + A, + gradients of ¢ = €i,,
—Hoyv, + A*u, + gradients of ¢ = ev,.

The operator of the current is given by

i Md — (Vhh
§= g D [BEe = (V9D (5.7)

(e

Since the field operators 1, can be expressed as (see Problem 1 to this Lecture):

vy = (uwby, —v3bl,),

vy = (b +ubl,),

v

at T'= 0 we obtain the following expectation value

Vv

ov

2
() =~ S (W, Vo, — ;) = (Z “—") Vo (5.5)

ov

Let us now recall the expression for v in the uniform case. It is given by
Eq. (4.35). Except for a narrow vicinity of kr, where the presence of the gap
A in the expression for the excitation energy is important, we have vy = 1 for
k < kr and vg, = 0 for k > kr. Thus, equation (5.8) gives:

h e g2 h
) = — —dk = — . .
=V X [ g k= Ve (59)
where n =) _n, is the total density. So, the quantity
h
vy =—Vo (5.10)
m
is the superfluid velocity.
The superfluid current is
js = nvs. (5.11)

Thus, at T' = 0 the whole mass of the gas (liquid) is superfluid.
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5.3 Bogoliubov-Anderson sound

We now consider hydrodynamic equations for the superfluid Fermi gas. They
read:

on
¥ +div(nv) =0, (5.12)
Ba—‘t“rv{ mv? + u(n )] =0. (5.13)

We then write n = n 4+ dn, where 7 is the mean value of the density. Assuming
small velocities v and density fluctuations dn, we confine ourselves only to terms
that are linear in v and dn. Writing v = (h/m)V¢ we thus obtain linearized
hydrodynamic equations:

@@+v<@v@:m, (5.14)
ot

oVeo  Jdu B

R+ 2t v = (5.15)

Taking the time derivative in Eq. (5.14) and substituting 0V¢/dt from Eq. (5.15)
we obtain:

9%6n 9
= . 1
2 = moonl. V on (5.16)
The derivative of the chemical potentlal w1th respect to the density is given
by
3 h 2 2/3 2EF
Writing small fluctuations of the density as
on x exp(—iet/h + ikr)
we then find
G- 2
R 3m
or
2F h
e=h| L ="L (5.17)
3m V3

We thus see that there is one more branch of excitations. It is related to
fluctuations of the phase of A. These excitations obey the Bose statistics and
are called Bogoliubov-Anderson sound. Note that for this branch of excitations
we have (€¢/hk)min = vr/v/3 and they do not destroy superfluidity. They do
not even change the critical velocity.
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5.4 Superfluid and normal density. Thermodynamic quan-
tities near T,

At a finite temperature the superfluid gas can be implicitly divided into two
parts: superfluid and normal. Repeating the arguments given in Lecture 6 of
Part 1 of the course we now imagine that the ”gas of excitations” is moving
with respect to the liquid (gas) with velocity v. The distribution function for
the excitations is then obtained by replacing the excitation energy e with e —pv,
where p is the excitation momentum. So, the total momentum of the ”gas of
excitations” per unit volume will be:

d3p

@y (5.18)

P~ [oe-p

Assuming a small velocity v we expand the integrand of Eq. (5.18) in powers of
(pv). Retaining only the linear term we have:

P —— [0 2

de (2mh)3’
Averaging over the directions of p we then obtain:
v [dN(e) , d°p
P=—— . 5.19
3 / de 7 (27h)3 (5-19)

The gas of excitations can collide with the walls, exchange energy and mo-
mentum, and eventually it will be stopped by the walls. The mass density of
the liquid (gas) can be written as a sum of the superfluid and normal parts:

p=ps+ pn. (5.20)

The expression for the normal density follows from Eq. (5.19) treating P as the
momentum of the system as a whole:

1 [dN(e) 5, &
P __5/ de (2mh)3” (5:21)

As we see, there are two contributions to p,: the contribution of gapped
single-particle excitations, and at sufficiently low temperatures we should take
into account the contribution of Bogoliubov-Anderson sound. Both are zero at
T = 0. At a finite temperature for the contribution of single-particle gapped
excitations we have:

2 d 1 d3p
P = _§/p2£ (exp(e/T) + 1) (2mh)3’ (5.22)

where € = /A2 + [(p? — p%)/2m]?, and an additional factor 2 comes from the
summation over T and | excitation branches. The main contribution to the
integral comes from momenta p close to the Fermi momentum pp, and we obtain:

4 e’}
Pr dN (e)
n = - ) -2

P 3m2vphd / de de (5.23)

— 00
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with &€ = vp(p — pr). Since the total density is p = mp%. /372, we can write:

P = —Qp/o %ﬁﬁ)df (5.24)

We first notice that at the superfluid transition temperature, T = T,., we
have A = 0 and € = ||, so that

< dN
-2 —dé=1.
0 de g

Just below T. we may expand the integral in Eq. (5.24) in powers of AZ/T?2.
This gives
B A_2 7¢(3) T.—T

Pn
P =1-2
1% TE 87'('2 Tc '

0< (T, —T) < T (5.25)

For very low temperatures, T' < A, we may write

dN 1 exp(e/T) 1 (Ao §2>

de T exp(e/T)+1 " T &P

T  2A,T

and Eq. (5.24) yields

Pn _ (27TA0

1/2

The normal density decreases exponentially with temperature, and we have to
take into account the contribution of bosonic Bogoliubov-Anderson sound.
For these excitations we have the dispersion relation (5.17) and the distri-

bution function )

exp(e/T)—1"
Then, equation (5.21) is transformed to

1 /OO exp(e/T  pidp
- 6m2T Jy  (exp(e/T)—1)2 h3 °

N(e) =

Pn

The integration with € = vpp//3 is straightforward and it yields:

5 [e%e] 4 X< 4
oo = s <@> | e = 213, (E%) (). (527

vR expx — 1)

where ((4) is very close to unity. Thus, at T — 0 the Bogoliubov-Anderson
sound gives the leading contribution to the normal density.

We now show that the BCS superfluid transition is of the second order.
Indeed, for T = T, we have A = 0 and ¢(p) = |p? — p%|/2m. This is the same as
in the Fermi liquid. We should only renormalize the chemical potential in order
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to take into account the interactions, not more than that. Thus, the energy and
other thermodynamic quantities are continuous at T = T,.. So, this is not the
first order transition.

Let us focus on the derivatives of thermodynamic functions, for example on
the heat capacity. Variation of the energy under variations of the occupation
numbers is

SE = e(p)(0N1p+0Np) =23 e(p)dNp. (5.28)
P P
Dividing Eq. (5.28) by 6T we have
B ON(p) Vd3p _ Vmpp [ ON(e)
C—Q/dm S e = [meaTcm (5.29)

where again £ = vp(p—pr) and we took into account that the main contribution
to the integral comes from momenta near the Fermi surface.
Using the Fermi-Dirac relation for N(e) we obtain;

ON(e) [€ 1 0A? exp(e/T)
ar [ﬁ 2T oT ] (exp(e/T) +1)2°

(5.30)

The result of the integration of the first term in the square brackets on the right
hand side of Eq. (5.30) is continuous at T' = T, and it gives the heat capacity
in the normal (non-superfluid) phase, C,,. The second term is discontinuous
at T = T.. In the normal phase, i.e. for T' > T, it is equal to zero. In the
superfluid phase at T' — T, using Eq. (4.45) we have:

OA? 872

So, the result of the integration of the second term in the square brackets of
Eq. (5.30) gives a jump in the heat capacity at T = T.:

4Vmpp /OO exp(e/T)
7C(3) J_o (exp(e/T) +1)?

Putting € = |¢| in the integrand of Eq. (5.32) we find:

Cs—Cn=

de. (5.32)

4AVmpr ( 0 )
Co—Cp=2"PEp  Nexp(——1—1), 5.33
756 2prla (533)

where N is the total number of particles. We thus clearly see that the superfluid
BCS transition is the transition of the second order.

Problems 5

5.1 Derive the Bogoliubov-de Gennes equations for the coordinate-space eigen-
functions of single-particle excitations.
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In terms of the field operators ¢} (r), ¢ (r) the BCS Hamiltonian is the sum of
=0

Hy,, (4.18) and Hyp; (4.19) with U(r)

where

Hy=——V? —p, (5.35)
m

and we also included an external potential V(r). We now write ¢, (r) in the
form:

dr(r) = [uy(r)br, — v ()bl ], (5.36)

v

Yi(r) = [un(r)by, + vj(x)b], ], (5.37)

v

which is nothing else than the Bogoliubov transformation in the coordinate
space. Substituting the field operators given by Egs. (5.36) and (5.37) into
Hpcs (5.34) we find that the latter reduces to the diagonal form

-HBCS = EO + Z EVBLVI;UV

ov

if the functions u, (r), v, (r) satisfy the Bogoliubov-de Gennes equations:

[]:AIOA—F V(I‘)]’U,V(I‘) + A(I‘)’UV(I‘) = GVUV(r)v (538)
—[Ho + V(r)]vy(r) + A" (r)u,(r) = € v, (r). (5.39)

In this respect, the functions u,(r), v,(r) can be called eigenfunctions of ele-
mentary excitations. In the absence of external potential V(r) we immediately
see that Eqgs. (5.38) and (5.39) coincide with equations (5.2) and (5.3).

If the current is also absent, then putting the quantum number v of an
excitation as its wavevector k we have

Uk .
ux = — exp(ikr), 5.40
k N p(ikr) ( )
Vg .
vk = —= exp(ikr), 5.41
<= - expliker) (5.41)

where uy, vy are given by Eqs. (4.34) and (4.35). Substituting uy, vk given by
Egs. (5.40) and (5.41) into Eqs. (5.36) and (5.37) and recalling that i, (r) =
> 1 Gok exp(ikr), we arrive at the momentum-space Bogoliubov transformations
(4.29), (4.30) and (4.24), (4.25).

5.2 Express the ratio p,/p through A='dA/dT in the entire range of tem-
peratures T' < T.. Consider only the contribution of single-particle excitations.
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Lecture 6. Gizburg-Landau approach. Vortices in
Fermi gases

6.1 Landau-Ginzburg functional

In this Lecture we discuss the Ginzburg-Landau description of (two-component)
Fermi superfluids and then turn to vortex structures in these systems. In
previous lectures we introduced and found the order parameter (gap) A =
g(1, (r)ih1(r)). In Lecture 5 we then showed that the gradient of the phase
of A (A = Aexp(2i¢)) is related to the superfluid current j = nv,, with n
being the total density and vy, = (hA/m)V¢ the superfluid velocity. The quan-
tity (¢ (r)¢ (r)) plays a role of the wavefunction of the ”condensate of Cooper
pairs”. In many cases it is more convinient to introduce the order parameter ¥
in such a way that its phase coincides with the phase of A, but the amplitude
is |U|? = ng/2, where ng is the superfluid density. Then the superfluid current

is
A h

js = —(\I/V\I/* — \I/*V\I/) = —HSV¢ = MNgsVs. (61)
2mi m

At T = 0 where ns, = n, equation (6.1) exactly coincides with Eq. (5.11) which
we derived in Lecture 5.

As we have shown, at T' = T, the system undergoes the second order phase
transition. The physical nature of this transition lies in an anomalous growth of
the fluctuations of the order parameter. Let us consider the spatially uniform
system and write the free energy per unit volume as an expansion in powers of
v

F:Fn+a(T—Tc)\\II\2+g\\II\4, (6.2)

where F, is the free energy in the normal (non-superfluid) phase. In the presence
of currents we have to add the term with the gradient of the order parameter.
So, we have

h? 2 2, big
F—Fn-i-RW‘I’\ +a(T = T¢)| V| +§\‘I’\ . (6.3)

Equation (6.3) is usually called the Ginzburg-Landau functional. The coefficient
a > 0, so that the superfluid phaseis at T < T,. At T = T, the term o(T—T,) =
0, and the difference between the free energies of superfluid and normal phases
is (Fs — F,) o< |[¥|*. The equilibrium value of |¥|? at T < T, is determined by
the minimization of F' (6.2) and is equal to

o(T.—T)

PP =
9] -

. (6.4)

In the uniform case this gives:
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and leads to the temperature independent heat capacity per unit volume:

0*(Fs — Fy,) T,
Cs—C,=-T - = = 6.6
) ( oT? )V b (6:6)

as it should be according to our derivation in Lecture 5.
For a weakly interacting two-component Fermi gas we have:
62T,
o=, 6.7
7C(3)p (67)
oT,

b= = 6.8
- (6.5)

This follows from the expression for the energy

E= ()= (3 Bl o+ A Y (api i+ al_aly))
ok k

using the Bogoliubov transformation (4.29), (4.30) and the expression for the
entropy:

S== [NoxIn No + (1 = Noto) In(1 = Noo)]. (6.9)
ok

Then, the free energy F = E — T'S will be given by Eq. (6.2) with «a, b from
Egs. (6.7) and (6.8).

6.2 Critical fluctuations

Let us now consider fluctuations of the order parameter. Under a small deviation
of |¥| from the equilibrium value |¥| the change of F is

1 _ O*°F
6F = 5(\\11\ — |p))? (W) (6.10)

For the quantity 0*F/9|¥|? we have:

0?F

_9%(T-T), T>T, [¥=0. 6.11
S =20 =T T>T. |9 (611)
0’F - aT.-T)
O 4T -T); T<T, [§]=20e"2) 6.12
S = da(T.=T) o) = 2 (612)
The probability of the fluctuation is
VF V(e| - |¥|)? 9%*F
~ V= — — . N
w exp{ T } exp{ 5T R (6.13)
We then obtain the mean square fluctuation of |¥|:
= T, 1, T>T,
U= [0))?) = ——— ’ ; 6.14
0= 1902 = s < 1ol wo (6.14)
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From Eq. (6.3) we can establish the correlation radius 7. of the fluctuations.
It follows from the condition that the gradient term is of the order of the |¥|?

term:
K2
e~y —————. 6.15
" \/ mal|T, — T ( )

In order to still apply the theory that we discussed in previous lectures, we
should have small fluctuations over the volume 73, compared to |¥|? = a(T, —
T)/b:

T2 712
(=) _ < 1o
This leads to the inequality:
T, «
_ —\|T. = T]. 6.16
a8 <=7l (6.16)
Substituting r. from Eq. (6.15) we obtain the famous Ginzburg criterion:

3
a|T. = T| > T2 (%) . (6.17)

For the weakly interacting Fermi gas, with o ~ T./u; b ~ T?/un from
Egs. (6.7), (6.8) and = Er ~ h?n?/3 /m, we find:

T 4
T, —T| > T. <E2> . (6.18)

Thus, in a very narrow interval of temperatures near T, the theory is not ap-
plicable. This interval is called the region of critical fluctuations. A theory for
this region is beyond the scope of the present course.

6.3 Vortex state

We now turn to the discussion of vortices in the two-component superfluid Fermi
gas. What is the vortex state? Assume that in free space the complex order
parameter A (or ¥) is of the form

A(r) = A(p) exp(ig), (6.19)

where p is the vector in the {z,y} plane and ¢ is the asimuthal angle (x =
pcosd, y = psing). The velocity field v as derived in Lecture 5, then is

i

v:2m

Vo. (6.20)

An extra factor 2 in the denominator is related to the fact that now we write the
phase ¢ instead of 2¢ before. Now it is even more convinient, since the factor
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2m shows that the mass of a Cooper pair is twice the mass of a particle. The
velocity field has a tangential form (pv = 0):
lp2] R

where Z is a unit vector perpendicular to the {z,y} plane. So, we have

h
v| = — (6.22)
2mp
and clearly see that the velocity increases on approach to the vortex line, i.e. to
the line where |v| — co. The circulation is quantized:

fvdl _m (6.23)
m

The angular momentum carried by the vortex is

. AN
(L) = m/[r x vin(r)d®r = 5 (6.24)
with N being the total number of particles, and n(r) the density distribution.
The energy FE, acquired by the vortex is mainly determined by the hydrody-
namic kinetic energy (m/2) [ nv?d®r. In a non-rotating cylinder of radius R we

have: Nh R

where £ is the radius of the vortex core, which is of the order of the coherence
length hvgp/A.

Let us now discuss the form of A(r) in the case of the vortex state. For this
purpose we write the Bogoliubov-de Gennes equations where we still keep the
Hartree-Fock terms:

H—p Al } { o (r) } . { o (r) } , (6.26)

A*(r) —(H—p)] | vo(r) Vg (r)
where 12
H=—5——gn(p), (6.27)

and g = —4rh?a/m > 0 for a < 0.
For simplicity we consider 7' = 0 and assume that the system is a very large
cylinder and is not rotating. The density profile is given by

n(p) =Y lvo(p)l* =2 lo(p) [, (6.28)
ok k
and the gap equation reads:

A(p) =g uo(p)vii(p). (6.29)
ok
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The lowest energy solution (e > 0) corresponds to

u=u(p); v=7(p)exp(—id). (6.30)

Since the order parameter is exponentially small in the BCS regime, the density
is practically not affected by the vortex. However, A vanishes at the vortex
line. The solution of this problem is quite combersome and requires numerics.
Therefore, we only present the dependence |A(p)| in Fig. 6.1.

A A

a2 1 [

P

Figure 6.1: Modulus of the order parameter |A| as a function of the distance
from the vortex core, p.

In a non-rotating cylinder the vortex state is an excited state of the sys-
tem. We now briefly discuss the case of a rotating cylinder. Let 2 be the
rotation frequency. In the rotating reference frame the energy associated with
the appearance of the vortex is

E=FE,—QL,), (6.31)
where E, is given by Eq. (6.25), and (L) by Eq. (6.24). The critical frequency

Q. at which the vortex state becomes the ground state of the system is obtained
from the condition £ = 0. We thus have:

h R
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6.4 Vortices near 7T,

Let us now discuss vortices at temperatures close to T, and employ the Ginzburg-
Landau functional (6.3). In the spatially non-uniform system we have to write
it in the form:

F= /d3{ (VU*VY) — T, — T)|V|* + |\11|4}. (6.33)

The first term in curly brackets can also be written as —(h?/4m)¥*V2W¥, which
is clearly seen after performing the integration by parts. Let us make a variation
of F'. Note that we should vary ¥* and ¥ separately. Consider variations ¥*
we have:

2
§F = /d3r SU* {—4h—v2\11 —o(T. —T)V + bl¢l2\lf} .
m

So, setting § F' = 0 we obtain an equation:

2
—h—VQ\I/—a(T T)V + b|¥|?¥ = 0. (6.34)
4m

Equation (6.34) looks exactly the same as the Gross-Pitaevskii equation for
the condensate wavefunction in the case of bosons (see Lecture 3 of Part 1 of the
course). In order to make the analogy explicit we should treat o (T, — T') as the
”chemical potential”, and b as the ”coupling constant”. Since a« ~ T./Ep, b~

T?/nEr (see Egs. (6.7) and (6.8)), we obtain the "healing length”:

h? hEFR hvg hvp

mp N\ mT(T.—T) " T, -6 A

where we took into account that A(T) ~ /T(T. —T) at T — T.

For the vortex state of bosons, U has been obtained in Lecture 7 of Part 1.
It is presented in Fig. 6.2.

All other solutions at temperatures near T, are obtained in the same way as
in the case Bose-Einstein condensates in Part I of the course.

&~

Problems 6

6.1 Obtain the Ginzburg-Landau functional for the free energy ' = F — TS
from the microscopic theory for the weakly interacting two-component Fermi
gas. Use the following expessions for the energy and entropy:

Vd3k

P2 [ s
S = —2/[Nk In Ve + (1 — Nie) In(1 — Ny)] vk

(27m)3°
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V]

(1-E74¢F)

 J

Figure 6.2: Modulus of the order parameter |¥| (or |A]) as a function of the
distance from the vortex core, p, at temperatures T — T¢.

Lecture 7. Strongly interacting regime in Fermi
gases

7.1 Anomalously large scattering length

We now arrive at the discussion of the so-called strongly interacting regime in
dilute Fermi gases. In previous lectures we were writing the interaction term in
the Hamiltonian as

Hini = g / BT (), ()6 (v) dr,

where g = 4nh%a/m, with a being the scattering length for the interaction
between T and | atoms. We were considering the weakly interacting regime,
where n|a|> < 1 and the interaction energy per particle is much smaller than
the Fermi energy, so that the interactions can be taken into account within the
many-body perturbation theory. What happens if |a| — oo, but the gas is still
dilute and nR? < 1, where R, is the radius of the interaction potential U(r) ?

First of all, why and how this can happen? Consider U(r) such that there is
a very weakly bound state with zero orbital angular momentum (s-state) and
binding energy ¢y — 0 (see Fig. 7.1). At r > R, the wavefunction of the bound
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s-state is governed by the Schroedinger equation for the free motion:

—h—Q <d2¢0 + 2 d_%) - —60¢0 (71)
m

dr? r dr

and reads: (=)
exp(—kr
Yo = O, (7.2)
where k = \/me€g/hi, and C is the normalization coefficient.
U(r)

A

Figure 7.1: Interaction potential U(r) supporting a weakly bound state with
zero orbital angular momentum.

On the other hand, the wavefunction of continuum states with zero orbital
angular momentum and energy ¢ — 0 is
a
—(1- —) : 7.3
v=(1-2 (7.3)
where a is the scattering length. In the interval of distances where K= > >
R., equation (7.2) becomes ¢y x (1—1/kr) and it should coincide with Eq. (7.3),
except for the normalization coefficient. This is because at such distances in
both cases the wavefunction is governed by the Schroedinger equation for free
motion with zero energy: ¥/, + (2/r)i,. = 0. So, we thus obtain:

1 R?

> 0. (7.4)



The scattering length is positive and large (a > R.).

Note that we obtained Eq. (7.4) in the presence of a very weakly bound state.
The case of a large but negative scattering length corresponds to the presence of
the so-called virtual bound state (just make the potential U(r) slightly deeper
and the bound state appears). So, we see that one can have nla|® large, but
nR2 < 1. For ¢y — 0 we have |a| — oo.

7.2 Fano-Feshbach resonance

Is there a possibility to manipulate the interaction and modify the scattering
length a, thus changing the coupling constant g and influencing the many-body
physics 7 Imagine that there is a collision between two atoms in certain hyperfine
states along the potential curve Uy (r). The hyperfine interaction can change the
internal state of one of the colliding atoms or even the internal states of both
of them, thus transferring the system to the motion along the potential curve
Us(r) (see Fig. 7.2). Assume now that there is a bound state in the potential
Us(r), which almost coincides with the bottom of continuum states of Uy (r) so
that the corresponding energy difference Fy is small.

U(r)

A

)

Figure 7.2: The picture of interaction potentials and bound state(s) showing
the presence of a Fano-Feshbach resonance.

We then consider the s-wave scattering and write the wavefunction of the



scattering state at large distances as
1
P(r) = ;[A exp(ikr) + Bexp(—ikr)], (7.5)

with k = \/mFE/h2. Treat now the scattering energy E as a complex quantity.
This is because the energy of the bound state Ej is in fact complex and equal to
Ey—iT'/2. This state is actually quasibound as it can decay into free atoms, and
the quantity I' is the corresponding width. The condition determining complex
eigenstates is that there is no incoming wave at large distances. This means
that we should have zero coefficient B for E = FEy — iI'/2:

B(E, —il'/2) =0. (7.6)

For the scattering energy FE close to Ey we may expand B in powers of (E —
Ey+iT'/2) and confine ourselves to the linear term of the expansion, which gives

r
B= <E—Eo+i§> b,
where b is a constant. So, taking into account that A = B* the wavefunction
(7.5) becomes

o(r) = = [(E — Ey— é) b* exp(ikr) + (E — Eo+ zg) bexp(—ikr)} (1.7

r
The phase § of this function is given by

. E—FEy—1'/2 .
exp(2id) = ﬁ exp(2i6©), (7.8)

where exp(2i6(?)) = —b*/b. For |E — Ey| > Ey we have § = §. So, (¥ is
the phase far from resonance. For simplicity we put §(°) = 0, thus omitting

the potential scattering. Then, using the well-known formula for the scattering
amplitude (see Lecture 1):

tan

f= k(1 —itan?)

we obtain:
r/2

k(E — Eg +il/2)

f=- (7.9)

For E and Ej tending to zero the function B(E) can be expanded in powers
of E. The point E = 0 is the branching point of B(E) so that going from the
upper part of the complex half-plane to the lower part transforms B to B*.
Therefore, the expansion of B should be in powers of VE, and we have

B(E) = (E — Ey + iyVE)b. (7.10)
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Thus, we have a relation

| M

h

We then rewrite equation (7.9) in the form

e
2m(E — Ey +iyWE)
or
1

=TT rR TR (7.11)
where a=! = —Fyv/2m/hy, and R* = h/(yv/2m). For k — 0 we have f = —a
and we see that the scattering length is a oc Ey L In our derivation we assumed
that Ey > 0 and obtained a < 0. For Ey < 0 the derivation is similar and one
obtains @ > 0. The original description of the discussed resonance scattering
belongs to Fano and to Feshbach and it is usually identified as Fano-Feshbach
resonance.

The spacing between the potentials U; () and Us(r) is equal to the difference
in the energies of the involved internal (hyperfine) states of the atoms and
depends on the magnetic field. As a result, the scattering length becomes field
dependent and tends to infinity when Fy — 0 (see Fig. 7.3).

7.3 BCS-BEC crossover

Let us now consider T' = 0 and make a qualitative sketch of the phase diagram.
Namely, we find out what kind of ground state we have depending on the value
of the scattering length a (or magnetic field B). For a small negative a satis-
fying the condition kpla] < 1 there is a BCS superfluid that we discussed in
the previous lectures. For |a| — oo we have the so-called strongly interacting
regime, which we can not treat on the basis of the many-body perturbation
theory. For a large positive a still satisfying the inequality na® < 1, T and |
fermions form a weakly bound state as we discussed in subsection 7.1. So, we
have diatomic molecules representing composite bosons, and they should bose-
condense. The wavefunction of each composite boson is given by equation (7.2)
and the corresponding momentum distribution is

1

G(k) = /wo(rl —1r3) explik(ry — r2)]d(r; —ra)
Considering a Bose-Einstein condensate of the molecules at T' = 0 we may
say that the system consists of real-space pairs of | and | fermions, with mo-
mentum distribution (7.12). This is an argument on support of the statement
that going from BCS (small negative a) to BEC of molecules (positive a and
na® < 1) simply transforms Cooper pairs to real space diatomic molecules.
The symmetry of the system does not change and we have a crossover, not a
quantum transition. The phase diagram is displayed in Fig. 7.4
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Figure 7.3: The magnetic field dependence of the scattering length for a Fano-
Feshbach resonance. The field By corresponds to |a| — oo.

7.4 Description of the strongly interacting regime. Uni-
tarity limit

We now treat all regimes shown in Fig. 7.4 on equal footing by using a sort of
BCS approach at T'= 0. So, we again write the BCS Hamiltonian (4.23)

Hpcs = Z §k&lk&ak +A Z(dlde—k + &Lkdjk),
kjo=T1,| k

where G, are the particle operators, and & = (h%k?/2m — u). We then employ
the Bogoliubov transformation (4.24), (4.25):

lA)Tk = uplik + vk&I_k,
lA)Lk = UpQ Kk — Ukéﬂ_k,
thus reducing Hpes to the diagonal form (4.31):

Hgcs = Eo+ ) bl bok.
o,k

For the ground state energy we have:

AQ

k
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Molecular BEC BCS

Figure 7.4: Phase diagram for a two-component atomic Fermi gas at T = 0.

where Ej, = h?k?/2m, and the normalization condition reads:

nzégv;‘i:/ (1—5—2). (7.14)

However, in contrast to the standard BCS approach we now do not assume that
only momenta close to kr are important in the integral over d*k in Eq. (7.14)
and use the exact expression & = h%k?/2m — p.

The zero-temperature gap equation (4.40) we now write using the so-called
renormalized coupling constant:

3
L[ (AL, 15
| g| 2(27T )3 €k Ek
The renormalization of the coupling constant is needed in order to circumvent
the divergence of the integral at large k in Eq. (7.14). In the standard BCS
approach in Lecture 4 we did this ”by hands”, saying that there should be
a natural high-energy cut-off which is of the order of the Fermi energy. The
rigorous renormalization procedure is beyond the scope of the present course,
and we only give supporting arguments. Imagine that we have two particles
with very low momenta and treat g as the Fourier transform of the interaction
potential. Then, to first order in perturbation theory the coupling constant is

&k
(2m)?
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g, and the second order gives the contribution — ", ¢?/2E;V. So, we have to
make a replacement g — g(1 — >, g/2E;V), or

1 1 1
SN -
g g Zk: 2E,V
For a negative g this is exactly what we have done in Eq. (7.15).
The functions wug, vy are still determined by the Bogoliubov-de Gennes equa-
tions (4.32), (4.33) and are given by Eqgs. (4.34), (4.35):

The excitation energy ¢ follows from equation (4.36):

€ = \/f,%-i-AQ.

Then, using Eqgs. (7.14) and (7.15), for small a < 0 we recover the earlier ob-
tained result for the gap in the BCS limit. We even find a numerical coefficient in
front of the exponent. However, this coefficient has to be corrected by including
second order many-body processes.

In the limit of molecular BEC (a > 0 and na® < 1) equations (7.14), (7.15)
and (7.13) give the ground state energy

h? wh?a N?
oma® " om Vo

where NN is the number of fermionic atoms. Accordingly, the number of molecules
is Ny, = N/2, and the first term in Eq. (7.16) is nothing else than the binding
energy of a molecule, eg = h?/ma?, multiplied by the number of molecules. The
second term corresponds to the interaction between the molecules. Taking into
account that the molecular mass is 2m, we see that the molecule-molecule scat-
tering length a,, = 2a. This because the molecule-molecule interaction energy
should be equal to (47h3a,,/2m)N?2 /2V. Note that the exact result following
from the solution of the 4-body problem gives a,, = 0.6a.

The chemical potential following from Eq. (7.16) is

Ey = (7.16)

H=—-—+4 —an. (7.17)
m

The order parameter A then turns out to be much smaller than |u|, but the gap
in the excitation spectrum is provided by the binding energy of a molecule and
is equal to €y/2.

In the unitarity limit, that is at |a| — oo, one finds A = 0.69Fr, Ey =
0.6(3Er/5)N, and p = 0.6EF. The latter result is 40% larger than the result
of the exact Monte Carlo calculation.
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We thus see that even using the BCS theory one can qualitatively recover
the physics. The discussed approach for describing the BCS-BEC crossover has
been proposed by Leggett. Note that the unitarity limit is universal. There is
only one energy scale, the Fermi energy Er, and only one distance scale, the
mean interparticle separation n=1/3,

Monte Carlo studies have obtained the superfluid transition temperature
T. as a function of the scattering length a, which for a given system is easily
transformed into the dependence of T, on the magnetic field. This dependence
is sketched in Fig. 7.5. In the unitarity limit we have T, ~ 0.15FF. Experi-
mental studies have achieved the strongly interacting regime, and Monte Carlo
calculations of T, and p are consistent with the experiments. The presence of
superfluidity in the strongly interacting regime has been proven in MIT exper-
iments (W. Ketterle) by creating a lattice of quantum vortices.

T, /By
A

unitarity limit

Molecular BEC

0.19
0.15

Figure 7.5: Superfluid transition temperature as a function of the magnetic field
for the BCS-BEC crossover in a two-component atomic Fermi gas.

Problems 7

7.1 Calculate the spectrum of collective excitations for a 2-component Fermi gas
in the unitarity limit and in the regime of molecular BEC.

We rely on the hydrodynamic equations (5.12), (5.13):

on

5 + div(nv) =0,
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0 1
ma—‘tf +V {5m02 + u(n)} =0,
and assume small fluctuations of the density, dn = n — i, where 7 is the mean
density. Then, writing the velocity as v = (5/m)V¢, with ¢ being the phase of
the order parameter, we arrive at the linearized equations (5.14), (5.15):

aon hn
T3 +V (EVqﬁ) =0,

oVeo  Ou

Reducing them to Eq. (5.16):
9%6n  n Ou 9
B = m Onl=n”

we then write small fluctuations of the density as on o< exp(—iwt + ikr). This
gives
2 n Op

w? = (E o n_ﬂ) k2. (7.18)

In the unitarity limit we have y = 0.4EF and

2K E
O _gax e 0.267—L,
on ln=n 3n n
which yields
(0'4> k= 0.231vpk (7.19)
w = — | v = U. v . .
NG F F
In the regime of molecular BEC we have
€ wh?
w= B + 2mn><0.6a
and 5 2
S O N
on ln=n m
Then equation (7.18) yields
hz, 1/2
W= (0.3”m§a> k ~ 3vup(7a®)1/3k. (7.20)

7.2 Calculate the lowest frequencies of collective excitations of a 2-component
Fermi gas in the unitarity regime in a harmonic potential V (r) = mw3r?/2.
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