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Hall effect

e The classical Hall effect has been discovered by Edwin Hall in 1879. It is the observation of
a transverse voltage for a conductor in a magnetic field. It is due to the Lorentz force acting

on the electrons.
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e The classical Hall effect has been discovered by Edwin Hall in 1879. It is the observation of
a transverse voltage for a conductor in a magnetic field. It is due to the Lorentz force acting

on the electrons.
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e As a result, the resistivity is expected to behave as follows
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Quantum Hall effect

e The quantum Hall effect (QHE) refers to the observation of plateaux in the resistivity at

low temperatures and strong magnetic field. The measured resistance is given by the formula

Vidat _ h

Pz (KS2)

%
B(T) Magnetic fied (T)

~ Integer QHE observed by Klaus von Klitzing in 1980 in MOSFET.

~~ Fractional QHE discovered by Daniel Tsui and Horst Stérmer in 1982 in GaAs samples.
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Integer quantum Hall effect

e The integer QHE has a simple quantum mechanical explanation. It is due to the impurities
in the material that lift the macroscopic degeneracy of the Landau levels. Impurities also turn
extended states into localized states. Since these states cannot carry a current, they do not
contribute to the conductivity.

= Observe plateaux of length proportional to the amount of impurities!
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Fractional quantum Hall effect

e The explanation of the fractional QHE is of a different nature and involve interactions

between electrons which was previously neglected.
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Fractional quantum Hall effect

e The explanation of the fractional QHE is of a different nature and involve interactions

between electrons which was previously neglected.

e The filling factor 1 takes a specific set of rational values. The first explanation of the FQHE
was proposed by Laughlin in 1983. He wrote the expression of an effective ground state wave
function for the values filling factors v = 1/k with k odd,

0(x) = [ — xp)e i Salol’

a<b
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Fractional quantum Hall effect

e The explanation of the fractional QHE is of a different nature and involve interactions

between electrons which was previously neglected.

e The filling factor 1 takes a specific set of rational values. The first explanation of the FQHE
was proposed by Laughlin in 1983. He wrote the expression of an effective ground state wave
function for the values filling factors v = 1/k with k odd,

0(x) = [ — xp)e i Salol’

a<b

e The model exhibits excitations called quasi-holes with the wave function
kK _eB 12
zA,'((,-.x):H( 7QJ X HH i — Xa) H(Xa*Xb) e~ in 2a X
i<j a<b
They carry a fraction of the charge of the electrons. They also obeys a fractional statistics,

namely they are (Abelian) anyons!
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e Model of the fractional QHE with more general filling factors v = p/(k + pn) involve
non-Abelian anyons. The statistics of these anyons (braiding) is given in terms of a non-trivial
matrix transformation.

~~  This property is particularly interesting to implement quantum computations!
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e Model of the fractional QHE with more general filling factors v = p/(k + pn) involve
non-Abelian anyons. The statistics of these anyons (braiding) is given in terms of a non-trivial
matrix transformation.

~~  This property is particularly interesting to implement quantum computations!

e In fact, anyons are topologically protected quantum states. They are very good candidates

to realize fault-tolerant quantum processors!
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e Model of the fractional QHE with more general filling factors v = p/(k + pn) involve
non-Abelian anyons. The statistics of these anyons (braiding) is given in terms of a non-trivial
matrix transformation.

~~  This property is particularly interesting to implement quantum computations!

e In fact, anyons are topologically protected quantum states. They are very good candidates

to realize fault-tolerant quantum processors!

e So far, there have been no observation of non-Abelian anyons in condensed matter systems.
But they have been realized recently on quantum processors.

[G. Q. Al and Collaborators, Nature 618 (2023) 264-269]
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Motivations

e They are three main approaches to the fractional QHE:

@ Numerical calculations using realistic condensed matter models
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~» Usually coming from a CFT correlator, e.g. WZW models with Kac-Moody
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Motivations

e They are three main approaches to the fractional QHE:

@ Numerical calculations using realistic condensed matter models

@ Direct proposal of wave functions with good physical properties.
~» Usually coming from a CFT correlator, e.g. WZW models with Kac-Moody
symmetry.

o Field theory (IR) description using 3d Chern-Simons theory
~»  Abelian FQHE: U(1) Chern-Simons level k (v = 1/k)
~> Non-Abelian FQHE: U(p) Chern-Simons level k (v = p/(k + p)).
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Motivations

e They are three main approaches to the fractional QHE:
@ Numerical calculations using realistic condensed matter models

@ Direct proposal of wave functions with good physical properties.
~» Usually coming from a CFT correlator, e.g. WZW models with Kac-Moody
symmetry.
o Field theory (IR) description using 3d Chern-Simons theory
~~ Abelian FQHE: U(1) Chern-Simons level k (v = 1/k)
~> Non-Abelian FQHE: U(p) Chern-Simons level k (v = p/(k + p)).

= So, what's new?
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e In [2401.03087], we introduce a new quantum model for the non-Abelian FQHE. It is
obtained as the diagonalization of a matrix model proposed by [Dorey, Tong, Turner 2016]. This

model describes the vortices of 3d U(p) Chern-Simons theory.
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e In [2401.03087], we introduce a new quantum model for the non-Abelian FQHE. It is
obtained as the diagonalization of a matrix model proposed by [Dorey, Tong, Turner 2016]. This

model describes the vortices of 3d U(p) Chern-Simons theory.

e We recover some of the known wave functions obtained as CFT correlators. It is also
possible to show the emergence of a Kac-Moody symmetry in the large N limit.

~» It relates the Chern-Simons and CFT approaches!
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e In [2401.03087], we introduce a new quantum model for the non-Abelian FQHE. It is
obtained as the diagonalization of a matrix model proposed by [Dorey, Tong, Turner 2016]. This

model describes the vortices of 3d U(p) Chern-Simons theory.

e We recover some of the known wave functions obtained as CFT correlators. It is also
possible to show the emergence of a Kac-Moody symmetry in the large N limit.

~» It relates the Chern-Simons and CFT approaches!

e The Hamiltonian of our quantum system is a spin version of the Calogero Hamiltonian, a
well known integrable system. It is expected to be also integrable.

~» Use the algebraic techniques of integrable systems to do exact calculations!
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2. Derivation of the model
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A bit of history...

e |In 2001, Susskind proposed a description of the abelian FQHE using a non-commutative

U(1) Chern-Simons theory at level k.
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A bit of history...

e |In 2001, Susskind proposed a description of the abelian FQHE using a non-commutative

U(1) Chern-Simons theory at level k.

e Polychronakos introduced a U(/N) matrix model as a regularization of Susskind’'s model to
describe the microscopic dynamics of a droplet of N electrons. Diagonalizing the model, he

found that the dynamics of eigenvalues is governed by the Calogero Hamiltonian.
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A bit of history...

e |In 2001, Susskind proposed a description of the abelian FQHE using a non-commutative

U(1) Chern-Simons theory at level k.

e Polychronakos introduced a U(/N) matrix model as a regularization of Susskind’'s model to
describe the microscopic dynamics of a droplet of N electrons. Diagonalizing the model, he

found that the dynamics of eigenvalues is governed by the Calogero Hamiltonian.

e In 2004, Tong re-interpreted Polychronakos's matrix model as a description of vortices in an

Abelian commutative Chern-Simons theory.

e Following this interpretation, Dorey Tong and Turner introduced in 2016 an extension of
Polychronakos’s matrix model with an additional U(p) symmetry to render the dynamics of

vortices in the non-Abelian Chern-Simons theory.

= In [JEB-Matsuo 2401.03087], we diagonalized the matrix model and obtained a spin version

of the Calogero Hamiltonian involving order k symmetric representations of U(p).
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DTT matrix model

e The matrix model introduced by [Dorey, Tong, Turner 2016]

describes the moduli space of vortices. It involves a N x »
complex matrix Z(t) and p N-dimensional vectors o;(t)
[Hanany-Tong 1996] el e

1 N P
. ‘,
ElBtr(Z D:Z)+ i ;:1

0 Dip; — (k+ p)tra — wtr(Z12)

i

S:/dt \)Z‘Zf

~» It depends on the parameters B (magnetic field), w (strength confining potential) and k

(Chern-Simons level)
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DTT matrix model

e The matrix model introduced by [Dorey, Tong, Turner 2016]

describes the moduli space of vortices. It involves a N x »

complex matrix Z(t) and p N-dimensional vectors o;(t)

[Hanany-Tong 1996]

S = / dt \)Z‘Zf

~» It depends on the parameters B (magnetic field), w (strength confining potential) and k

p
7lBtr(Z‘DZ Z 'Dty, (k+p)tra—wtr(ZT2)

(Chern-Simons level)

e The model also contains a non-dynamical gauge field o entering in the covariant derivatives

DiZ = 0 Z —ile, Z], Dipi = Orp; — iavp;. This gauge field imposes the (classical) constraint

B
ZZ‘]"’ZYHQ (k+p)In
i=1
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e In [Dorey, Tong, Turner 2016], the complex matrix Z is diagonalized. Instead, we followed
Polychronakos’s original approach and decomposed the matrix Z in terms of Hermitian
matrices,

Z=Xi+iXo, Z'=X—iX,
As a result, the action takes the form
g B . . L B
S= / dt ) tr <X1X2 - X2X1) + IZ,OI' pi — outr(Xl2 + X22) + tr {GG(Xl,Xz,L,D,',LpI-’ )} ,
i=1
P

with G(Xl,X2-99i:’»9,T) = —iB[X1, Xo] + Zw'\p? — (k+p)lp,
i—1
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Diagonalization

e The diagonalization is done following the usual method. Exploiting the U(/V) invariance, we
decompose Xi(t) = Q) x(t)Q(t) with (x)ap = X204, © € SU(N). We derive the momenta
and move to the Hamiltonian frame,

2 . (Jap =N N(Jpa —1M2,)
2 P3 w a,b a.b b,a a.b
H = r(X + X2 = w E <Xa+§) +2§ E (xafxb)2 5

a<b

where I'I;t.b are momenta associated to angular degrees of freedom, and

oL

p
Jab =D @l piby Pa= 5.~ BX2aa
— a
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Diagonalization

e The diagonalization is done following the usual method. Exploiting the U(/V) invariance, we
decompose X (t) = Q(t)Tx(£)Q(t) with (x),., = %2045, © € SU(N). We derive the momenta
and move to the Hamiltonian frame,

2\
H = r(x +( X2 wz<x§+%>+2§2

a<b

Ja.b - n;_b)(-/b‘a - n;b)

(xa — xp)?
where I'Ifb are momenta associated to angular degrees of freedom, and

p -
Jap = ®!Pibs  Pa= — = BX2a,,

e Then, we impose the canonical quantization conditions. The gauge constraint imposed on

physical states implies

NZ, |phys) =0, Jaa

phys) = k |phys) .

~~ The parameter k identified to a mode number is quantized!
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e Due to the Vandermonde determinant in the measure coming from the diagonalization
dXi = dQdx/A(x), the momentum p, acts on wave functions as

N

pa = —iA(x)"10,A(x), Ax) = H (xa — xp)-

a,b=1
a<b
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e Due to the Vandermonde determinant in the measure coming from the diagonalization

dXi = dQdx/A(x), the momentum p, acts on wave functions as

N
pa = —il(x) "1 0aA(x), H ).

afl

e Taking these facts into account, we find the Hamiltonian acting on physical states,

N
w —1. a JIb,a
H= o5 }1: (—A(x)12A(x) + B2xZ) +2 bb,
-

(xa — x
a<b b

~  The Hamiltonian # of our model is obtained upon rescaling by a factor w52, and a

conjugation with the Vandermonde H — A(x)HA(x)™
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e Due to the Vandermonde determinant in the measure coming from the diagonalization

dXi = dQdx/A(x), the momentum p, acts on wave functions as

N
pa = —iA(x)"9,A(x), H — Xp)-

a*l

e Taking these facts into account, we find the Hamiltonian acting on physical states,

N
w —1. a JIb,a
H= o5 }1: (—A(x)12A(x) + B2xZ) +2 bb,
-

(xa — x
a<b b

~  The Hamiltonian # of our model is obtained upon rescaling by a factor w52, and a

conjugation with the Vandermonde H — A(x)HA(x)™

= Let's examine this quantum system more closely!



3. Spin Calogero model



Fermionic formalism Discussion
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Definition of the model

e The model depends of the following parameters:
o N € 7= the number of vortices in Chern-Simons theory
o p € 7~ the rank of the non-Abelian U(p) symmetry
o k € 720 the level of the Chern-Simons theory (filling factor v = p/(k + p)).

o B € R the magnetic field (strength of the confining potential)
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Definition of the model

e The model depends of the following parameters:
o N € 7=9 the number of vortices in Chern-Simons theory
o p € 7~ the rank of the non-Abelian U(p) symmetry
o k € 720 the level of the Chern-Simons theory (filling factor v = p/(k + p)).

o B € R the magnetic field (strength of the confining potential)

e The model describes NV particles of coordinates x, € R carrying a representation of the U(p)

symmetry. The spin structure is introduced using the bosonic oscillators q."_a, ©i.ar

[?/'.a-#fj‘b]:(si.jfsa.b- Ijilp a,b:l---N

t

~ At level k, each particle carries a state built from k oscillators ; _--- ',9/.1_3 |0).

= The model involves higher order symmetric representations of the U(p) symmetry!
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e The Hamiltonian of the model reads

v/
H= B2x2) +2 7“’
3 (g +2) +2 3 G
a<b

where J, ;, are the generators of gl(/V) acting on the spin components,

[Ja,b> -/c,d] - Ja,d-/c,b - 6b,c-ja,d-

Discussion
00000
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e The Hamiltonian of the model reads

-y (-

Z Jp,

32 2>+2 ab a .

a,b=1 Xa_Xb2
a<b

where J, ;, are the generators of gl(/V) acting on the spin components,

P
Jap = ZW;’aPi‘bﬁ [Ja,b: -/c,d] - 6a,d-jc,b - 6b,c-ja,d-

e The model exhibits a global U(p) invariance generated by

N
Kij= Z@;aw,a [Kij, Kig] = 0j kKit — 671K j-
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e The Hamiltonian of the model reads

-y (-

Z Jp,

32 2>+2 ab a .

a,b=1 Xa_Xb2
a<b

where J, ;, are the generators of gl(/V) acting on the spin components,

P
Jap = ZW;’aPi‘bﬁ [Ja,b: -/c,d] - 6a,d-jc,b - 6b,c-ja,d-

e The model exhibits a global U(p) invariance generated by

N
Kij= Z@;aw,a [Kij, Kig] = 0j kKit — 671K j-

= Let’s examine some specific values of p and k!
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Specializations

e For p = 1, we recover the Calogero Hamiltonian describing the Abelian model

N
_ 0? k(k+1)
HEe=D = << B2x 2) 12 §
a=1 03 a,b=1 Xfxb2
a<b

~» This is a well-known integrable system!

Discussion
00000
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Specializations

e For p = 1, we recover the Calogero Hamiltonian describing the Abelian model

. 2 (k+1)
H(P:U:Z<—j)2+82 2)+2Z -
OX X

a=1 a,b=1 =)
a<b

~» This is a well-known integrable system!

e When k = 1, particles carry a fundamental representation and the interaction term

simplifies. We recover the spin-Calogero model involving the permutation of spins P, 5,

N

52 14+ P,y
q(k=1) _ < C B2x 2) 5 ab
2 Tag )2 2 Gy

a<b

~»  This model is known to be integrable and has Yangian symmetry Y (s/,)!

Discussion
00000
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Specializations

e For p = 1, we recover the Calogero Hamiltonian describing the Abelian model

N 92
/H(pl):z<7i+322>+22 (k+1)
X

2 —
a=1 9x a,b=1 Xb

a<b

~» This is a well-known integrable system!

e When k = 1, particles carry a fundamental representation and the interaction term
simplifies. We recover the spin-Calogero model involving the permutation of spins P, 5,
(k=1) _ 9 2,2 N1+ P.
H 7232(()2+B )+2ZX7)_

— X
vbl b
<b

~»  This model is known to be integrable and has Yangian symmetry Y (s/,)!

e When k = 0, particles carry no spin degree of freedom and the interaction term vanishes.

~  We are left with V decoupled Harmonic oscillators!
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Simplification

e To simplify our analysis, we also perform the following technical manipulations:

e Conjugation of the Hamiltonian,

x2 .
2% omitted here.

< BN 2 B 2 02 ) Ja b
H=e2 Zaxa/]-[ 72X — — 2B NB a, >
€ € Ea < X + 2Bx, ‘Xa> + + E D~
>

. . B
~  Wave functions have a common Gaussian factor e 2

Discussion
00000
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Simplification

e To simplify our analysis, we also perform the following technical manipulations:

e Conjugation of the Hamiltonian,

. B 2 B 2 92 5] J
H:e?zaxa/ﬂeffzaxa:z:(a +2Bx, - >+NB+Z ‘”’“2.
a

— X
a#b b
. . By X2 .
~  Wave functions have a common Gaussian factor e 2 <~2"= omitted here.

o Rescaling of the coordinates x, — B~ /2x, and energies 7/ — B~ 17 to set B = 1.
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Simplification

e To simplify our analysis, we also perform the following technical manipulations:

e Conjugation of the Hamiltonian,

- B 2 B 2 02 o J
a3 2aXan D P o ab b,a
H=e2 XaHe 2 X _}a < » J,»ZBxa >+NB+ E 2.

— X
a#b b
. . By X2 .
~  Wave functions have a common Gaussian factor e 2 <~2"= omitted here.

o Rescaling of the coordinates x, — B~ /2x, and energies 7/ — B~ 17 to set B = 1.

= Next step: diagonalization of the model!
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4, Spectrum and eigenfunctions
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Wedge states

e We use a polynomial representation for the spin states,
1o}
0Yi,a .

AT T . 9.
Y,—l‘a"w,-k_aW’) = Yir,at Yig,as Pia—> 0ja=

~» States are expressed as polynomial wave functions W(x,y).

They are homogeneous of total degree k in y; , for each particle a.
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Wedge states

e We use a polynomial representation for the spin states,
1o}
0Yi,a .

A AT . 9. —
Y,‘l‘a"'#’,'k_aww = Yir,at Yig,as Yi,a‘)()i‘a*

~» States are expressed as polynomial wave functions W(x,y).
They are homogeneous of total degree k in y; , for each particle a.

e To express the wave functions, we first define the wedge states as V x N determinants,

Vo)™ - yia(xa)™
Ve(x,y) = [ygx™ A= Ay x"™] =
Yy NONW)™ e Yy v ()™
They are labeled by N-tuple integers r = (ri, - ,ry), ordered as 0 < r; < < --- < rp,

which decompose as r, = n,p + i, — 1 with /i, € [1, p] under Euclidean division.

~ It vanishes trivially when two columns coincide (i.e. r, = r, for a # b).
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e For k € 770 fixed, we introduce the following set of wave functions

K
bexy) = A [ Ve (6), - AG) = [T — 5.
a=1 a<b
They are labeled by k tuples of p integers (ordered as before), v = {r(*), ... r(K)}. We also

assume that re-ordering of r(®) in ¢ does not give a new element.
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e For k € 770 fixed, we introduce the following set of wave functions

K
Pe(x,y) = AX) [[ Vi (), Ax) =[] = x).
a=1 a<b
They are labeled by k tuples of p integers (ordered as before), v = {r(*), ... r(K)}. We also

assume that re-ordering of r(®) in ¢ does not give a new element.

e There is a natural grading obtained by acting with the operator D = 22’11 X203,

k N k N
Die(x,y) = [ee(x,y), el =D S 1A /p) =D >~ nl?.

a=1a=1 a=1a=1
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e For k ¢ 770 fixed, we introduce the following set of wave functions

K
Ye(x,y) = AX) [[ Vi (6 9), Ax) = [[(xa = ).
a=1 a<b
They are labeled by k tuples of p integers (ordered as before), v = {r(*), ... r(K)}. We also

assume that re-ordering of r(*) in t does not give a new element.

e There is a natural grading obtained by acting with the operator D = Zé\’zl X203,

k N k N
Dye(x,y) = [elve(x,y), el =D D 1A /p) =3 >l

a=1a=1 a=1a=1

/\ These wave functions are not linearly independent!

This can be seen e.g. from the existence of Pliicker relations between determinants

N
D (12T A AZNEAZR|[ZOA - APTA A ZN] =0,
a=0
for arbitrary pair r = (r1,--- ,ry_1) and s = (s, -, sy), and Uglov's notation z.’ = xg"y,'bra.

= We will come back to this problem in the next section.
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Main result

e We proved that the Hamiltonian 7 has a triangular action on functions )(x, y),

Hipe(x,y) = E(t)ibe(x,y) + Z C(v,s
JsI=Tel-2

where C(t,s) is a coefficient. This can be inverted to write down the eigenfunctions,

Wl‘(Xﬂ.Y):1“‘;)?()(7.}')+ Z D(l‘,
[s|<[|t]-2

o

~+  We deduce the energy spectrum E(t) = 2|t| + N.

Discussion
00000
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Remark: sly-triplet

® [This remark is due to Yehao Zhou.] Recall the expression of our Hamiltonian,

2= Z( +B22>+ZN: Ja,db,a Do Z
~ 3.0 ()(727 Xa0

a,b=1 — %)

a#b
- J,
7{:52%57{{52&3:2 Y Tmbha Ja.bdb.a >+ NB +2BD.

2 atb (xa — xp)?

Discussion
00000
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Remark: sly-triplet

® [This remark is due to Yehao Zhou.] Recall the expression of our Hamiltonian,

N
Hod (g o) X e P

57 (a =)
a#b
- 02 Ja.pJ]
H:egzaxﬁﬂef%&é:Z,jJFZLb@QJFNBJrgBD,
a ()Xa a#b (Xa - Xb)
o If we define
1 5 I 2 1N Jopdbs N
== x5, f=—= — + = _T30T0d  h=D 4 —
22 T 5E e 2 ey >
atb

our main result implies that they form an sl,-triplet!

[h,e] =2e, [h,f]=—-2f, e, f]=h.

Discussion
00000
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Remark: sly-triplet

® [This remark is due to Yehao Zhou.] Recall the expression of our Hamiltonian,

N
o= Z<*7+B2 2>+Z be.;27 D Zxaa

a,b=1 (xa = xb)
a#b
- o2 Japd
H:egzaxﬁﬂef%&é:Z,jJFZLb@QJFNBJrgBD,
—  0x3 pord (xa — xp)

o If we define

o

1 5 I 2 1N Jopdbs N

-  f=_= = 4z _Tabtha oy _pg D

22 T 5 2 e i
a#b

our main result implies that they form an sl,-triplet!
[h,e] =2e, [h,f]=—-2f, e, f]=h.

e In particular, we have

H =2f +2B%, H =ePere B =2f+2Bh

Discussion
00000
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e This remark has interesting implications for the wave functions. Recall that the product of

wedge states diagonalize the grading operator

Dipe(x,y) = |t|e(x,y), Qe hie(x,y) = (g + t> Ye(x,y)

~~  Our Hamiltonian can be written as

bl
I
N
oy}
)
]
ol
>
o

|
o
w

and so its eigenfunctions have the form

\U"(xzy) =ez2

where f is a nilpotent operator. This is indeed what we observed...
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Ground states

e We deduce the ground states wave function from the triangular action. When k = 1, the

ground state is unique if p divides N and corresponds to ro = (0,1,2,--- /N — 1),
Vo, ¥) = A Ayp AYIX A Aypx Aos Ayix™ A A ypx™

~+ The ground state is also a singlet for k > 1 if p|, with the wave function ., = A()/‘,O)k.
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Ground states

e We deduce the ground states wave function from the triangular action. When k = 1, the

ground state is unique if p divides N and corresponds to ro = (0,1,2,--- /N — 1),
Vo, ¥) =i A AYp Ayix Ao Aypx A= Ayix™ A A ypx™ 1]
~+ The ground state is also a singlet for k > 1 if p|, with the wave function ., = A(y,o)k.

Example: for N =4, p =2 and k = 1 we have

yiroo Y21 Yi,1Xt y2,1x1
Y12 Y22 Yi2Xe o y22X2
Ve(x,¥) =1 Ay2 Ayix A yax| =

Y1,3  Y2,3  Y1,3X3  ¥2,3X3

Yi,4 Y24 Y14Xa  Y24X4
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e When N = mp + g with 0 < g < p — 1, the ground state for k = 1 is (Z)—fold degenerate.

It corresponds to a choice of spin for g extra particles,
Vio(x,y) = [yl/\---/\y,,/\ylx/\-~-/\yp></\»--/\ylx’"*1 A--~/\ypxm71/\y,-lx’"/\--~/\y,-qx’"].

~»  The corresponding ground state energy is E(ro) = pm(m — 1) + 2gm.
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e When N = mp + g with 0 < g < p — 1, the ground state for k = 1 is (Z)—fold degenerate.

It corresponds to a choice of spin for g extra particles,
Veo(%,3) = A A Ayp Ayix Ao Aypx A Ayix™EA - Aypx™ Ay x™ A Ay x™).
~»  The corresponding ground state energy is E(ro) = pm(m — 1) + 2gm.

e When k > 1, ground states wave functions are products of k determinants,

lD(X y Hy<‘”) X, y tO:(rél),"' "r(()k))_

a=1

~»  The corresponding energy is simply E(tg) = kE(rp).
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Knizhnik-Zamolodchikov equation

e We show that the ground state wave functions obey the KZ equation

. Ja,bdb,
(P + K)DaPro(x,y) = D 2220y (x, y).
bta Xa T %b

with ©. (x,y) = A(x) T, (x, ).

~ Indicates a connection with s[(p) Kac-Moody symmetry!
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Generalized statistics

e In general, the wedge states )/‘,O(x~y) do not vanish when two coordinates coincide x; — xj,
due to the presence of the spin variables y; ,. But they do vanish when p + 1 particles
approach each other since at least two particles will have the same spin.

~ Wedge states describe particles obeying a generalized exclusion principle!
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Generalized statistics

e In general, the wedge states J/‘,O(x~y) do not vanish when two coordinates coincide x; — xj,
due to the presence of the spin variables y; ,. But they do vanish when p + 1 particles
approach each other since at least two particles will have the same spin.

~ Wedge states describe particles obeying a generalized exclusion principle!

e Using a similar argument, we can introduce wave functions for holes of coordinate ¢ by

combining p particles of different spins. We find the (N + p) x (N + p) determinant

m+1 m+1
yi,1 Yp,1 Yil.1X17 Yig,1%1
+1 +1 N
YLN o YpN ot Y Xy o Yig Xy
) . e(H(Qfxa).
YIN+L 0 Vel oo Yo G )/,'q_/\/Jrl(mJr a=1
1 o
YiNtp o YeNtp o Vi ngp$™ Yig,N+pC™
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Example

e Many known FQHE wave functions can be recovered from 1/:(x, y).

For instance, taking k =2, p = 2, N = 2m, we find a singlet ground state vy = (ro, ro) with
ro={0,1,---,2m—1}.

~» The corresponding wave function reproduces the Moore-Read wave function,

_ 2
®eo(x,¥) = (Vro(x,¥))? o< PF (M) T — x)-

Xa = Xb a<b
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Example

e Many known FQHE wave functions can be recovered from 1/:(x, y).
For instance, taking k =2, p = 2, N = 2m, we find a singlet ground state vy = (ro, ro) with
ro={0,1,--- ,2m —1}.

~~ The corresponding wave function reproduces the Moore-Read wave function,

. 2
ey (x,5) = (Ve (x,¥))? ox PF (M) [0 - x).

Xa = Xb a<b

e Two main remaining questions at this stage:
o How to get rid of extra states due to Pliicker-like relations between determinants?

@ Can we observe the emergence of Kac-Moody symmetry at large /N7

= We will use a free fermion formalism to address these questions.



5. Free fermion formalism



Fermionic formalism Discussion

Spin Calogero model Spectrum and eigenfunctions
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00000000 000000
Fermions at finite N/

e The symmetries of the wedge states for k > 1 can be understood by introducing a set of
(non-relativistic) free fermion oscillators,
{u‘,‘;‘"", 1?){7’7“'&} = 5,‘_](5”_35n‘m7 {z,,!,’.{“, 1[‘#5} = {7:':1"", 13{7’7"&} =0.
The fermionic modes carry three types of indices,
@ a spin label i.j € [1, p],
@ a Chern-Simons level o, 5 € [1, k],

@ a mode number n € 7Z=9,
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Fermions at finite N/

e The symmetries of the wedge states for k > 1 can be understood by introducing a set of

(non-relativistic) free fermion oscillators,

oo 74,58 S. .8 Y i i,B 74,05
{w;,", W } = 6; j6a,30n,m, {z,,’,’7'“, W } = {1';1", W } =0.

The fermionic modes carry three types of indices,
@ a spin label i.j € [1, p],
@ a Chern-Simons level o, 5 € [1, k],

@ a mode number n € 7=9

e The Fock space is built from the action of z,_;,'.{“ on vacuum |0) annihilated by modes ’z.,rf{”. It
is graded by N, = ) S 5Ll which counts the modes ¢ for each a. It

decomposes accordingly into
-
""l’ o |0> na,, EZ* ) ’au |Il P]] da = 1"'Nu

(k) _
Fovgmgy =1 11 n“‘)

‘ n
a=1 1 Ney

~  We also introduce the dual state such that (07}, = 0.
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e These fermionic modes can be used to represent loop algebras with positive modes:

o 1i(k); (or gl(k)[z]) generated by L5"

af3 i,B afB yv6| _ s ald N vB
Ly Z Z ‘*’nu‘“' ) [Ln‘ oL } =0p.yLn¥m = da,sLpim:
=0 i=1

,a,B€[1,k], n>0,

o i(p). generated by K/ — 37 3k B U, el A nzo

@ 1(pk)y generated by M1 p(B 1) =>" ll/'nfllﬁ

o (1) generated by J, = 577, 38, > L/;MT/'n” = 22:1 Lo =3P Kji

~+  We note that [L(;ﬁ, K,'{,] =0.
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e These fermionic modes can be used to represent loop algebras with positive modes:
o (k) + (or gl(k)[z]) generated by L57 o, 3 € [1,k], n >0,
p i p . c
138 = 3OS T, (89,1 = Gp L — Gl
0=0 i=1
e 1u(p): generated by Ki = s 020 17/n>ﬂ“J"”” i,j e ﬂl,p]], n>0,
@ 1(pk) generated by I\/I,’;‘ pla—1).j+p(6-1) => 0 un 2 z, ,
o (1) generated by J, = 577, 38, > 1/;:/'1;‘;2’” =Sk Lo = b K

~»  We note that {LS‘S, K,y,] =0.
e We have the decomposition [T. Nakanishi, A. Tsuchiya 1992]
u(pk)+ D su(p)+ @ su(k)+ ©u(1)+

~ 35, -
where su(k). is defined using traceless generators [28 = 19P ’Tg > L
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su(k)p-invariance

o Wedge states can be realized as projection of states in the fermionic Fock space ]:((/‘\(/)m

k
() ( ), /( ),a
LTy oy Ao Ay o] = xy|H ( W) 10

with the projector (x,y| constructed as follows,

(x, ¥ = (OW(xy, yn) - ¥(x1, y1)
k oo

V(xa,ya) = [ [ % (xar¥a), ¥ (x0)ya) ZZU’ X3 Yia -

a=1 n=0 j=1

Discussion
00000

N)!
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su(k)p-invariance
o Wedge states can be realized as projection of states in the fermionic Fock space ‘F((/‘:/)m

k

(o) e o) - o
LTy oy Ao Ay o] = xy|H<‘ W) 0
a=1 N

with the projector (x,y| constructed as follows,

,N)?

<X7y| - <O‘W(XN7)/N)'”W(X1¢Y1)

k oS
W(Xaa}/a) — H 751'(¥(Xa-,}/a)-, P Xa }/a szl o ay, a-
a=1 n=0 j=1

e Linear relations between product of determinants follow from the si(k). -invariance

(x,y|[;? =o0.
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su(k)p-invariance

o Wedge states can be realized as projection of states in the fermionic Fock space ]:((/‘\(/)m )"

K
( v) fl.(u)‘(\/ —/((‘),Q
H[x Fygor nee syl = G TT (™88, ) 10
with the projector (x,y| constructed as follows,

<X7y| - <O‘W(XN7)/N)'”W(X1¢Y1)
k

co p
W(Xaa}/a) — H 751'(¥(Xa-,}/a)-, 7«“‘1'Q(Xa-,}/a) = ZZ Y ;1a ay, a-
a=1 n=0 j=1

e Linear relations between product of determinants follow from the si(k). -invariance

(x,y|[;? =o0.

(k)

= Resolve problem of state overcounting by taking the quotient of 7’ under

su(k)4-symmetry!
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Example: For k = 2, we have three series of generators L2, [21 and L' — 122 for 5u(2)..
j
Fermionic states have the form 1’)211 RS "/v :/;#,12 u,ﬁ,’ﬁ |0).

~  Consider the action of L2 on the following states

“iN_1,2
Py 5 10)

iN+1,1 T2
“NN+1 l/}”a+”l’ my
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Example: For k = 2, we have three series of generators LE?, L2 and LAY — 122 for 51(2)-.

1 1 /,11 2 N2
Fermionic states have the form ;" - 'z, my Yy, |0)

~  Consider the action of L2! on the following states

L21 ,11 I;\,/V 11, L)Jl 2. L){ZVAT112\0>
N+1 -
N .
()N (1)t ity
a=1

~»  After projection on (

, we find a generalization of Pliicker relations,

N+1

Z(—l)a[y,-lx”1 Aeee /\M/\ S A Y XN [y XAy XTUA Ay XN = 0.
a=1



Introduction

Derivation of the model Spin Calogero model Spectrum and eigenfunctions Fermionic formalism
00000000 000000 00000 00000000000

0O000@0000

Discussion
00000
Example: For k = 2, we have three series of generators L2, 12 and LI — [2? for 51(2),

JN
Fermionic states have the form )} 1 ! 27

: yrn/\/2 ‘0>
~  Consider the action of L2! on the following states
L21 ,11 in+1:1, 71,2 J/v7120
P! s Vi Umyy 10)
N41
=)V (-t

a=1

~»  After projection on (

, we find a generalization of Pliicker relations
N+1

Z(—l)a[y,-lx”1 A /\MA e /\y,-NHx”NH] X" Ay XN Ay, XTN=T] = 0.
a=1

~  We find the same relation for L!” while L!' — [ 2 produces a trivial identity.
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Fermions in large N

e We can use this fermionic description to see the emergence of the Kac-Moody symmetry in

the large N limit (recall N = # number of vortices).
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Fermions in large N

e We can use this fermionic description to see the emergence of the Kac-Moody symmetry in

the large N limit (recall N = # number of vortices).

e The symmetries of the model in the large /V limit are described using the fermionic modes

0 8\ _ s R 0 8\ _ [T T8\ _
{’Zw'/r 0, Ujs' } O/./O(\,ﬂor+$.0: {Z«“’/ras UJS } {L’,yﬂ~ Ué } 0.

~»  Still carry spin /,j and CS «, (3 indices, but now have half-integer mode indices

r.selﬁ+%.

o Tio

~~ The Fock space is obtained by the action of negative modes 1) 1

~, 42", on the vacuum
|0, with |0) = 522 |0) =0, (r > 0).
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e The fermionic Fock space ]:gg‘k) admits the action of the following Kac-Moody algebra,

(a=1)pij+(B-1p _ )

@ 1(pk);1 generated by M

o 1i(p)) generated by K = D sezi1)2 DRUIEE
1/2 221
o (1), generated by J, = >, K[ = 5" Loc,

o 1(k), generated by 157 =

SEZL

= We have the following decomposition as a conformal embedding,
su(pk)1 D su(p)x ® su(k)p.

where 5u(p), and su(k), are again defined using traceless generators.
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(p.k)

e The fermionic Fock space 7.’ admits the action of the following Kac-Moody algebra,

el

n—s

o ii(pk)1 generated by M, (" VPIITIE sn gy
o ii(p)x generated by K, = D sezi1)2 Shoy Bk
o u(k), generated by L9P = Ysezi1)2 P )i

1 'n—s ..
o (1), generated by J, = >, K[ = 5" Loc,

’s

= We have the following decomposition as a conformal embedding,
su(pk)1 D su(p)x ® su(k)p.

where 5u(p), and su(k), are again defined using traceless generators.

(p,k)

e Accordingly, the fermionic Fock space 7.’ can be decomposed as

P k) _ @ FP P k fgk ~ @ ]/\/vi;‘(/’)k ® W;‘:‘/‘(k)l’ ® Wg(l) )
A

where o € 7 is the /(1) 5 charge, V\);ﬁ\k is an irreducible representation of §, labeled by certain

partitions )\, and )\’ is the transposed of ).
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e The large V limit of wedge states can be obtained by

@ Factoring out a monomial in x, (and then discarding it), eg for the vacua at k = 1,
Vro(x,y) (Hx’” 1> Dax ™LA Aypx TTEEA A YA Ayp Axy A Axyi]

@ Re-ordering the wedges starting from the higher exponent for x,

yro (th) x [(y/le)/\. . '/\(Yiqx)/\)/l/\' . '/\Yp/\y1><71/\' . '/\pr71 . ./\yleerl/\_ . ./\yprerl].

~~ The large N limit, obtained as m — oo for N = mp + g, produces an infinite wedge

product,

f:(x,y):[(y,'IX)A--~/\(y,'qX)/\y1/\--»/\yp/\y1X71A--~/\yp)<71/\~-]4
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e The large V limit of wedge states can be obtained by

@ Factoring out a monomial in x, (and then discarding it), eg for the vacua at k = 1,
Veo(%,¥) (ng” 1> yax ™LA Aypx T A Ay A Ay Axyi A Axy]

@ Re-ordering the wedges starting from the higher exponent for x,
Veo(%,3) o< [(yi )N - A(yig)AYIA- - AypAyix A Aypx ™ Ayrx =T Aypx ™™
~~ The large N limit, obtained as m — oo for N = mp + g, produces an infinite wedge
product,

,”O"’(xfy):[(y,'lx)A--~/\(y,'qx)/\y1A--»/\yp/\y1><71A--~/\yp)<71/\~-].

e Formally, these wedge products can be obtained as

HM :xy\HH“

a=1 a=1r=1

with the projector (x,y| defined as a certain limit of the previous one.
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e In large NV limit, the su(k)-invariance of the projector (x, y| is expected to be replaced by
(x,y|[3# =0, n<oO,

If so, the decomposition of si(pk); implies that linearly-independent eigenfunctions are

spanned by su(p), @ 1(1),.. The extra 1i(1),4 factor can be introduced by an extra free boson.
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e In large NV limit, the su(k)-invariance of the projector (x, y| is expected to be replaced by
(x,y|[3# =0, n<oO,

If so, the decomposition of si(pk); implies that linearly-independent eigenfunctions are

spanned by su(p), @ 1(1),.. The extra 1i(1),4 factor can be introduced by an extra free boson.

= In this way, we recover the Kac-Moody symmetry of the model!
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e In large NV limit, the su(k)-invariance of the projector (x, y| is expected to be replaced by
(x,y|[3# =0, n<oO,

If so, the decomposition of si(pk); implies that linearly-independent eigenfunctions are

spanned by su(p), @ 1(1),.. The extra 1i(1),4 factor can be introduced by an extra free boson.
= In this way, we recover the Kac-Moody symmetry of the model!

Remark: The fields W(x., y,) satisfy the 1i(p), primary field condition,
[Krgj \U(Xa, )/a)] ==X ,)yi,aé)j‘aw(X51 }/a)»

~ It would be nice to relate it to the KZ equation!



6. Discussion
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Summary

e Starting from DTT's matrix model, we derived the Hamiltonian describing the dynamics of

vortices in 3d U(p) Chern-Simons theory at level k.
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Summary

e Starting from DTT's matrix model, we derived the Hamiltonian describing the dynamics of

vortices in 3d U(p) Chern-Simons theory at level k.

e We introduced a class of wave functions constructed as determinants involving both

coordinates and spin dependence called wedge states.



Introduction Derivation of the model Spin Calogero model Spectrum and eigenfunctions Fermionic formalism Discussion
00000000 000000 00000 00000000000 000000000 0@000

Summary

e Starting from DTT's matrix model, we derived the Hamiltonian describing the dynamics of

vortices in 3d U(p) Chern-Simons theory at level k.

e We introduced a class of wave functions constructed as determinants involving both

coordinates and spin dependence called wedge states.

e We have shown that the action of the Hamiltonian on wedge states is triangular. We

deduced the energy spectrum and ground state wave functions.
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vortices in 3d U(p) Chern-Simons theory at level k.

e We introduced a class of wave functions constructed as determinants involving both
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e We have shown that the action of the Hamiltonian on wedge states is triangular. We

deduced the energy spectrum and ground state wave functions.
e We proved that ground state wave functions obey a Knizhnik-Zamolodchikov equation.

e We introduced a fermionic construction for wedge states at finite /V and explained the

overcounting of states for k > 1 by the presence of a 51 (k')Jr loop algebra symmetry.
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Summary

e Starting from DTT's matrix model, we derived the Hamiltonian describing the dynamics of

vortices in 3d U(p) Chern-Simons theory at level k.

e We introduced a class of wave functions constructed as determinants involving both

coordinates and spin dependence called wedge states.

e We have shown that the action of the Hamiltonian on wedge states is triangular. We

deduced the energy spectrum and ground state wave functions.
e We proved that ground state wave functions obey a Knizhnik-Zamolodchikov equation.

e We introduced a fermionic construction for wedge states at finite /V and explained the

overcounting of states for k > 1 by the presence of a 51 (k')Jr loop algebra symmetry.

e We discussed the large /V limit of the fermionic description and observed the emergence of

the 51 (p), Kac-Moody symmetry.
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Epilogue

e Until recently, the main open question was the integrability of the model. But new results
have been obtained by [Hu, Li, Ye, Zhou 2409.12486] using a geometric construction of the

Hilbert space, and the action of the Deformed Double Current Algebra.
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- Proof of integrability and Yangian invariance (H = 26724 D 0 [H, edadr Y(gl,)] = 0).
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e Until recently, the main open question was the integrability of the model. But new results
have been obtained by [Hu, Li, Ye, Zhou 2409.12486] using a geometric construction of the

Hilbert space, and the action of the Deformed Double Current Algebra.
- Proof of integrability and Yangian invariance (# = 22D 5o [H, e22dr Y(gl,)] = 0).

- Proof of emergence of Kac-Moody symmetry from DDCA generators as N — oc.
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e Until recently, the main open question was the integrability of the model. But new results
have been obtained by [Hu, Li, Ye, Zhou 2409.12486] using a geometric construction of the

Hilbert space, and the action of the Deformed Double Current Algebra.
- Proof of integrability and Yangian invariance (H = 26279 D so [#, ez Y(gl,)] = 0).
- Proof of emergence of Kac-Moody symmetry from DDCA generators as N — oc.

- Study of the Calogero-Sutherland version of the model,
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a<b

~» Spectrum of the Hamiltonian (labeled by Gelfand-Tsetlin patterns).
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Open questions

Holes: How do we include the holes in this description? In the abelian case,

2
/Htotalzﬂg(x)fg?{ (y) Hg(x):2<70i2 )+2 Z i . )2

1
X
N a,b=1 b)
a<b

How is the Hamiltonian modified in the non-Abelian case? Corresponding matrix model?
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How is the Hamiltonian modified in the non-Abelian case? Corresponding matrix model?

Observables: How can we exploit integrability to compute physically relevant quantities? E.g.

correlation functions, entanglement entropy,...
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Open questions

Holes: How do we include the holes in this description? In the abelian case,

02
Heorat = Hg(x) — gH1(y), Hg(x) = (7; +x ) i23° £

03 a,b=1 (Xa o Xb)z

a<b

How is the Hamiltonian modified in the non-Abelian case? Corresponding matrix model?

Observables: How can we exploit integrability to compute physically relevant quantities? E.g.

correlation functions, entanglement entropy,...

Deformations: It is possible to introduce trigonometric/elliptic deformations, relativistic
deformations, and [5-deformations of the coupling. Generalization of Uglov's construction of

Calogero-Sutherland wave functions?



Introduction Derivation of the model Spin Calogero model Spectrum and eigenfunctions Fermionic formalism Discussion
00000000 000000 00000 00000000000 000000000 0000e

Algebras: This type of quantum models have also connections with the AGT correspondence
(e.g. [Estienne, Pasquier, Santachiara, Serban]). Toroidal quantum groups are known to play an

interesting role in this context!

= It would be interesting to investigate the interplay between these algebraic structures

and the braiding of non-Abelian anyons!
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Algebras: This type of quantum models have also connections with the AGT correspondence
(e.g. [Estienne, Pasquier, Santachiara, Serban]). Toroidal quantum groups are known to play an

interesting role in this context!

= It would be interesting to investigate the interplay between these algebraic structures

and the braiding of non-Abelian anyons!

Thank you !!!
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