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Deconfined quantum criticality
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p Evidence for Deconfined Quantum Criticality in a Two-Dimensional Heisenberg

! ’ BB R Model with Four-Spin Interactions, A. Sandvik, PRL 97 228202 (2007)

’ Emergent SO(5) symmetry at the Néel to valence-bondsolid transition, A. Nahum,
f ?7? T T et. al, Phys. Rev. Lett. 115, 267203 (2015).
* > J /_I Deconfined quantum critical points: Symmetries and dualities, C. Wang, et. al,
2/J1 Phys. Rev. X 7, 031051 (2017).

Is a continuous transition possible? What is the nature of this transition?

Fuzzy sphere solution:
1) The Neel-VBS has approximately conformal symmetry; 2) DQCP transition is pseudo-critical.
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The SO(5) Deconfined Phase Transition under the Fuzzy Sphere Microscope: Approximate Conformal Symmetry,

Pseudo-Criticality, and Operator Spectrum, PRX 14,021044 (2024) arXiv.2306.16435
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Global conformal symmetry

Transformation Xy —> Xy = Xy t €y Generators
e translation: €, = a, , l.e. ordinary translations independent of x. (translation) Py = aﬂ
e TOtalon: €, = Wy Ty (rotation) L/,tv — i(xﬂav — xvaﬂ)
dilatation = —j
e dilatation: €, = Az, ( ) D = lx,ua,u
| | (5CT) K, = —i(2x,x"d, — x23,)
e special conformal transformation: ¢, = b#:rz' —2z,b,7,
Commutation relation
[D'Pu] =8, [D'Ku] = —K,

CFT generators CFT states

H=a*a +E, analog HeDD D|p >= A4yl > Scaling dims
[H,a] = —a : : at~ B, Bilp>=lp+1> Descendent fields
[H,a™] =a* a~K, K,|¢p >=0 Primary fields




Conformal symmetry and conformal field theory

Higher symmetry, more constrains.

Global conformal symmetry fixes the form of correlators.

Correlators

Primary fields 0(zy) = W (z)|? 0(w(zy))

< 0i(x1) >= 6,0

1
< 0i(x1)0j(x2) >= 84,4

2|2Ai

J |x1—x
fijk

|x12 |Ai+Aj_Ak |x23 |Aj+Ak_Ai |x13 |Ak+Ai_Aj

< 0i(x1)0j(x2)0y(x3) >=

scaling dimension 4;

Conformal data (Ai,fijk) { operator product expansion fijk



Radial quantization/State-operator correspondence

Radial quantization

R S41 xR time
Weyl transformation
< >
\ _ T =logr -
John Cardy space S} —
< P(21)P(22) >pa ~|z1 — 2|7 < P(2)P(22) >ga-1,, ~e A7

State-operator correspondence (1984,1985)

Eigenstates of the quantum Hamiltonian defined on S%~1 X R are in one-to-one correspondence with CFT’s operators

Energy gaps on S4~1 X R ~ scaling dimensions J8E,, = E,, — E0~€— ~A,
n




State operator correspondence: Example in 2D

n

1 2m
[ Energy gaps on 41 x R ~ scaling dimensions §E, = E,, — E0~—~T (4,, — 4p) ]

. o . 1
2D CFT on a gquantum Hamiltonian on a circle S* X R (a) Ising CFT
4 - [ .'.,,: i ]
11 DP,|p >= (4p + 1)|p + 1>
31 % i YN * » conformal tower in
N, dgde N S energy spectra !!
A N |/
h _;-l\ ® /*'\ » /1'* f I try!!
N \ 7 y conformal symmetry!!
1 T < 895 T
=5 1- e *
\\ //
\\ //
o4, I-§FrT

Cardy 1986, Milsted and Vidal 2017

Conformal symmetry < State operator correspondence (conformal tower in energy spectra)



State operator correspondence in 3D

1 2m
Energy gaps on S9! x R ~ scaling dimensions 8E, = E,, — E0~—~T (4, — 4y)

n

¢ iz Higher dimensional quantum Hamiltonian S2 X R

But a regular lattice won’t fit due to the topology of sphere

3DCFTonT3,T? XR 3DCFTon S2 xR

Flat space-time geometry: LATTICE Geometry Theory Simulation
A R3 Yes No
am S3 Yes No
LT S?x R Yes No
s T No Yes
P = T? x R No Yes

millions of papers ... very few paper ...



State operator correspondence in 3D

?jz Higher dimensional quantum Hamiltonian S2 X R

fuzzy (non-commutative) sphere

discretized geometry S? X R I
Lowest Landau level projection

Discretize Fuzzify
R. C. Brower, G. T. Fleming, and H. Neuberger, “Lattice radial quantization: 3D
Ising,” Physics Letters B 721, 299-305 (2013)
M Weigel and W Janke, “Universal amplitude-exponent relation for the ising
model on spherelike lattices,” Europhysics Letters (EPL) 51, 578-583 (2000). Haldane 1983, J. Madore 1992
But a regular lattice won’t fit due to This is a more practical way.

the topology of sphere!



Haldane (fuzzy) sphere
How to realize a phase transition on 52 ?  Our solution: Fuzzy sphere regularization

fB dr =4m - s 2s + 1 orbitals
- Landau levels

i R il —

T - (=== -

ALY LLL projection :
] . I N o e e a <)

&
A n—=16666-9o
(0, 0) = Z P Cm Igap
Mm——3 _ n=0e—ee——b—o
F. D. M. Haldane 1983 ———

Monopole Harmonics

_ 1 . 2
Wu & Yang, 1979 H= W(Sp +iA,)
1 nin+1
Landau level: n=0, 1, ... Espim = hweln + = + (—)]
2 2|SO|

(degeneracy: 2n + 2s + 1)

. _ (25 + 1)’ imy s+ '9' T S—IN 6’
Wu-Yang monopole harmonics D@5 (0, 0) = \/4W(S ) i(s — m)!e Ccos 5 ) sin 3




Haldane (fuzzy) sphere
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Fuzzy sphere

Fuzzy sphere (J. Madore 1992)

Hamiltonian angular momentum algebra )
b2 non-commutative electrons on sphere
Hy = Al
0 2mR2| | L=A+s7 LL projection (Z s ] = 'iEE 7
A =R x (—iV +eA) e g HvPTp
, . L] = is.. denotes the coordinates
[Ai, Aj] = deiji(Ak — SoTk) [Liy L] = izinLi L~ s,

in the projected LLL

The fuzziness comes from the monopole.
Electrons see a fuzzy sphere. Ising spins see a normal sphere.

Ising spin:

gF= JrCT — ch
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3D Ising phase transition

{5} _stx Sx+fi st

X

Ferromagnet HEIEEE

i1 111t fi;';- LI

Explore a different path: 3D Ising transition on spherical geometry

Ferromagnet LR, Paramagnet
B "_—'-:
e
="
.




2+1 D quantum Ising model on the spherical geometry

Ising Ferromagnent s

S, Paramagnent

A similar model on the torus/infinite cylinder has been studied in Ippoliti, Mong, Assaad, Zaletel 2018



Symmetries and order parameter

LLL projection

L 3

V(b,9) = D Ppim.

m=—3=5

Z V;m,mg,mg,md [(CLHCTM) (c;fnjcmﬂ) _

mi234=—=8

Total orbitals: N=2s+1 is the space volume

UV model
Con — O C,,
SO(3): Cm=—s,..-,s spin-s irrep

Particle-hole ¢,, — iaycL
symmetry i — —1

Ising order parameter: M — Z

25 + 1 orbitals Landau levels

1,5 X 2¢py = 4mR*B)

h
R = \/E’V\/N ! (l¢ - \} 2meB

IR Ising transition

Z2 Ising symmetry
SO(3) Lorentz rotation

Space-time parity symmetry

8
P o
Cm 5 Cm

"

mMm=—3s



Phase transition: Order parameter scaling

(D)
'1_0_ 5 Ising Ferromagnent Paramagnent
0.8-
(M)
N2—A 0.6
0.4- =8
=10
=12
02 [ZNoid
D | | | | I I I I
0o 1% 2o 30 20 20 22 24 26 28 30 32 34 36
h h/Vi
Ferromagnet (M?) ~ L% = N? 1
V2) = )2y _ zgZ\ _ 27\ o ([2)2— — [A—2A, 17281 3y
Paramagnet  (M2) ~ O(N) (M) = (2 s)) ﬂZj“E) I_Zj@sﬂ) L) s
1
Ising Criticality ~ (M?) ~ L2728 = N275 conformal symmetry: < sis/ > ~—=———=—=
A ~ 0.518148 ri — 7



State-operator correspondence

descendents: J,, ---J,,L0"0, n,j >0 D(P/,L|¢ >) = (A¢ +Dlp+1>
o multiplet ¢ multiplet ¢ multiplet
1e o 7 o 7 — o o
< — 3 — -o-
e, 6 . 6 o o 6 — o, ve-
z  5- * 4 | 54
5 5 5 s
E,—E, © ad o e e -
— vov e vo-
R - 3 <
O o,
~ 2 ] 2 —
e ourkED
14 -
- — CB
0= | I | — 0 | ! | I
0 1 4,2 3 4 0 1 4,2 3 4

Lorentz spin

Primary field

Spectra forms an almost perfect conformal tower structure = Conformal symmetry in the 3D Ising transition!



State-operator correspondence

Conformal multiplet of spinning operator:
i s T i i i TR
1" dl-"j Oy O, D" Oy Eppr0pOuy - dl-"j Opy O, T Oy ooy

|. Energy momentum tensor is conserved.
2. Parity odd descendant.

Oy

Ty, i, multiplet Opuypp Multiplet Oy paps Multiplet
[ ™1 7= s = s
B — a 8 n -
£ o = - e - P
®  5- ° B | 5- e 5—
= . o
re &4— o o 4 — 4 —
S
E 3 - 3 3
g 2= 2= i
@)
17 1 1=
0 | | | | | 0 | | | | | 0 | | I | |
0 T 42 3 4 0 T 42 3 - 0 T 42 3 4

Lorentz spin

Conformal tower in 3D Ising transition!



State-operator correspondence

We identified 13 parity even primary fields and 2 parity odd primary fields.

TABLE I. Low-lying primary operators identified via state-operator correspondence on a fuzzy

sphere with N = 16 electrons. The operators in the first and second row are Zs odd and even

P—

operators, respectively. We highlight that two new parity-odd primary operators o” — and /'~ are

found. The conformal bootstrap data is from Ref. [24].

o o' Oups Opius  Opipaps  Opipapapa ot~

Bootstrap 0.518 5.291 4.180 6.987 4.638 6.113 NA
Fuzzy sphere 0.524 5.303 4.214 7.048  4.609 6.069 11.191

€ e e” Tuv Thy  €upopaps  €pypopaps ef—

Bootstrap 1.413 3.830 6.896 3 5.509 5.023 6.421 NA
Fuzzy sphere 1.414 3.838 6.908 3 D.083 5.103 6.347 10.014




State-operator correspondence

)] e —— o — A ' a— . o
! ] bedd
6.[}_ B . T s
sof : : oL

- L - . » » Hafaks

ri]___[}— L L ' ] ] L m "'T#J#W#H
{:‘] | & E,.
3.0{——e . . s . P
- e T
2.0t 1
- . . 8 & B

l.[]" - E.:‘I.Fﬂ'-‘il'-‘#

0.94 0.07 0.30 033 036

1/vV/N

Finite-size effect is negligibly small

incredibly small system sizes, up to 18 spins (ED), 36 spins (DMRG).

( MC 1079 spins were simulated.)

CB 16 spins Error

o 0.518  0.524 1.2%

o’ 5.291 5.303 0.2%

O s i 4180 4.214 0.8%

T s i 6.987  7.048 0.9%

Opypans 4638  4.609 0.6%

Opipopaps 0.113  6.069 0.7%
oP- NA  11.19 =

CB 16 spins Error

C 1.413 1414 0.07™%

€ 3.830  3.838 0.2%

" 6.896  6.908 0.2%
T, 3 3 -

T,, 2.909  5.983 1.3%

€ papspa 0023 5103 1.6%

€y papaps  0-421  6.347 1.2%
el'~ NA  10.01 -




Ultra Violet (UV)

Haldane (Fuzzy) Sphere

—

shortest RG flow

scale invariance
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
v

SO(3) rotation sym

scale invariance . CFT

SO(3) Lorentz sym

Infrared (IR)



Operator Product Expansion

Conformal data consists of a list of scaling dimensions and operator product expansion (OPE) coefficients

scaling dimension 4;
Conformal data (4, fijk)

Operator product expansion (OPE) [Wilson 69’, Kadanoff 69']:

fijk

Aj+Aj—Ag |,r13 |Ai+Ak—Aj

Gi(r)pj(r2) = Zfijk G ((r1+r2)/2)+... < ¢ (r)dj(r2) i (r3) >=
X

|T'23 |Aj+Ak—Ai

7121
OPEs are important in many ways: 7 = Tre~M =29 ), 0% ¢i(r)

1. Fusion rules bi X ¢p;j= z Nijk dx
K

2. A fixed-point Hamiltonian under perturbative scaling operators
Renormalization group equations J. Cardy, Scaling and renormalization in statistical physics

dge/dl = (d =BG = ) fuje 9i9)+-
ij



Operator Product Expansion

Utilizing the state-operator correspondence, OPE calculation can be greatly simplified

Zl_i>r_noo ¢cyl(z)|0 >=|¢p >

< 0|¢p;(0);(0)py (—0)|0 > =< ¢;|p;(0) |y >

Three-point correlator reduces to one-point correlator

Example:
e 1 = a, = froe = G, From fuzzy sphere operators to
(o|n*(2)|0) = TA, (Cg + Z —Qn) (o[n*()]e) = RA. (CU - Z RQn) CFT operators
n=1 n=1
. . Ot =0,0) = cadalr =0,0).
The OPE coefficient  (o|n*(Q2)[e) ay —a —4 o
can be computed by: 2(ON0) Jooe T k2 O(&™) = = Cnhin (€)
P Yo (o|n*(£2)]0) o (a|O(T = 0,$)[0) = Z A
~ ~ . 2s l ~ c ha
() = T (Do (@) =3 3 nf Yim(S) ($a|O(r = 0,9)|,) = Zfa 7%1)



Operator Product Expansion

(o|nz(ﬁ)\0) — (ca + Z ) )|0> — (ce + Z RQ'”)
n= 1 n=1
R~ VN

0.26 —— 0.24F | I T— I =
O n? 0253 0013( )+0104( ) nx().233—0.33)7(§)+0.097(%)2
NAJ/2<O"nZ(ﬁ)‘O> 0.23F NAE/2<E|7’?,$(§)‘O> _
[ CO0000-0-0—0—0— 0 022F _
0.25F Too1k i
0.2F .
0.19r 7

0.24r (a) 7 (b)

. . 0.18k | |

0. 00250050075 010125 0. 00250050075010125

1/N

1/N



Operator Product Expansion

(Ulﬁﬁ,ll‘{’> — ccrfcraeR Ao + cDUfﬂ',DG’,CH (Aat2) + CI:lzrrfr:r,Der,cH (Ast+d) + C.:T“fo,a’,tH Bot

Bootstrap data: f,,. = 1.0518537(41)

1.8

{o5,0/0) b coR™27 + cip R™(Be42) - o R=(Be ) - ¢y R4

m..'rc:rm: +_+O

R2 R4

(J‘ﬁg,(}'a) - <O|ﬁ6,0|0> _ Cefaech_AE + CD(—.f{T,DE,O’R_

(R 477) — .,raarc

!

(J-i——-i"O(N 258)

N  NZ

Ac+2 . —A . —(Ac+4
(Act2) + (-’E'FfO',ﬁ",O'R « + (’Dgefa,lj%,rrR (Actd)

1.6

(€l75,010)

~ fcrr:r(: +

ceR=2c + CDCR_(AC"'z) + co R~ + cp R (Actd)

+ Co

R2 R2-4173

R4

—|—O(R 44173)

fcrcr(—

.~' ,r

N Nl 2087

O p’

< O,

| [ |
1.05393 - 0.312228

1.05623 +2.0196 -

n* 1.07183 +4.58558

+O(N~?)

| |
0. 0.025 0.05 0.075 0.1
1/N

|
0.125



Operator Product Expansion

We can approach the OPE involving energy-momentum tensor.

15 <0‘ﬁ§’0‘ﬂly> i~ cdf(?dT“V R_AJ + CD(TffT-,DD"TMU R_(&G—Fz) + Cﬂ'_u,u fl’T,fT,uU1T;.nx R_Agr + C[I?afa,DZJ,Tm, R_(&G—'—d)

Ea

8 (o7 00) o R + cg R~ (Bet2) o, R=(Bot4) 4 ¢y R—B0
_ c1 C2 4\ ch c) —2
X fooT,, + R2 + 33662 +O(R™") & foor,, + N + N L.831 +O(NT7).

Bootstrap: foo1,, = 0.32613776(45)

| I | | |
0.35F0-n7 0326836 - 1.00479 ~ 7

]
0. 0.025 0.05 0.075 0.1 0.125

I/N



Operator Product Expansion

'
Joeo,,

We can also go beyond conformal bootstrap.

0.4

0.1

15 (€'l 0l )
8 {olig ol0)

Lt
r
— fe OO e

1

R?

(&)

+ R:B,GGQ

_|_

C3

Rt

+ O(R—4,772) ~ fe"ocr’uu +

J
_C2
N] .831

ca

~

+ O(N~?)

Ty, m = 0|0|T,y,, m = 0) — (0]0]0 c1 Co c3 _3
| o = e, + i + s + i + O
| | | I | 3.5 ! — ! !
0 nF 0.182559 + 1.35671 + " 0.885843 + 112731 ()70 _ 214301
3.1 0,0.865754 + 5.55368 (1 )/7% . 195608}
2.5F .
S
v 2 .
<
1.5F .
l.p =
®
| | | ! | 0.5 ' . ' ' '
0. 0.025 0.05 0.075 0.1 0.125 0. 0.025 0.05 0.075 0.1 0.125
I/N

I/N



OPEs for 3D Ising CFT

< @; (M)oj(r)di(rs) >=

fiji

|T'12 |Ai+Aj—Ak |T'13 |Ai+Ak—Aj |T'23 |Aj+Ak—Al'

Operators | Spin | Zy | fapy (Fuzzy Sphere) | f.3 (Bootstrap)
= 0 | — | oo~ 1.0539(18) Fooe ~ 1.0510
€ 0 | + e ~ 1.5441(23) e & 1.5324
¢’ 0 + fooer = 0.0529(16) fooer = 0.0530

focer ~ 1.566(68) focer A 1.5360
o’ 0 — foroe = 0.0515(42) forge = 0.0572
Foroer A 1.294(51) NA
foreor = 2.98(13) NA
T 2 | 4 | foor ~0.3248(35) | foor ~ 0.3261
foror = —0.00007(96) foror =0
feer ~= 0.8951(35) feer ~ 0.8892
frer =~ 0.8658(69) NA
T 2 — foeo,, = 0.400(33) foco,, = 0.3892
Focro,, = 0.18256(69) NA

High Energy Physics - Theory

- o S
"Sydumsad o 15 4 v 0P

Tha -fiua-p n-ir;t bootstrap

Dawvid Poland Valentina Prilepina, Patar Tadil

Recent data from bootstrap
verifies out prediction:

frer = 0.81(5)



3D CFT from Fuzzy sphere regularization

« Motivation: Spotting 3D CFT on geometry S? X R

e Solution: Fuzzy-sphere scheme to simulate 3D transition

 Results: Conformal data of 3D Ising transition on the sphere S% X R
Conformal data set:

State perspective: Almost perfect conformal tower structure
Operator perspective: OPE coefficients: 4 unknown even in boostrap

Scientific metric: state-operator correspondence

Ising Ferromagnent

3D Ising CFT
—*,_%

.
» Paramagnent

6_
5_
A4
3_
2_
14

0

7 -
6
L] 5ﬁ
4—.
34
2
1

The 3D Ising criticality indeed has conformal symmetry

(Conjectured by Polyakov since 1970s)

W.Zhu*, C. Han, E. Huffman, J. Hofmann, Y.-C. He*, Phys Rev. X 13, 021009 (2023)
Liangdong Hu, Y.-C. He*, W. Zhu*, Phys. Rev. Lett. 131, 031601 (2023) [Editor’s suggestion]
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Deconfined Quantum Critical Point (DQCP)

DQCP A distinct class of phase transitions that cannot be described with Landau-Ginzberg
theory, distinguished by an emergent conserved topological quantity at the critical point.

A possible guantum critical point between two conventional phases [Sachdev & Read 1989; Senthil 2003]

* Non-Landau phase transition
* Natural variables are emergent fractionalized degrees of freedom instead of order parameter
* Enlarged symmetry

10 0
0 0

Neel order Spontaneous valence bond order

2 >



Senthil-Sachdev-Balents-Vishwanath-Fisher picture Science 303, 1490 (2004); PRB 70, 144407 (2003)

CP1 field

Critical field theory for the Neel-VBS transition (NCCP1) A state of staggered magnetization using CP1 fields

—

: — N () N ~ 2152
L=|Vxal*+|(V—ia)z|* +s|z|* + u|z|* Sp =Ny e = (—1)7t N ~ 215
The spinon fields have a U(1) “gauge” redundancy

Monopole operator

» Monopole operator M () creates a source of the “magnetic field” b =V X a..

» In the Neel phase, it is topological excitation (skyrmion) of order parameter N.

> Yyps “M(r) is the VBS order parameter [PRB 70, 144407 (2003)] M~q@, (r) +i @y, (1) ~Pyps
» This proliferation leads to a “condensation” of the monopole operator, M’ # 0, hence VBS order.

(a) (b)

" A VB.S &fz A A mo $

(©)

& > ' <
i -4n8 ? 4nS i
r
& < - *> P
Néel DQCP U(1) SL




Tanaka-Hu picture PRL 95, 036402(2005)

The Neel-VBS competition for spin-1/2 magnets on an isotropic two dimensional square lattice is described by
this SO(5) superspin non-linear sigma model with the extra topological WZW term.

Dirac spinon on the square lattice

L =iVPu Pi-flux square lattice Spinon band structure

74 y

the system can have AFM order. the translational symmetry breaking
leads to chiral mass terms ¢ — ¢+ (—1)"dt

Lyvps = Uy3U + Uy U

Lay = imar¥Y(n- o)W

The SDW and the two VBS ordering potentials all belong to the family of chirally rotated mass terms
S = /dga?-nﬁ_r (—-i’r?;&')é - z‘.m.g:}f) (T

‘ 1
S[C)] = /(13139— (C)%C)) — 2WEF[O] I'= ?_5]’“'2/ du'/da;1"6(!_,'3’}-6;{.@adm@_ﬁdy(f)f}-d’r@édu@n
S 0

-

Abanov and Wiegmann, Nucl. Phys. B 570, 685 (2000)



Equivalence of NLoM with NCCP1

- T N2 .
NLoM  S[d] = f d%% (i‘)?;@) —omil'[¢)]

NCCP1 L =|VXxal?+ |(V—ia)z|*>+ s|z|* + u|z|* 3l S
r=_" [ au / P16 apy5r0ada b0y Or Ps0uts
37 Jo
The derivation of the geometric spin action can be WZW term describes the non-trivial Berry phase
obtained based on the CP1 representation
n(t,0) =ng — n(t,u) = n(t)
iy = —?:ZTf}tZ — (}f{:i'[l — COs 9]/2 H(t:‘ ﬂ) — U — g(f:‘ “*) — ﬁ(f)
1 ‘ , ‘ , ‘
expliA[n]] = exp[ifi/dt(cosﬁ —1)d,0] = exp[—QiS/dmt] 50 (O x dyn) = dya,, — Oyar = —dyas

1
exp[—?ififdmt(tj] — e:::p[iﬁ'fdtf dun - (yn x dyn)| = expliSw zw /A
0

Monopole creation is related to skyrmion excitation

Deconfined Quantum Critical Points: Symmetries and Dualities
Chong Wang, Adam Nahum, Max A. Metlitski, Cenke Xu, and T. Senthil, Phys. Rev. X 7, 031051 (2017)



NLoM with WZW simulated by the LLL

|
S = Efd%(an)2 + Swzw[n] + ...,

4 2 5 4 2 2 .
. Uj : Tl abede _a hea .cq .da e
Ha = %[2 jw;(x)wa(x)} - 5[ > wﬁi(x)ri,m(x)} Swzwlnl = S f At dr € n 0, en dyn By’

i=1

a=1 a.b=1

The SO(5)-NLoM with topological term has been argued to flow to
Clifford algebra for SO(S) i — (ti0*. t96Y, t70%, 1%, 1) the DQCP J. Lee and S. Sachdev, PRL 114, 226801 (2015)

SO(5) superspin ‘vector’ n=|[N,, Ny, N, ¢, @,]
target space: vt — Sp(2) = S§*
BELSPACE @)y x U@ ~ Sp(1) x Sp(1)
Uu4)
7T2[U(2) x U(Z)] =7 Skymion quantum number




Scaling of order parameter

SO(5) symmetry breaking order parameter (i.e. SO(5) vector),

m' = ZELTIEm. {Ier*, 1@t 0" @7Y, 07 @7Y,0° @717}
m

Order parameter tends to decrease as system size for V/U >0.5 -> critical phase

=lOrder parameter is non-zero if V/U<0.5

185
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00 05 10 15 20
ViU \ uK/U
SO(5) sym. broken

bken when V/U<0.5

SO5 symmetry is sg




Approximate conformal symmetry

the (approximate) integer-spaced levels

a. Multiplet of ¢, (0,—.5)

oF, = E; — Ep = constant x Ay

2l B LA

] 5t
v h @ h"- :
T L o8 ] 4
A @ T ] 3f
o :'L"‘:I i
#”.Nm+5 8 . 2;
- 5+ O ] 1_

[T e 4 @ - 7 10

0 1 2 3

'y

(€ = 0,2, rep.;A)

b. Multiplet of J*, (0.+.10)

o0 A o L

#.l.

b Sl N Nm—i—j B

7710

0 1 2 3
{

¥ L 2ym
9°...07(9) fb% (j, 2, rep;A + 2n + j)

c. Multiplet of T, (0,+.5)

bl s Lh

The lack of exact conformal symmetry could be due to finite-size or the pseudo-criticality (discussed later).

The energy spectrum has an e

oximate) conformal symmetry



Operator information

Scaling dimensions of Primaries of SO(5) NLoM with WZW (V/U=0.915, N=9)

[ P Rep. A Operator

0 — 5 0.584 ¢ ~ Mo,  SO(5) order parameter

0 + 14 | 1454 | T ~ ¢*> ~ My, control Neel-VBS transition

1 + 10 | 2.000 J#  flavor current

0 — 30 | 2.565 M3 67 monopole

0 —+ 1 2.845 S Parity even singlet — Pseudo-criticality
0 + 55 | 3.885 My 87 monopole — VBS on Cj lattice

0 - 1 5.354 ST Parity odd singlet — chiral spin liquid

* The lowest £ = 0 parity-odd SO(5) vector ¢ corresponds to the order parameter.

* lIts scaling dimension is related to the anomalous dimension n = (A¢ — 1/2)/2 ~ 0.168.

14

G. J. Sreejith and S. Powell, Phys.Rev.B92, 184413 (2015).
G. J. Sreejith and S. Powell, Phys. Rev. B 89, 014404 (2014).

0.168
0.647

0.0395 0.35
0.677 0.455 (< CB bound)

0.70f
0.65F
< 0.60
0.55F
0.50f f/
0.45E

0.5 1._1‘.} 1:5 20
Viu

A. W. Sandvik, Phys. Rev. Lett. 104, 177201 (2010).
A.W. Sandvik and B. Zhao, Chin. Phys. Lett. 37, 057502 (2020).



Operator information

Scaling dimensions of Primaries of SO(5) NLoM with WZW (V/U=0.915, N=9)

[ P Rep. A Operator

0 — 5 |0.584 ¢ ~ Mar SO(5) order parameter

0 + 14 [1.454 | T ~ ¢* ~ My, control Neel-VBS transition

1 + 10 | 2.000 J#  flavor current

0 — 30 | 2.565 M3 67 monopole

0 —+ 1 2.845 S Parity even singlet — Pseudo-criticality
0 4+ 55 | 3.885 My 87 monopole — VBS on (4 lattice

0 - 1 5.354 ST Parity odd singlet — chiral spin liquid

* The lowest parity-even symmetric rank-2 tensor T corresponds to the
relevant perturbation that controls the original Neel-VBS transition.
* |ts scaling dimension is related to the exponent v =1/(3 - Ar) ~ 0.647.

14

G. J. Sreejith and S. Powell, Phys.Rev.B92, 184413 (2015).
G. J. Sreejith and S. Powell, Phys. Rev. B 89, 014404 (2014).

0.168
0.647

0.0395
0.677

0.35
0.455 (< CB bound)

DT, 0+14)

A. W. Sandvik, Phys. Rev. Lett. 104, 177201 (2010).
A.W. Sandvik and B. Zhao, Chin. Phys. Lett. 37, 057502 (2020).



Operator information

Scaling dimensions of Primaries of SO(5) NLoM with WZW (V/U=0.915, N=9)

& Mo, (1230)

[ P Rep. A Operator

0 — 5 |0.584 ¢ ~ Mar SO(5) order parameter

0 + 14 | 1454 | T ~ ¢*> ~ My, control Neel-VBS transition

1 + 10 | 2.000 J#  flavor current

0 — 30 | 2.565 M, 67 monopole

0 + 1 2.845 S Parity even singlet — Pseudo-criticality
0 + 55 | 3.885 My 87 monopole — VBS on (4 lattice

0 - 1 5.354 ST Parity odd singlet — chiral spin liquid

Viu

The lowest £ = 0 parity-odd operator in representation
corresponds to the 6m-monopole in the CP1 description.
This operator is forbidden in lattices with C4 rotation
symmetry but allowed for C3 symmetry.

Our calculation finds it relevant in all cases, which is likely to
imply that the DQCP is not possible on honeycomb lattice as
Monopole-6m will drive it away

6m-monopole is relevant

Providing theoretical support for DQCP on honeycomb:
S. Pujari, K. Damle, and F. Alet, PRL 111, 087203 (2013)

omb lattice) is impossible



Operator information

Scaling dimensions of Primaries of SO(5) NLoM with WZW (V/U=0.915, N=9)

YT )

[ P Rep. A Operator

0 — 5 |0.584 ¢ ~ Mar SO(5) order parameter

0 + 14 | 1454 | T ~ ¢*> ~ My, control Neel-VBS transition

1 + 10 | 2.000 J#  flavor current

0 — 30 | 2.565 M3 67 monopole

0 —+ 1 2.845 S Parity even singlet — Pseudo-criticality
0 + 55 | 3.88H M4 87 monopole — VBS on Cy lattice

0 - 1 5.354 ST Parity odd singlet — chiral spin liquid

The lowest parity-even operator corresponds to the 8m-monopole in the CP1
description.

This operator is related to the irrelevant perturbation in the Neel-VBS DQCP. 4 (P P4
Our calculation confirms its irrelevance.

Providing theoretical support for the argument before:
O. |. Motrunich and A. Vishwanath, PRB 70, 075104 (2004)

8m-monopole is irrelevant square lattice) is possible



Operator information

Scaling dimensions of Primaries of SO(5) NLoM with WZW (V/U=0.915, N=9)

[ P Rep. A Operator

0 — 5 |0.584 ¢ ~ Mar SO(5) order parameter

0 + 14 | 1454 | T ~ ¢*> ~ My, control Neel-VBS transition

1 + 10 | 2.000 J#  flavor current

0 — 30 | 2.565 M3y 67 monopole

0 + 1 2.845 S Parity even singlet — Pseudo-criticality
0 + 55 | 3.885 My 81 monopole — VBS on C}y lattice

0 — 1 5.354 S~ Parity odd singlet — chiral spin liquid

* The lowest £ = 0 parity-odd operator in representation, is related to the
instability towards a CSL. Our calculation confirms its irrelevance.




Operator information

Scaling dimensions of Primaries of SO(5) NLoM with WZW (V/U=0.915, N=9)

[ P Rep. A Operator

0 — 5 |0.584 ¢ ~ Mar SO(5) order parameter

0 + 14 | 1454 | T ~ ¢*> ~ My, control Neel-VBS transition

1 + 10 | 2.000 J#  flavor current

0 — 30 | 2.565 M3 67 monopole

0 + 1 2.845 S Parity even singlet — Pseudo-criticality
0 + 55 | 3.885 My 87 monopole — VBS on Cj lattice

0 - 1 5.354 ST Parity odd singlet — chiral spin liquid

* We identify a £ = 0 parity-even operator, dubbed as S, which is unknown before.

* |tis dangerously relevant. -> It drives the DQCP unstable.

It appears a relevant singlet « stability of pseudo-criticality



RG diagram of NLaM

1
S = Efd%(an)2 + Swzwin] +. ...

211 o _ , | ,
Swzw[n] = , dt d*r €"p®y n”d nd,n?a,n¢.
vol(S%) ‘
In real parameter space, no fixed point exists.
The RG flow becomes extremely slow on the real axis.
€ .
- -d-- - %--4---4---4--4---4---«- Strongly First order lm§ iii. N<N_

@
; O G = o
/ : :1 . Z o

- - 4 - 4= - -4-4—4-4—<¢--<---4---%¢- Pseudo-Critical

A Nahum, Phys. Rev. B 106, L081109 (2022)
Ruochen Ma and Chong Wang, Phys. Rev. B 102, 020407(R) (2020)



Conformal perturbation for pseudo-criticality

Pseudo-critical scenario

i N>N g~ V/U Mijii,. N<N, . pseudocritical
O <5 o 233 ° S O €€¢ <€¢
A B C : r — - -
- dA(R, A
B() = —a(2 —x%) + O () p(1) = R = ) _ _a(2+y) + 00
fixed points A=+x 1=-x fixed points 47, = =iy
- 1 .—{D R 2 Pl _ . =1 f‘ll[l R ﬁ 2
A(R,Ap) = x tanh [tanh™" — + ax log — | + &(x°) (R,Ap) = ytan [tan”" — — aylog R +0(y°)
X Ry ¥y 0

Using conformal perturbation, we can write the Hamiltonian as

7 A =A(R, A0) is the factor of the singlet operator S that depend on the
H(a) = H”""lf 1:50) linear system size R and a tuning parameter A in the Hamilonian

The rescaled energy of an arbitrary operator ® could be interpreted as the scaling dimension

As(A) = (B|H(A)|®)+6(1%) = Ap 0+ fows + O(2°)



Conformal perturbation for pseudo-criticality

B) = —a(? —xH) + (Y

fixed points 1=+ A=—x

- R
A(R, Ap) = x tanh |tanh™" 4o + ax log R +O(x%)
x 0

Pseudo-critical scenario

di(R, o)

B = R

fixed points A7, = =iy

A(R, Apg) = ytan

tan ™! ﬂ —a l~::n':rE

= —a(22 +y) + Oy

+O(y%)

Ao (A0, R) = Apo + fovsA(R, Ag) + O(2%).

3 3-\' the lowest singlet will always

3-2ay I flow from irrelevant to relevant
\ s as the system size R increases!



Pseudo-criticality

The scaling dimension of the lowest scalar S (a) as a function of V/U for
different Norb and (b) as a function of Norb for different V/U.

a b

ViU

327

3.0¢

| 03 =~ 10 — 30

= 0.7

15 == 100 ]

5

6

7

*'h"'r-urb

g 9

10

In the case of real fixed points, A will
increase towards irrelevance with A > 3,
while for pseudo-criticality, A will
decrease from irrelevant (A > 3)
towards relevant (A < 3) along the flow.

DQCP corresponds to not a real CFT, but to a pseudo-critical region that locates near complex CFT fixed points and

exhibits approximate conformal symmetry.



Pseudo-criticality

Scaling dimensions of Primaries of SO(5) NLoM with WZW (V/U=0.915, N=9)

[ P Rep. A Operator

0 — 5 |0.584 ¢ ~ Mar SO(5) order parameter

0 + 14 | 1454 | T ~ ¢*> ~ My, control Neel-VBS transition

1 + 10 | 2.000 J#  flavor current

0 — 30 | 2.565 M3y 67 monopole

0 + 1 2.845 S Parity even singlet — Pseudo-criticality
0 + 55 | 3.885 My 81 monopole — VBS on C}y lattice

0 - 1 5.354 ST Parity odd singlet — chiral spin liquid

=
- \
--d---4--4--d4---4--<4---4---«- Strongly First ordw
--4— - 4--4-4—4—4<—-<---<---4+- Pseudo-Critical

~--a--<- Critical i, N<N,

= |

7 IC



Deconfined quantum criticality --- First order?

A relevant scalar operator exists, which has been confirmed by different methods.

How to understand this relevant operator is important to the DQCP. Fuzzy sphere under finite-size scaling
3.0 . . . .
29} f s
28} .
27} -
Scaling dims from different methods Losl ]
Ay A, Ay¢ Aj Ay 254 1
arXiv.2405.06607 J-Qmodel  |0.607(4) 2.273(4) 1.417(7) 2.01(3) 3.723(11) 24 .
arXiv.2310.08343 SO(5) CFT [0.630* 2.359  1.519  2* 3.884 - ]
arXiv.2306.16435 Fuzzy sphere|0.585 2.831 1.458  2* 3.895 22 e
0.0 0.1 0.2 0.3 04 05

1/R

The SO(5) Deconfined Phase Transition under the Fuzzy Sphere Microscope: Approximate
Conformal Symmetry, Pseudo-Ciriticality, and Operator Spectrum,
Zheng Zhou, L. D. Hu, W. Zhu, Y. C. He, arXiv.2306.16435

Bootstrapping Deconfied Quantum Tricriticality,
Shai M. Chester, Ning Su, arXiv.2310.08343

SO(5) multicriticality in two-dimensional quantum magnets,
Jun Takahashi, Hui Shao, Bowen Zhao, Wenan Guo, and Anders W. Sandvik, arXiv.2405.06607



Numerical evidence: Weakly First-order

0.015

0.010

C,4L2)

0.005

0.000
0

We resolve the long-standing problem of the nature of the quantum phase transition between a
Néel antiferromagnet and a spontaneously dimerized valence-bond solid in two-dimensional spin-1/2
magnets. We study a class of J-@) models, in which the standard Heisenberg exchange J competes
with multi-spin interactions @),, formed by products of n singlet projectors on adjacent parallel links
of the lattice. Using large-scale quantum Monte Carlo (QMC) calculations, we provide unambiguous

eviden

for first-order transitions in these models, with the strength of the discontinuities increasing

with n. |In the case of the widely studied n = 2 and n = 3 models, the first-order signatures are very
weakl but observable in correlation functions on large lattices. On intermediate length scales (up
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SO(5) multicriticality in two-dimensional quantum magnets,
Jun Takahashi, Hui Shao, Bowen Zhao, Wenan Guo, and Anders W. Sandvik, arXiv.2405.06607
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We study the scaling behavior of the Rényi entanglement entropy with smooth boundaries at the putative
deconfined critical point separating the Néel antiferromagnetic and valence-bond-solid states of the two-
dimensional J — Q3 model. We observe a subleading logarithmic term with a coefficient indicating the
presence of four Goldstone modes, signifying the presence of an SO(5) symmetry at the transition point,
which spontaneously breaks into an O(4) symmetry in the thermodynamic limit. This result supports the
conjecture that an SO(5) symmetry emerges at the transition point, but reveals the transition to be weakly
first-order. We demonstrate, through this Letter, a novel approach to detect emergent continuous symmetry
and, more importantly, identify weakly first-order phase transitions efficiently, which have been
notoriously challenging for conventional methods.

TABLE II. Fitting results of Eq. (4) to S,(L) at Q/J =
1.49153 with L = 8-48. For results obtained using /(L,S = 0271
2) and I(L, S = 3), see [47].
0.268 -

Lmin a N G/ 2 Yord X %/P -value 3

S 0.266
12 0.2540(2) 1.89(4) 1.10(2) 0.93/0.48 5 i
16 0.2543(3) 1.83(6) 1.07(3) 0.82/0.55 0.264 -
20 0.2541(5) 1.88(10) 1.09(5) 0.91/0.47 i
24 0.2534(7) 2.01(14) 1.16(9) 0.76/0.55 0262 -
28 0.253(2) 2.1(3) 1.2(2) 0.86/0.46

Z. Deng, L. Liu, Wenan Guo, and Hai-Qing Lin, PRL 133, 100402 (2024)



3D phase transitions and 3D DQCP

e Solution: Fuzzy-sphere scheme to simulate 3D transition
* Results: The 3D DQCP has approximately conformal symmetry
Instability of 8 monopole or CSL is not likely to occur

DQCP cannot be realized on honeycomb lattice or rectangular lattice

A singlet operator is dangerous relevant -> pseudo-criticality

Neel-VBS transition is weakly first-order.

I P Rep. A Operator
a_Multiplet of ¢, (0,—5) b Multiplet of J* (0 +.10) ¢ Multiplet of T_ (0,+.5) 0 — 5 0.584 qb ~ M 9 SO(KJ) order parameter
T T T T T T T T T T T T .t T 3 >, [e [e " )
5 i st 080 i s Tae , .
. g ‘e wreae 0 + 14 | 1454 | T ~ ¢? ~ My, control Neel-VBS transition
T g s A ® A a b
4 ¢ . 4 o | deva, Hamrna o e ae ‘e 1 + 10 | 2.000 JH*  flavor current
a ] Y v
S St N *lal wELe <3 e 0 — 30 | 2.565 Ms 67 monopole
2 s e New s 2 ovese Nes +: 2 e Naty o5~ 0 + 1 |2845 S Parity even singlet — Pseudo-criticality
g0 - Il 1
o N ! N DU ! R D 0 + 55 | 3.885 My 8t monopole — VBS on ()} lattice
0= T 5 3 0= : 5 B 0= 1 3 3 0 - 1 | 5.354 S~ Parity odd singlet — chiral spin liquid
¢ ‘ ’

The SO(5) Deconfined Phase Transition under the Fuzzy Sphere Microscope: Approximate Conformal Symmetry, Pseudo-Criticality, and Operator Spectrum,
Zheng Zhou, Liangdong Hu, W. Zhu, Y. C. He, PRX 14,021044 (2024) arXiv.2306.16435
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