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In Memoriam: Ian Affleck (2 July 1952 - 4 Oct 2024)
                         My memoir on Ian: https://bit.ly/3YfV7Gn 
                         Special online issue for Ian Affleck: in preparation

https://bit.ly/3YfV7Gn
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MO:
correlation length using the  
thermal transfer matrix

1/(correlation length) 
= lowest gap on a finite ring

alternative derivation of
(part of) Subir’s result



￼4

Ian: we can study a defect line in critical Ising model!

early example of
“conformal defects”

(full paper in Nucl. Phys. B)
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arXiv:2406.12377

with Masahiro Hoshino and Yuto Ashida (Physics UTokyo)



Entanglement Swapping
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[taken from Zangi et al. arXiv:2212.03413]



Entanglement Swapping in Many-Body
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Initial state: ground state of 2 independent S=1/2 XXZ chain
～ 2 independent Tomonaga-Luttinger Liquids (TLLs) 

        = 2 component free boson field theory in 1+1dim

Bell-pair measurement on a subsegment of the system

Entanglement is induced between the 2 chains
                                      in the unmeasured segment!



XXZ Chain
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<latexit sha1_base64="41veDe4sjor3jichDzQ5L4yIf94="></latexit>

L =
1

2⇡K
(@µ�)

2

TLL (free boson field theory)

Two chains: each chain is represented by a TLL
    ⇒  2-component free boson field theory



Bell Pair Measurement

￼9

<latexit sha1_base64="UDgI4d69pOnsN+k9zBjq6boMeAU="></latexit>

|Bellb1b2i ⌘ 1p
2

⇥
|0b1i+ (�1)b2 |1b̄1i

⇤

Projective measurement on 4 Bell pair state
     →  one of 4 outcomes 00,01,10,11

e.g. “00”

σz is same in both chains
total triplet, polarized as Sx=+1

<latexit sha1_base64="uDehIaOtdmRiy2HgJvBO4YIDATI="></latexit>

|Bell00i ⌘ 1p
2
(|00i+ |11i) = 1p

2
(| ""i+ | ##i)

(Locally) imposing



(Forced) Uniform Outcome
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Imaginary time evolution from τ=-∞
Measurement imposes the boundary
 condition at τ=0 
  in the measured segment

Introduce 2×n replicas (bra/ket) of the 2-component TLL
    (4n-component TLL in total)

Replica partition function:
     Measurement-imposed boundary condition on measured section
     Different Dirichlet boundary condition T connecting bra and ket 
    of neighboring replicas                             on unmeasured section

<latexit sha1_base64="UdQS8kSkq1/FyQ03hX01lfvuqBc=">AAACGHicbVBNS8NAEN34bf2KevSyWARBqIlI9SKIXjxWsFpoY9lsJ3bt5oPdiVhCfoYX/4oXD4p47c1/47YG0eqDgcd7M8zM8xMpNDrOhzUxOTU9Mzs3X1pYXFpesVfXLnWcKg51HstYNXymQYoI6ihQQiNRwEJfwpXfOx36V3egtIijC+wn4IXsJhKB4AyN1LZ3W0lXtLPbHTe/zloI95j5iuU5PaKF8633APO8bZedijMC/UvcgpRJgVrbHrQ6MU9DiJBLpnXTdRL0MqZQcAl5qZVqSBjvsRtoGhqxELSXjR7L6ZZROjSIlakI6Uj9OZGxUOt+6JvOkGFXj3tD8T+vmWJw6GUiSlKEiH8tClJJMabDlGhHKOAo+4YwroS5lfIuU4yjybJkQnDHX/5LLvcqbrVSPd8vH58UccyRDbJJtolLDsgxOSM1UiecPJAn8kJerUfr2Xqz3r9aJ6xiZp38gjX4BK9HoXg=</latexit>

�bra
j+1 = �ket

j

<latexit sha1_base64="xsD153Xv/AzgzM1MHQL6aX1N2LM=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSExVQlChbGChbFIfYkmRI7rtFZtJ7IdpCrKwsKvsDCAECv/wMbf4LQdoOVIVzo6517de0+YMKq043xbS8srq2vrpY3y5tb2zq69t99WcSoxaeGYxbIbIkUYFaSlqWakm0iCeMhIJxxdF37ngUhFY9HU44T4HA0EjShG2kiBfXQXCOgpyqHHkR5KnjVlnnlyGN+LPLArTtWZAC4Sd0YqYIZGYH95/RinnAiNGVKq5zqJ9jMkNcWM5GUvVSRBeIQGpGeoQJwoP5t8kcMTo/RhFEtTQsOJ+nsiQ1ypMQ9NZ3GqmvcK8T+vl+ro0s+oSFJNBJ4uilIGdQyLSGCfSoI1GxuCsKTmVoiHSCKsTXBlE4I7//IiaZ9V3Vq1dnteqV/N4iiBQ3AMToELLkAd3IAGaAEMHsEzeAVv1pP1Yr1bH9PWJWs2cwD+wPr8AfOZmOY=</latexit>

Zn ⇠ Tr⇢n



Entanglement Entropy in CFT
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Warmup: the Entanglement Entropy between a finite segment
               and the rest of the system of a CFT in 1+1D

Holzhey-Larsen-Wilczek 1994/ Calabrese-Cardy 2004

<latexit sha1_base64="86+SY2XxY1REIli2Kf3txxlQQXk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqiH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A15uM+w==</latexit>

l

Why?

<latexit sha1_base64="GhsSO1Ep1Q7oSNFJJ4UpNZ6kVw8=">AAACEnicbVBNSwMxEM36WetX1aOXYBEUoeyqVC9CUQSPFa0tdGvJptkazCZLMiuWZX+DF/+KFw+KePXkzX9j+nFQ64OBx3szzMwLYsENuO6XMzE5NT0zm5vLzy8sLi0XVlavjEo0ZTWqhNKNgBgmuGQ14CBYI9aMRIFg9eD2pO/X75g2XMlL6MWsFZGu5CGnBKzULmxfXJ/iI+yHmtCUZulehn2huqnI8A72gd1DSpU0UMrahaJbcgfA48QbkSIaodoufPodRZOISaCCGNP03BhaKdHAqWBZ3k8Miwm9JV3WtFSSiJlWOngpw5tW6eBQaVsS8ED9OZGSyJheFNjOiMCN+ev1xf+8ZgLhYSvlMk6ASTpcFCYCg8L9fHCHa0ZB9CwhVHN7K6Y3xKYDNsW8DcH7+/I4udoteeVS+Xy/WDkexZFD62gDbSEPHaAKOkNVVEMUPaAn9IJenUfn2Xlz3oetE85oZg39gvPxDTOunTw=</latexit>

SE =
c

3
log l + const.
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Entanglement and BCFT
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Renyi entanglement entropy

(von Neumann) entanglement entropy:
<latexit sha1_base64="XVUSq75w6aMWkWw9bWCTDQsspH0=">AAACAnicbVDLSgMxFL1TX7W+qq7ETbAIrsqMSHUjFEVwWdE+oDMOmTRtQzOZIckIZShu/BU3LhRx61e4829M21lo64HA4Zx7uTkniDlT2ra/rdzC4tLySn61sLa+sblV3N5pqCiRhNZJxCPZCrCinAla10xz2oolxWHAaTMYXI795gOVikXiTg9j6oW4J1iXEayN5Bf3bu+v0DlyOQv9VLg6Qs4IGc03Xsku2xOgeeJkpAQZan7xy+1EJAmp0IRjpdqOHWsvxVIzwumo4CaKxpgMcI+2DRU4pMpLJxFG6NAoHdSNpHlCo4n6eyPFoVLDMDCTIdZ9NeuNxf+8dqK7Z17KRJxoKsj0UDfhyCQd94E6TFKi+dAQTCQzf0WkjyUm2rRWMCU4s5HnSeO47FTKlZuTUvUiqyMP+3AAR+DAKVThGmpQBwKP8Ayv8GY9WS/Wu/UxHc1Z2c4u/IH1+QMUtJX5</latexit>

SE = lim
n!1

SE
n

Replica trick

Introduce n replicas of the field (n: natural number)
“bra” and “ket” states for each field

<latexit sha1_base64="MTVaow80RETDWhs+/l4Dp3GjSL8="></latexit>

SE
n =

1

1� n
log (Tr⇢A

n)

<latexit sha1_base64="5NWKWUFBiAx+Bk9MXF+fYvmFJXM="></latexit>

⇢A = TrĀ (| 0ih 0|)



Entanglement and BCFT
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Bulk CFT

<latexit sha1_base64="gKVRlYci9BYms77iM9XGXDc++4w=">AAACEnicbVDJSgNBEO1xjXEb9eilMQh6CTMi0YsQ9OIxglkgiaGnU0na9Cx014hhmG/w4q948aCIV0/e/Bs7y8EkPih4vFdFVT0vkkKj4/xYC4tLyyurmbXs+sbm1ra9s1vRYaw4lHkoQ1XzmAYpAiijQAm1SAHzPQlVr3819KsPoLQIg1scRND0WTcQHcEZGqllHzeinmjd3yUNhEdMPMXSlF7QabUPmKYtO+fknRHoPHEnJEcmKLXs70Y75LEPAXLJtK67ToTNhCkUXEKabcQaIsb7rAt1QwPmg24mo5dSemiUNu2EylSAdKT+nUiYr/XA90ynz7CnZ72h+J9Xj7Fz3kxEEMUIAR8v6sSSYkiH+dC2UMBRDgxhXAlzK+U9phhHk2LWhODOvjxPKid5t5Av3JzmipeTODJknxyQI+KSM1Ik16REyoSTJ/JC3si79Wy9Wh/W57h1wZrM7JEpWF+/8/me8A==</latexit>

�bra
j = �ket

j

<latexit sha1_base64="lRFeSaRaqJr2VSlQfylnZ8KlWVw=">AAACGHicbVC7TsMwFHV4lvIKMLJYVEhlKQlCwMhjYSxSC4imRI7rtFZtJ7JvkKoon8HCr7AwgBBrN/4Gt3QAypEsHZ1zrnzviVLBDXjepzMzOze/sFhaKi+vrK6tuxub1ybJNGVNmohE30bEMMEVawIHwW5TzYiMBLuJ+hcj/+aBacMT1YBBytqSdBWPOSVgpdDdvwsVDgyXOJAEelrmDV3kgWAxVHEe6F4SnhX3NqJ5twd7RehWvJo3Bp4m/oRU0AT10B0GnYRmkimgghjT8r0U2jnRwKlgRTnIDEsJ7ZMua1mqiGSmnY8PK/CuVTo4TrR9CvBY/TmRE2nMQEY2Odre/PVG4n9eK4P4pJ1zlWbAFP3+KM4EhgSPWsIdrhkFMbCEUM3trpj2iCYUbJdlW4L/9+Rpcn1Q849qR1eHldPzSR0ltI12UBX56BidoktUR01E0SN6Rq/ozXlyXpx35+M7OuNMZrbQLzjDL9w2oE4=</latexit>

Zn ⇠ Tr(⇢A
n)

<latexit sha1_base64="EjHx6ugsfRij+Yz+FHahdv94Y+I=">AAACFnicbVDJSgNBEO1xjXGLevTSGARBDDMi0YsQ9OIxglkgiaGnU0k66VnorhHDMF/hxV/x4kERr+LNv7GzHGLig4LHe1VU1XNDKTTa9o+1sLi0vLKaWkuvb2xubWd2dss6iBSHEg9koKou0yCFDyUUKKEaKmCeK6Hi9q+HfuUBlBaBf4eDEBoe6/iiLThDIzUzJ/WwK+7jOsIjxq5iSdKMe8dOQi/ptNMHNE6vmcnaOXsEOk+cCcmSCYrNzHe9FfDIAx+5ZFrXHDvERswUCi4hSdcjDSHjfdaBmqE+80A34tFbCT00Sou2A2XKRzpSpydi5mk98FzT6THs6llvKP7n1SJsXzRi4YcRgs/Hi9qRpBjQYUa0JRRwlANDGFfC3Ep5lynG0SSZNiE4sy/Pk/Jpzsnn8rdn2cLVJI4U2ScH5Ig45JwUyA0pkhLh5Im8kDfybj1br9aH9TluXbAmM3vkD6yvX857oGw=</latexit>

�bra
j+1 = �ket

j

A

<latexit sha1_base64="gKVRlYci9BYms77iM9XGXDc++4w=">AAACEnicbVDJSgNBEO1xjXEb9eilMQh6CTMi0YsQ9OIxglkgiaGnU0na9Cx014hhmG/w4q948aCIV0/e/Bs7y8EkPih4vFdFVT0vkkKj4/xYC4tLyyurmbXs+sbm1ra9s1vRYaw4lHkoQ1XzmAYpAiijQAm1SAHzPQlVr3819KsPoLQIg1scRND0WTcQHcEZGqllHzeinmjd3yUNhEdMPMXSlF7QabUPmKYtO+fknRHoPHEnJEcmKLXs70Y75LEPAXLJtK67ToTNhCkUXEKabcQaIsb7rAt1QwPmg24mo5dSemiUNu2EylSAdKT+nUiYr/XA90ynz7CnZ72h+J9Xj7Fz3kxEEMUIAR8v6sSSYkiH+dC2UMBRDgxhXAlzK+U9phhHk2LWhODOvjxPKid5t5Av3JzmipeTODJknxyQI+KSM1Ik16REyoSTJ/JC3si79Wy9Wh/W57h1wZrM7JEpWF+/8/me8A==</latexit>

�bra
j = �ket

j

Boundary-Condition Changing Operators

<latexit sha1_base64="LN/IUMhRUIYtffon8f17KWClfJg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUCbbTbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVhDaJ5FJ1QtSUM0GbhhlOO4miGIectsPx7cxvP1GlmRQPZpLQIMahYBEjaKzU6iFPRtgvV7yqN4e7SvycVCBHo1/+6g0kSWMqDOGoddf3EhNkqAwjnE5LvVTTBMkYh7RrqcCY6iCbXzt1z6wycCOpbAnjztXfExnGWk/i0HbGaEZ62ZuJ/3nd1ETXQcZEkhoqyGJRlHLXSHf2ujtgihLDJ5YgUcze6pIRKiTGBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJBB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+AI8TjyM=</latexit>↵
<latexit sha1_base64="KWPzFsKSftFQbGTn+dd0+52Qd3Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ac0oUy2m3bpZhN2N0IJ/RtePCji1T/jzX/jts1Bqw8GHu/NMDMvTAXXxnW/nNLa+sbmVnm7srO7t39QPTzq6CRTlLVpIhLVC1EzwSVrG24E66WKYRwK1g0nt3O/+8iU5ol8MNOUBTGOJI84RWMl3w9R5T6KdIyzQbXm1t0FyF/iFaQGBVqD6qc/TGgWM2moQK37npuaIEdlOBVsVvEzzVKkExyxvqUSY6aDfHHzjJxZZUiiRNmShizUnxM5xlpP49B2xmjGetWbi/95/cxE10HOZZoZJulyUZQJYhIyD4AMuWLUiKklSBW3txI6RoXU2JgqNgRv9eW/pHNR9xr1xv1lrXlTxFGGEziFc/DgCppwBy1oA4UUnuAFXp3MeXbenPdla8kpZo7hF5yPb1k0keg=</latexit>

↵̄
<latexit sha1_base64="KWPzFsKSftFQbGTn+dd0+52Qd3Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ac0oUy2m3bpZhN2N0IJ/RtePCji1T/jzX/jts1Bqw8GHu/NMDMvTAXXxnW/nNLa+sbmVnm7srO7t39QPTzq6CRTlLVpIhLVC1EzwSVrG24E66WKYRwK1g0nt3O/+8iU5ol8MNOUBTGOJI84RWMl3w9R5T6KdIyzQbXm1t0FyF/iFaQGBVqD6qc/TGgWM2moQK37npuaIEdlOBVsVvEzzVKkExyxvqUSY6aDfHHzjJxZZUiiRNmShizUnxM5xlpP49B2xmjGetWbi/95/cxE10HOZZoZJulyUZQJYhIyD4AMuWLUiKklSBW3txI6RoXU2JgqNgRv9eW/pHNR9xr1xv1lrXlTxFGGEziFc/DgCppwBy1oA4UUnuAFXp3MeXbenPdla8kpZo7hF5yPb1k0keg=</latexit>

↵̄boundary condition boundary conditionboundary condition



Entanglement Entropy and BCFT
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<latexit sha1_base64="ikJ45NRNc6QQKocdWTsaj727kfo="></latexit>

Zn

Zn
⇠ Tr⇢An

(Tr⇢)n
⇠ h�(0)�(l)i ⇠

✓
1

l

◆2��

<latexit sha1_base64="Q8IWwAnGibYPiZWLURfMFHU6PIE=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqeyKVI9FPXisYD+gu5RsOtuGJtk1yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nikKTxjxWnZBo4ExC0zDDoZMoICLk0A5HtzO/PQalWSwfzSSBQJCBZBGjxFgp8O+AG9LzNRsI0itX3Ko7B14lXk4qKEejV/7y+zFNBUhDOdG667mJCTKiDKMcpiU/1ZAQOiID6FoqiQAdZPOjp/jMKn0cxcqWNHiu/p7IiNB6IkLbKYgZ6mVvJv7ndVMTXQcZk0lqQNLFoijl2MR4lgDuMwXU8IklhCpmb8V0SBShxuZUsiF4yy+vktZF1atVaw+XlfpNHkcRnaBTdI48dIXq6B41UBNR9ISe0St6c8bOi/PufCxaC04+c4z+wPn8Abx3khk=</latexit>

�� : boundary scaling dimension of the BCCO

<latexit sha1_base64="LN/IUMhRUIYtffon8f17KWClfJg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUCbbTbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVhDaJ5FJ1QtSUM0GbhhlOO4miGIectsPx7cxvP1GlmRQPZpLQIMahYBEjaKzU6iFPRtgvV7yqN4e7SvycVCBHo1/+6g0kSWMqDOGoddf3EhNkqAwjnE5LvVTTBMkYh7RrqcCY6iCbXzt1z6wycCOpbAnjztXfExnGWk/i0HbGaEZ62ZuJ/3nd1ETXQcZEkhoqyGJRlHLXSHf2ujtgihLDJ5YgUcze6pIRKiTGBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJBB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+AI8TjyM=</latexit>↵
<latexit sha1_base64="KWPzFsKSftFQbGTn+dd0+52Qd3Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ac0oUy2m3bpZhN2N0IJ/RtePCji1T/jzX/jts1Bqw8GHu/NMDMvTAXXxnW/nNLa+sbmVnm7srO7t39QPTzq6CRTlLVpIhLVC1EzwSVrG24E66WKYRwK1g0nt3O/+8iU5ol8MNOUBTGOJI84RWMl3w9R5T6KdIyzQbXm1t0FyF/iFaQGBVqD6qc/TGgWM2moQK37npuaIEdlOBVsVvEzzVKkExyxvqUSY6aDfHHzjJxZZUiiRNmShizUnxM5xlpP49B2xmjGetWbi/95/cxE10HOZZoZJulyUZQJYhIyD4AMuWLUiKklSBW3txI6RoXU2JgqNgRv9eW/pHNR9xr1xv1lrXlTxFGGEziFc/DgCppwBy1oA4UUnuAFXp3MeXbenPdla8kpZo7hF5yPb1k0keg=</latexit>

↵̄

<latexit sha1_base64="cNc30qwP4HRquP6BNlNA/0v4wUM="></latexit>

⇡��

l
= E↵↵̄

0 � E↵̄↵̄
0

<latexit sha1_base64="86+SY2XxY1REIli2Kf3txxlQQXk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqiH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A15uM+w==</latexit>

l

<latexit sha1_base64="KWPzFsKSftFQbGTn+dd0+52Qd3Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ac0oUy2m3bpZhN2N0IJ/RtePCji1T/jzX/jts1Bqw8GHu/NMDMvTAXXxnW/nNLa+sbmVnm7srO7t39QPTzq6CRTlLVpIhLVC1EzwSVrG24E66WKYRwK1g0nt3O/+8iU5ol8MNOUBTGOJI84RWMl3w9R5T6KdIyzQbXm1t0FyF/iFaQGBVqD6qc/TGgWM2moQK37npuaIEdlOBVsVvEzzVKkExyxvqUSY6aDfHHzjJxZZUiiRNmShizUnxM5xlpP49B2xmjGetWbi/95/cxE10HOZZoZJulyUZQJYhIyD4AMuWLUiKklSBW3txI6RoXU2JgqNgRv9eW/pHNR9xr1xv1lrXlTxFGGEziFc/DgCppwBy1oA4UUnuAFXp3MeXbenPdla8kpZo7hF5yPb1k0keg=</latexit>

↵̄ <latexit sha1_base64="KWPzFsKSftFQbGTn+dd0+52Qd3Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ac0oUy2m3bpZhN2N0IJ/RtePCji1T/jzX/jts1Bqw8GHu/NMDMvTAXXxnW/nNLa+sbmVnm7srO7t39QPTzq6CRTlLVpIhLVC1EzwSVrG24E66WKYRwK1g0nt3O/+8iU5ol8MNOUBTGOJI84RWMl3w9R5T6KdIyzQbXm1t0FyF/iFaQGBVqD6qc/TGgWM2moQK37npuaIEdlOBVsVvEzzVKkExyxvqUSY6aDfHHzjJxZZUiiRNmShizUnxM5xlpP49B2xmjGetWbi/95/cxE10HOZZoZJulyUZQJYhIyD4AMuWLUiKklSBW3txI6RoXU2JgqNgRv9eW/pHNR9xr1xv1lrXlTxFGGEziFc/DgCppwBy1oA4UUnuAFXp3MeXbenPdla8kpZo7hF5yPb1k0keg=</latexit>

↵̄



Entanglement Entropy and BCFT

￼16

<latexit sha1_base64="LN/IUMhRUIYtffon8f17KWClfJg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUCbbTbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVhDaJ5FJ1QtSUM0GbhhlOO4miGIectsPx7cxvP1GlmRQPZpLQIMahYBEjaKzU6iFPRtgvV7yqN4e7SvycVCBHo1/+6g0kSWMqDOGoddf3EhNkqAwjnE5LvVTTBMkYh7RrqcCY6iCbXzt1z6wycCOpbAnjztXfExnGWk/i0HbGaEZ62ZuJ/3nd1ETXQcZEkhoqyGJRlHLXSHf2ujtgihLDJ5YgUcze6pIRKiTGBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJBB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+AI8TjyM=</latexit>↵
<latexit sha1_base64="KWPzFsKSftFQbGTn+dd0+52Qd3Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ac0oUy2m3bpZhN2N0IJ/RtePCji1T/jzX/jts1Bqw8GHu/NMDMvTAXXxnW/nNLa+sbmVnm7srO7t39QPTzq6CRTlLVpIhLVC1EzwSVrG24E66WKYRwK1g0nt3O/+8iU5ol8MNOUBTGOJI84RWMl3w9R5T6KdIyzQbXm1t0FyF/iFaQGBVqD6qc/TGgWM2moQK37npuaIEdlOBVsVvEzzVKkExyxvqUSY6aDfHHzjJxZZUiiRNmShizUnxM5xlpP49B2xmjGetWbi/95/cxE10HOZZoZJulyUZQJYhIyD4AMuWLUiKklSBW3txI6RoXU2JgqNgRv9eW/pHNR9xr1xv1lrXlTxFGGEziFc/DgCppwBy1oA4UUnuAFXp3MeXbenPdla8kpZo7hF5yPb1k0keg=</latexit>

↵̄

<latexit sha1_base64="86+SY2XxY1REIli2Kf3txxlQQXk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqiH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A15uM+w==</latexit>

l

<latexit sha1_base64="gKVRlYci9BYms77iM9XGXDc++4w=">AAACEnicbVDJSgNBEO1xjXEb9eilMQh6CTMi0YsQ9OIxglkgiaGnU0na9Cx014hhmG/w4q948aCIV0/e/Bs7y8EkPih4vFdFVT0vkkKj4/xYC4tLyyurmbXs+sbm1ra9s1vRYaw4lHkoQ1XzmAYpAiijQAm1SAHzPQlVr3819KsPoLQIg1scRND0WTcQHcEZGqllHzeinmjd3yUNhEdMPMXSlF7QabUPmKYtO+fknRHoPHEnJEcmKLXs70Y75LEPAXLJtK67ToTNhCkUXEKabcQaIsb7rAt1QwPmg24mo5dSemiUNu2EylSAdKT+nUiYr/XA90ynz7CnZ72h+J9Xj7Fz3kxEEMUIAR8v6sSSYkiH+dC2UMBRDgxhXAlzK+U9phhHk2LWhODOvjxPKid5t5Av3JzmipeTODJknxyQI+KSM1Ik16REyoSTJ/JC3si79Wy9Wh/W57h1wZrM7JEpWF+/8/me8A==</latexit>

�bra
j = �ket

j

<latexit sha1_base64="EjHx6ugsfRij+Yz+FHahdv94Y+I=">AAACFnicbVDJSgNBEO1xjXGLevTSGARBDDMi0YsQ9OIxglkgiaGnU0k66VnorhHDMF/hxV/x4kERr+LNv7GzHGLig4LHe1VU1XNDKTTa9o+1sLi0vLKaWkuvb2xubWd2dss6iBSHEg9koKou0yCFDyUUKKEaKmCeK6Hi9q+HfuUBlBaBf4eDEBoe6/iiLThDIzUzJ/WwK+7jOsIjxq5iSdKMe8dOQi/ptNMHNE6vmcnaOXsEOk+cCcmSCYrNzHe9FfDIAx+5ZFrXHDvERswUCi4hSdcjDSHjfdaBmqE+80A34tFbCT00Sou2A2XKRzpSpydi5mk98FzT6THs6llvKP7n1SJsXzRi4YcRgs/Hi9qRpBjQYUa0JRRwlANDGFfC3Ep5lynG0SSZNiE4sy/Pk/Jpzsnn8rdn2cLVJI4U2ScH5Ig45JwUyA0pkhLh5Im8kDfybj1br9aH9TluXbAmM3vkD6yvX857oGw=</latexit>

�bra
j+1 = �ket

j

<latexit sha1_base64="6jdnE9yLnDp17yXte9a42EPCVzQ=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWwVVJRKrLogguK9gLNDGcTCft0MmFmYlQQnDjq7hxoYhbn8Kdb+O0zUJbfxj4+M85nDm/n3AmlWV9G6Wl5ZXVtfJ6ZWNza3vH3N1ryzgVhLZIzGPR9UFSziLaUkxx2k0EhdDntOOPrib1zgMVksXRnRon1A1hELGAEVDa8syDa8+6zxzgyRCw44MoOM89s2rVrKnwItgFVFGhpmd+Of2YpCGNFOEgZc+2EuVmIBQjnOYVJ5U0ATKCAe1pjCCk0s2mJ+T4WDt9HMRCv0jhqft7IoNQynHo684Q1FDO1ybmf7VeqoILN2NRkioakdmiIOVYxXiSB+4zQYniYw1ABNN/xWQIAojSqVV0CPb8yYvQPq3Z9Vr99qzauCziKKNDdIROkI3OUQPdoCZqIYIe0TN6RW/Gk/FivBsfs9aSUczsoz8yPn8AGumXRw==</latexit>

E↵↵̄
0

g.s. energy of the CFT
on a ring of circumference 2nl

<latexit sha1_base64="KWPzFsKSftFQbGTn+dd0+52Qd3Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ac0oUy2m3bpZhN2N0IJ/RtePCji1T/jzX/jts1Bqw8GHu/NMDMvTAXXxnW/nNLa+sbmVnm7srO7t39QPTzq6CRTlLVpIhLVC1EzwSVrG24E66WKYRwK1g0nt3O/+8iU5ol8MNOUBTGOJI84RWMl3w9R5T6KdIyzQbXm1t0FyF/iFaQGBVqD6qc/TGgWM2moQK37npuaIEdlOBVsVvEzzVKkExyxvqUSY6aDfHHzjJxZZUiiRNmShizUnxM5xlpP49B2xmjGetWbi/95/cxE10HOZZoZJulyUZQJYhIyD4AMuWLUiKklSBW3txI6RoXU2JgqNgRv9eW/pHNR9xr1xv1lrXlTxFGGEziFc/DgCppwBy1oA4UUnuAFXp3MeXbenPdla8kpZo7hF5yPb1k0keg=</latexit>

↵̄
<latexit sha1_base64="KWPzFsKSftFQbGTn+dd0+52Qd3Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ac0oUy2m3bpZhN2N0IJ/RtePCji1T/jzX/jts1Bqw8GHu/NMDMvTAXXxnW/nNLa+sbmVnm7srO7t39QPTzq6CRTlLVpIhLVC1EzwSVrG24E66WKYRwK1g0nt3O/+8iU5ol8MNOUBTGOJI84RWMl3w9R5T6KdIyzQbXm1t0FyF/iFaQGBVqD6qc/TGgWM2moQK37npuaIEdlOBVsVvEzzVKkExyxvqUSY6aDfHHzjJxZZUiiRNmShizUnxM5xlpP49B2xmjGetWbi/95/cxE10HOZZoZJulyUZQJYhIyD4AMuWLUiKklSBW3txI6RoXU2JgqNgRv9eW/pHNR9xr1xv1lrXlTxFGGEziFc/DgCppwBy1oA4UUnuAFXp3MeXbenPdla8kpZo7hF5yPb1k0keg=</latexit>

↵̄

￼16

<latexit sha1_base64="vgMF2fQPVDorMYOrwZzZpWDC5iw=">AAACJ3icbZDLSgMxFIYz9VbrrerSTbAIbiwzRaorKYrgsoK9QKeWM2mmDc1khiQjlGHexo2v4kZQEV36JqbtLLT1h8CX/5xDcn4v4kxp2/6yckvLK6tr+fXCxubW9k5xd6+pwlgS2iAhD2XbA0U5E7Shmea0HUkKgcdpyxtdTeqtByoVC8WdHke0G8BAMJ8R0MbqFS+ue/Z94gKPhoBdD2TGaYpdxQJ8gl1fAknciGGSJtU0uztpUhE87RVLdtmeCi+Ck0EJZar3iq9uPyRxQIUmHJTqOHakuwlIzQinacGNFY2AjGBAOwYFBFR1k+meKT4yTh/7oTRHaDx1f08kECg1DjzTGYAeqvnaxPyv1om1f95NmIhiTQWZPeTHHOsQT0LDfSYp0XxsAIhk5q+YDMHkoE20BROCM7/yIjQrZadart6elmqXWRx5dIAO0TFy0BmqoRtURw1E0CN6Rm/o3XqyXqwP63PWmrOymX30R9b3D/C5pgY=</latexit>

E↵↵̄
0 ⇠ �⇡c

6

1

2nl

<latexit sha1_base64="wrB17KvnbrmVRS+ePNygP+XljTg="></latexit>

E↵̄↵̄
0 ⇠ �n

⇡c

6

1

2l

<latexit sha1_base64="ZV7I5/p10Kq81ORYTClzxZWnFLE="></latexit>

⇡��

l
=E↵↵̄

0 � E↵̄↵̄
0

⇠ ⇡c

12l

✓
n� 1

n

◆

Blote-Cardy-Nightingale/
Affleck 1986
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Derivation of HLW/CC Formula

￼18

<latexit sha1_base64="Pel9FgQD4B0UqN+ttvAd41xtDQA="></latexit>

�� =
c

12

✓
n� 1

n

◆

<latexit sha1_base64="ikJ45NRNc6QQKocdWTsaj727kfo="></latexit>

Zn

Zn
⇠ Tr⇢An

(Tr⇢)n
⇠ h�(0)�(l)i ⇠

✓
1

l

◆2��

<latexit sha1_base64="cgd5vhfDHqBRep4TKK6ww9dJXag="></latexit>

SE
n =

1

1� n
log

Zn

(Z)n
⇠ c

6

1

n� 1

✓
n� 1

n

◆
log l + const.

<latexit sha1_base64="LQor4Nvbs21hOP2SIA75AMOWL9c="></latexit>

SE = lim
n!1

SE
n ⇠ c

3
log l + const.



Conformal Mapping

￼19

Scaling dimension          of 

obtained by conformal mapping

<latexit sha1_base64="YB5BjW4tZB8cGyyapaWle2aJPVQ=">AAACGXicbZDLSgMxFIYzXmu9VV26CRbBjWWmlOpGEHXhsoJVoTMMmfSMhmYyQ5IRSpzXcOOruHGhiEtd+Taml4W2/hD4+M85nJw/yjhT2nW/nZnZufmFxdJSeXlldW29srF5pdJcUmjTlKfyJiIKOBPQ1kxzuMkkkCTicB31Tgf163uQiqXiUvczCBJyK1jMKNHWCiuufwZck9BcPvj3QI2f5EWBj7AfS0KNKEyz2B+xV5h6QxRhperW3KHwNHhjqKKxWmHl0++mNE9AaMqJUh3PzXRgiNSMcijKfq4gI7RHbqFjUZAEVGCGlxV41zpdHKfSPqHx0P09YUiiVD+JbGdC9J2arA3M/2qdXMeHgWEiyzUIOloU5xzrFA9iwl0mgWret0CoZPavmN4Rm4O2YZZtCN7kydNwVa95zVrzolE9PhnHUULbaAftIQ8doGN0jlqojSh6RM/oFb05T86L8+58jFpnnPHMFvoj5+sHDg+g9g==</latexit>

�T |~µ =
n

6
� 1

24n
<latexit sha1_base64="5ljDgEL7zHSfTeX2kZqPdeAi61g="></latexit>

Zn ⇠
✓
L

⇡
sin

⇡

L

◆�2�T |~µ

Boundary condition changing operators
<latexit sha1_base64="WqQphAn5vEu2uleYPO1v1OqrSk0=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyURqS5L3bis0Bc0IUymk3boTBJmJoUSgxt/xY0LRdz6Fe78GydtFtp64MLhnHu59x4/ZlQqy/o2SmvrG5tb5e3Kzu7e/oF5eNSVUSIw6eCIRaLvI0kYDUlHUcVIPxYEcZ+Rnj+5zf3elAhJo7CtZjFxORqFNKAYKS155onDkRpjxNJm5qXtB2dKcOrwJMs8s2rVrDngKrELUgUFWp755QwjnHASKsyQlAPbipWbIqEoZiSrOIkkMcITNCIDTUPEiXTT+QsZPNfKEAaR0BUqOFd/T6SISznjvu7MD5bLXi7+5w0SFdy4KQ3jRJEQLxYFCYMqgnkecEgFwYrNNEFYUH0rxGMkEFY6tYoOwV5+eZV0L2t2vVa/v6o2mkUcZXAKzsAFsME1aIA70AIdgMEjeAav4M14Ml6Md+Nj0Voyiplj8AfG5w9jV5gX</latexit>

BT |~µ

<latexit sha1_base64="WqQphAn5vEu2uleYPO1v1OqrSk0=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyURqS5L3bis0Bc0IUymk3boTBJmJoUSgxt/xY0LRdz6Fe78GydtFtp64MLhnHu59x4/ZlQqy/o2SmvrG5tb5e3Kzu7e/oF5eNSVUSIw6eCIRaLvI0kYDUlHUcVIPxYEcZ+Rnj+5zf3elAhJo7CtZjFxORqFNKAYKS155onDkRpjxNJm5qXtB2dKcOrwJMs8s2rVrDngKrELUgUFWp755QwjnHASKsyQlAPbipWbIqEoZiSrOIkkMcITNCIDTUPEiXTT+QsZPNfKEAaR0BUqOFd/T6SISznjvu7MD5bLXi7+5w0SFdy4KQ3jRJEQLxYFCYMqgnkecEgFwYrNNEFYUH0rxGMkEFY6tYoOwV5+eZV0L2t2vVa/v6o2mkUcZXAKzsAFsME1aIA70AIdgMEjeAav4M14Ml6Md+Nj0Voyiplj8AfG5w9jV5gX</latexit>

BT |~µ
<latexit sha1_base64="2fHXQzaRiW1p+bxLBuBnsfbCEPs=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRbBVUlEqsuiLlxW6AuaECbTm3boZBJmJoUag7/ixoUibv0Pd/6N08dCWw9cOJxzL/feEySMSmXb30ZhZXVtfaO4Wdra3tndM/cPWjJOBYEmiVksOgGWwCiHpqKKQScRgKOAQTsY3kz89giEpDFvqHECXoT7nIaUYKUl3zxyb4Ep7GeNR3cEJHOjNM99s2xX7CmsZeLMSRnNUffNL7cXkzQCrgjDUnYdO1FehoWihEFeclMJCSZD3IeuphxHIL1sen1unWqlZ4Wx0MWVNVV/T2Q4knIcBbozwmogF72J+J/XTVV45WWUJ6kCTmaLwpRZKrYmUVg9KoAoNtYEE0H1rRYZYIGJ0oGVdAjO4svLpHVecaqV6v1FuXY9j6OIjtEJOkMOukQ1dIfqqIkIekDP6BW9GU/Gi/FufMxaC8Z85hD9gfH5AzKdlbs=</latexit>

�T |~µ



Entanglement Entropy

￼20

Renyi entanglement entropy

Von Neumann entanglement entropy (n→1)



Numerical Results

￼21

universal coefficient
    

 independent of
Luttinger parameter
(i.e. XXZ anisotropy)

 agree with CFT!

<latexit sha1_base64="/gGezY9zN9Mh0bnCONfVKe5JBEU=">AAACB3icbVBNSwMxEM3Wr1q/Vj0KEiyCp7IrUj0WvXisYGuhu5Rsmm1Dk+ySZAsl7M2Lf8WLB0W8+he8+W9M2z1o64OBx3szzMyLUkaV9rxvp7Syura+Ud6sbG3v7O65+wdtlWQSkxZOWCI7EVKEUUFammpGOqkkiEeMPESjm6n/MCZS0UTc60lKQo4GgsYUI22lnnuMeyYYE2wCnuU5DBTlMIglwsbPTT3vuVWv5s0Al4lfkCoo0Oy5X0E/wRknQmOGlOr6XqpDg6SmmJG8EmSKpAiP0IB0LRWIExWa2R85PLVKH8aJtCU0nKm/JwziSk14ZDs50kO16E3F/7xupuOr0FCRZpoIPF8UZwzqBE5DgX0qCdZsYgnCktpbIR4im4K20VVsCP7iy8ukfV7z67X63UW1cV3EUQZH4AScAR9cgga4BU3QAhg8gmfwCt6cJ+fFeXc+5q0lp5g5BH/gfP4AWP2ZoA==</latexit>

c~µ ⇠ 1

6



n-Dependence of Renyi Entropy

￼22



Averaged Entanglement Entropy

￼23

average over all possible outcomes of Bell-pair measurements

appears to follow the same universal behavior as in the case of
the uniform outcome (no theoretical derivation at this point)



Mystery with Ising

￼24

same problem with 2 critical transverse-field Ising chains

conformal invariance only for some of the measurement outcomes??



Summary and Outlook

￼25

- Measurement-induced entanglement (“Entanglement Swapping”) 
   between two S=1/2 XXZ chains

- Universal behavior of the entanglement entropy 
    derived from boundary CFT 
  (Replica partition function = correlation function of 
                                     boundary condition changing operators)

- Generalization of the celebrated Holzhey-Larsen-Wilczek 
       formula (twist operator → boundary condition changing op)

- Boundary CFT works! (cf. measurement-induced phase transitions) 
But Ising?? 

- How to compute averaged EE in CFT?


