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Universal, finite temperature, crossover functions of the quantum

transition in the Ising chain in a transverse field

Subir Sachdev

Department of Physics, P.O. Box 208120, Yale University, New Haven, CT 06520-8120
(September 13, 1995)

APPENDIX A: DERIVATION OF CROSSOVER FUNCTIONS OF THE ISING
MODEL

It appears worthwhile to sketch a derivation from first principles using a consistent
notation.

First, following Lieb, Schultz and Mattis [5], convert H; into a free fermion Hamiltonian
by the Jordan-Wigner transformation. Then, evaluate the equal-time spin correlator in
terms of the free-fermion correlators. This yields an expression for the correlator in terms
of a Toeplitz determinant [5,25]:
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We can now take the large n limit of (A1) by Szego’s lemma [13] provided g < g. = 1. For
g > g. a more complicated analysis is necessary to evaluate (A1) directly [11]; we shall not
need this here as we shall obtain results for g > g. by our method of analytic continuation.
By Szego’s lemma we obtain
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lan: we can study a defect line in critical Ising model!
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VAR early example of
S Dot i “conformal defects”

FIG. 1. The folding of the Ising model on a cylinder to a

¢ = 1 theory on a stnp. We fold at the defect line and also
at the line on the opposite side. These lines correspond to the
boundary in the folded system.

Total citations  Cited by 314 (full paper in Nucl. Phys. B)

-_--l-_--_-ll-u----l-l-ll

1998 1999 2000 2001 2002 2003 2004 2005 2006 2007 2008 2009 2010 2011 2012 2013 2014 2015 2016 2017 2018 2019 2020 2021 2022 2023 2024

VOLUME 77, NUMBER 13 PHYSICAL REVIEW LETTERS 23 SEPTEMBER 1996

Defect Lines in the Ising Model and Boundary States on Orbifolds

Masaki Oshikawa' * and Ian Affleck'> '

! Department of Physics, University of British Columbia, Vancouver, British Columbia, Canada V6T 1Z1

2Canadian Institute for Advanced Research, University of British Columbia, Vancouver, British Columbia, Canada V6T 171
(Received 24 June 1996)

Cntical phenomena in the two-dimensional Ising model with a defect line are studied using boundary
conformal field theory on the ¢ = 1 orbifold. Novel features of the boundary states anising from the
orbifold structure, including continuously varying boundary cmitical exponents, are elucidated. New
features of the Ising defect problem are obtained including a novel universality class of defect lines and
the universal boundary to bulk crossover of the spin correlation function. [S0031-9007(96)01226-4]

PACS numbers: 0550 4+q, 1125 Hf, 61.721k
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Entanglement swapping in critical quantum spin chains

Masahiro Hoshino,!: * Masaki Oshikawa,2 3 and Yuto Ashidal:4

! Department of Physics, University of Tokyo, 7-3-1 Hongo, Bunkyo-ku, Tokyo 113-0033, Japan
% Institute for Solid State Physics, University of Tokyo, Kashiwa, Chiba 277-8581, Japan
*Kavli Institute for the Physics and Mathematics of the Universe (WPI),
University of Tokyo, Kashiwa, Chiba 277-8581, Japan
A Institute for Physics of Intelligence, University of Tokyo,

7-3-1 Hongo, Bunkyo-ku, Tokyo 113-0033, Japan
(Dated: June 19, 2024)

The transfer of quantum information between many-qubit states is a subject of fundamental
importance in quantum science and technology. We consider entanglement swapping in critical
quantum spin chains, where the entanglement between the two chains is induced solely by the Bell-
state measurements. We employ a boundary conformal field theory (CFT) approach and describe
the measurements as conformal boundary conditions in the replicated field theory. We show that
the swapped entanglement exhibits a logarithmic scaling, whose coefficient takes a universal value
determined by the scaling dimension of the boundary condition changing operator. We apply our
framework to the critical spin-% XXZ chain and determine the universal coefficient by the boundary
CFT analysis. We also numerically verify these results by the tensor-network calculations. Possible
experimental relevance to Rydberg atom arrays is briefly discussed.

with Masahiro Hoshino and Yuto Ashida (Physics UTokyo)



Entanglement Swapping

/ / Alice-Danny
1 entanglement
‘ ) Danny Alicy /&\ Danny

Alice-Bob
entanglement

Cara-Danny
entanglement

Bob Cara Bob Cara

(a) (b)

Figure 1: Entanglement swapping. Initially in Fig. (a) entangled pairs are shared between Alice and
Bob, and between Cara and Danny. There is no entanglement between Alice and Danny. However,
in Fig (b), the measurement on Bob and Cara’s qubits project the entanglement between Alice and
Danny.

[taken from Zangi et al. arXiv:2212.0341 3]



Entanglement Swapping in Many-Body

Initial state: ground state of 2 independent S=1/2 XXZ chain
~ 2 independent Tomonaga-Luttinger Liquids (TLLs)

= 2 component free boson field theory in 1+1dim

Bell-pair measurement on a subsegment of the system

Entanglement is induced between the 2 chains
in the unmeasured segment!
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XXZ Chain

H =

J

TLL (free boson field theory)
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Two chains: each chain is represented by a TLL
= 2-component free boson field theory



Bell Pair Measurement

Bell”"2) = ! [10b1) + (—1)%2[1b;)]

=7
Projective measurement on 4 Bell pair state
— one of 4 outcomes 00,01,10,1 |
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(Forced) Uniform Outcome

Imaginary time evolution from T=-

- Measurement imposes the boundary
| condition at T=0
in the measured segment

Introduce 2%n replicas (bra/ket) of the 2-component TLL
(4n-component TLL in total)

Replica partition function: Zn ~ Trp

Measurement-imposed boundary condition on measured section

Different Dirichlet boundary condition T connecting bra and ket
i i ' bra __ ket ‘

of neighboring replicas O = ¢ on unmeasured section
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Entanglement Entropy in CFT

Warmup: the Entanglement Entropy between a finite segment
and the rest of the system of a CFT in |+1D

Holzhey-Larsen-Wilczek 1994/ Calabrese-Cardy 2004
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Geometric and renormalized entropy in conformal
field theory

Christoph Holzhey 2, Finn Larsen ®*, Frank Wilczek ®**

® Department of Physics, Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544, USA
® School of Natural Sciences, Institute for Advanced Study, Olden Lane, Princeton, NJ 08540, USA
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Entanglement and BCFT

Renyi entanglement entropy

1 = Trz (|Wo)(W
58— L mp,m P = Tra%) (W)
I —n
(von Neumann) entanglement entropy: ~ S* = lim1 Sk
n—

Replica trick

Introduce n replicas of the field (n: natural number)
“bra” and “ket” states for each field
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Entanglement and BCFT

Zn, ~ Tr(pa™)

boundary condition & phoundary condition ¢ boundary condition ¢x

bra __ ket b k b ket
¢jra _ ¢je ¢jf|-a1 _ ¢jet ¢jra _ ¢je

Bulk CFT



Entanglement Entropy and BCFT
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Entanglement Entropy and BCFT

paa  §S-energy of the CFT Blote-Cardy-Nightingale/
0 on a ring of circumference 2nl Affleck 1986
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VOLUME 56, NUMBER 7 PHYSICAL REVIEW LETTERS 17 FEBRUARY 1986

Conformal Invariance, the Central Charge, and Universal Finite-Size
Amplitudes at Criticality

H. W. ]. Blote
Laboratorium voor Technische Natuurkunde, 2600 GA Delft, The Netherlands

John L. Cardy
Department of Physics, University of California, Santa Barbara, California 93106

and

M. P. Nightingale

Department of Physics, University of Rhode Island, Kingsion, Rhode Island 02881
(Received 21 November 19835)

We show that for conformally invariant two-dimensional systems, the amplitude of the finite-size
corrections to the free energy of an infinitely long strip of width L at criticality is linearly related to
the conformal anomaly number ¢, for various boundary conditions. The result is confirmed by
renormalization-group arguments and numerical calculations. It is also related to the magnitude of

the Casimir effect in an interacting one-dimensional field theory, and to the low-temperature
specific heat in quantum chains.

VOLUME 56, NUMBER 7 PHYSICAL REVIEW LETTERS 17 FEBRUARY 1986

Universal Term in the Free Energy at a Critical Point and the Conformal Anomaly

lan Affleck

Department of Physics, Princeton University, Princeton, New Jersey 08544
(Received 6 December 1985)

We show that the leading finite-size correction to InZ for a two-dimensional system at a confor-
mally invariant critical point on a strip of length L, width 8 (B << L), is (w/6)c(L/B), where ¢ is
the conformal anomaly. Equivalently, the leading low-temperature correction to the free energy of
a one-dimensional quantum system is — (#/6)cL (kT)*/kv, where v is the effective ‘‘velocity of

light.”” The latter formula is used to check recently derived critical theories of spin-s quantum
chains against Bethe-A4nsatz solutions.



Derivation of HLW/CC Formula
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Conformal Mapping

Boundary condition changing operators
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Entanglement Entropy
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Numerical Results
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universal coefficient
1

-~ —

Ci ™~ &
independent of

Luttinger parameter
(i.e. XXZ anisotropy)

agree with CFT!
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n-Dependence of Renyi Entropy
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Averaged Entanglement Entropy
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average over all possible outcomes of Bell-pair measurements

appears to follow the same universal behavior as in the case of
the uniform outcome (no theoretical derivation at this point)
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Mystery with Ising

same problem with 2 critical transverse-field Ising chains
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conformal invariance only for some of the measurement outcomes??
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Summary and Outlook

- Measurement-induced entanglement (“‘Entanglement Swapping”)

between two S=1/2 XXZ chains

- Universal behavior of the entanglement entropy

derived from boundary CFT
(Replica partition function = correlation function of
boundary condition changing operators)

- Generalization of the celebrated Holzhey-Larsen-Wilczek

formula (twist operator = boundary condition changing op)

- Boundary CFT works! (cf. measurement-induced phase transitions)

But Ising??

- How to compute averaged EE in CFT?
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